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I. PrimitiiS Faunce ct Floree Maderee et Porha Snncti; 
sive Species qucedani Novee vel hactenus minus rite 
eegmUB Ammalium et Planiarum in his IntuUs de* 
gmtkan btetiier detcripta. 

CuiuiiTB Rtc. Tno. LOWE, 

comk «■■. CMan. ter mnraa am tuaaat mnvBMiTAfs bmo; mumu 

Cltxd 1/90. 15, 183a] 

iSciENTi-C naturalis fautoribus hand quodammodo inutile 
futurum spemvi, (obstantibus imiltf's qnominns Prodrnmvm meum 
Faun€^ et Flora' Maderensis jam jamque edere possim), si spe- 
cienim Doviinira vel hactenOs mimV^i cognitarum selecta quaedam 
* characteribus brevibus statim exprimere curem : adjectis annotati- 
unculis quibusdam, supervacaiieis uutem omnibus excisis, prout 
brevitati vel maxime consulenti oportet. 

Opiucttlam itaque de quo mmc agitar, quasi Prodroinus 

aioe ordine et 

omnmi ex arbitrio selectaram. Malta etiam nova omiasa: pin- 
riina inoerta alteri diei stadioqne accniatiari relicta want Hec 
pnedpue de re Entomologicft et Iehtliyologic& pnemoneoda velim : 
qnippe ope in Insectis d^ribendis, qii& prorsus ooofisns enun, 
a moite amici C. Heineken M.D., scrutatoris vel oealatuwiiiii, 
orbatus snm ; itaque rem omnem (in taat& spederntn novaram 
difficultate, entomologico vel peritissinMft revi mMlienti non levis), 
radicitus suscipere insolitus inwsitatwsqne rojcror. De Molluscis, 
qmnn omnium tprrostriuin hactenus a me repertarum cataloqiim 
cotnpletuin cxiubere curavi, marinas fer^ omnes in prseseiis 

Voi. IV. Part I. A 
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omisi. De plantis Acotyledoneis veris (Cellularibus), de Crusta- 
oei8» Zoophytis, ke, klem est pradicandnm. Fliiriiiia dcniqiie 
dubia vd nondam satu expionita in partibiM omDibiis oonsoltft 

QnM tt in spedebos taiii soolcgids quam botanicis noris rite 
definieadiB, haec aliqnantoluiii vakant, Htwttam iode ytampem, 
baud parvum, spero ; ex eniendatioiiibiu» acilicet, amicis consiliis- 
que omniiim .scientiae naturalis fautorum. Rei quidem herbarie 
cultoribus maxime precor ut mihi quasi ^oroM^kiXfi potiiis quam 
jSoroMwo^ indulgeant. Omnes deniqne rogo, qu6d si in aliU 
corrigendis niniis aliquando videar audax, arctissimo tamen veri- 
tatis natnrspqne studio me semper pro viribus eniti credant : 
omni petulaiiti4 mutatiouisque vanse prociivitate ab animo longe 
amotu. 

Amicis tantis tanta debenti, singulos enumerare, sua cuique 
ascribenti, locus jaiu noD adest: nec tamcii omnes silentio pree- 
termittere possum. CI. Rob. Brown, adjuvante J. I. Bennett 
arm*., attmmA bnimuiitate ac benevolentiA, plantamm Haderai- 
nnm & Hasaon aliisqiw lectarum, in Hotbario Baoksiano oonser- 
vataram» necnon Mamucriptoram ipsiiii Solandri, oo|Ham fecit 
Synonymiam oerHninuim Helicnm 4 cl. Sow«rby, Wood, &c. 
descriplanun* ex autopsii speciminam ipsonim* partim in M oaeo 
Britannico repostorum, benevolentin cl'. Obildren. Gray, et B> 
Sowerby ipsius debeo. Arnicas M. J. Bericeley charactaw plan* 
tarom plurium novanun ab ipso in BritanmA cultarum. pn^ikriis 
observationihus confirmavit, et iconibus accuratiflsiniis illustravit. 
CV. Hooker litteris et amicitias qiMD quantaque non debeo! S<^ 
oietati denique Iniic illustrissimjc!, si quid utilitatis, si quid com- 
iiuxli S<'iei»tiap fautores ex hi-^ lalK)ribus (vel miDiuiutn) haurire 
possiiit, trratj^s liceat omniiim simiil cum meis ofierre : quippe 
quie pruuuui liiceptis iiostris exiniia liberalitate afflavit, eorum 
primitias ilia jaw priiU inde percipere debet 
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Gen. NEPHRODIUM, R. Br. 

4, Nephrodium fcenisecii, Prodr. MS. 

X. fronde triangulari vcl ovata, 3 — t pituiatifida, utrinquo glabra: 
laciniis (trrtii 4-tique ordinis) obloTips, obtiisis; ultimis incisis, mucro- 
nato-serratis i omnium inferioribus exicnonbus niteniis oppositis majo- 
tibus: sons numerosis distiiictis: indusiis primu sciiiiovatis vel renifor- 
mibus, dcm{lTn orbiculatis, eniarginatis : stipite breviu&cuio, basi spar- 
sim sub pakaceo, lusco, supenie rhachique pallidis. 

a. (datum; fronde 4-piimatifidS ; pinnis inferioribus (1"* 2^'*" ordinis) 
triangiilaribus vel ovatis, cxtcrnis interioribus oppositis vald^ majo- 
ribus; pari iafimo pinnarum (1" ordinis) basi (ieorsum ramoso; 
pinnuE (2''' ordinis) potissimiim 1~ (aliquando etiam 3'^) inferiofe 
& exteriore deorsum producta. 
Hab. in vj/Ma Faeeimi padi/olii, Sm Madene ; ubique Yu^atissitna. 

/3. productum; fronde tripinnatifida, paullo aiagis elougata: pinnis om- 
nibus oblongis; externis inteniis oppositis vix majoribus: lacini- 
arum uUimanim dentihus sub-aristatis. 
Hab. in unibrosis humidioribus Maderje; rariss; 

^. Status potiiis prioiis (a), h loco obscuriore, defectu luminij, Aic. 
qukm van etas videtur. 

Frons in iitr&que varietate nana, 1 — \\ pedes (una mm stipite) 
longa, ferb pedalis; 6 — -8 pollires lata: stipite vix diinidium tt tius lon- 
gitudinis a-quante. In utra^ue odor idem gratissimus, foenum novum 
redolens, constans. 

Species Aspidio dUataio et qmiuioso Auct. certe proxima; et cum 
illis fonan, in unam spedem (ut ab amidss. d. Hookero) oonsodatis, 
QHm eoi^migeiidB. Sed distingui posse credo, figuift ftondis aibbrevi- 
atl, ddtoideft; s%ite bKeriore^ ndniks (se. bad tantittii) paleaoeo; pin- 
nulu anguistioribiu ; odore. His adde fitmdem ma{^ deoompoiitaiii: 
quMnTb enim wnb, aa in oertft minto quion in dceompodta, in 
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utraque tiiiieii atatu flaltftm sab4ln^imatB, ct longifr frequentijli^ w. in 
statu nonualif siibfi'<i<^ion>*»* H«e onmia» oom aliis ehanwteri- 
biu saprii indicotis, millibat exemplarilMi* stabilita tunt; et in plaiitt «, 

ade6 per totarn Insukm pcrviil|pita» oonstantia, nec in tantft dilferenttt 
kxn oodique ifi. enim potaiks monstioia) VHiantia inveni. 

Gbn, asplenium. Lam, 8pr, jv. 

5. Asplenium aneep«, Sol. MSS. 

A. fronde pinnata, liucaii-ianceolata: pinniiS distinctis, sub-petio- 
latis, oblongis, obtusis, apice sub^renulatis, basi abruptis uilerioribusque 
fluntkm acutfe auiieulatis: soris biMriatis, obtiquis. distinctis: riuchi 
stipiteque nitidis, fusda, trigonis, alatiMnaigiiiatia. 

A splenium aiieeps, Sol. JISS ' 

Hab. in Mader&, vu^iaris; Jsplenu Trichotnanis locum tenens. 

Gbn. OYMNOGRAMMA, Den. Hook, 

6. GfymaoffKanBM Lovei, Hetdt. ef Chw. 

G. fronde piimata, utrinque Innuta: pbuuB oUongifl, acuminatum 
pinnalifi^; snnmiis oonfluentibiu ; ladniis ovalibiw obloii|psve^ obtu- 

: strife spanim aquamoio rhadiiqiie hinutii. 

Gymnogr: Lovd, JSToofc «t Chnn. He, FU. 89/ 

Gymnogr: Totta, " Schleehtoid: (Pofjrpod: tottutn, Willd.)** Spr. 
S^. IK 1. p. S8. No. 6? 

Acrostichum pilosum, Sol. MSS. et Herb. BtuAt! 

Hab. in Madcrro umbrosis humidioribus. 

Piniiii- infiTTia^ hrcviter petiolats; medise sessiles; summae conflu- 
cntes: inferiores reniotiores. 



* Ob Udoiu amnuun ordinum supern^ cooAueDtes, rectiiu S— 4 fitaal^dte froodes 
Mtibontur. TanwD ob tMmitilciB iiNni $~-kjbimia apparent 
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9f Madera and Porto Santo. 9 

Ord. II. LYCOPODIE^ 

Gen. LYCOPODIUM, L»»»., 
7. Lycopodium suberectum, Prodr. MS. 

L (capsulis axillaribiis) : caule erecto, dichotomo; basi incurvo, 
decumbeiitc : ramis fastigiatis : foliis squarrosis. 11 —-12 fariam imbri- 
cutis, lineari-lanceolatis, acuminatis, rigidis, sub-pungeutibus ; inferioribus 
rcflexis; superioribus erectoputentibus. 

Habw in salebroni fiasuruque rupium sylvarum Madene. 

Rami eonferti, oeipitoBi, fitrictunmi, rectit crassitie digiti miiiiini, 
19 ad I6 poUices alti. Spedes L, Sdagkd proxima; sed {nveter alia, 
kngfr major. Inter httic et L, dsaOart Bowb., et L. Simnarmm Lam. 
et Jlory, 4iaodnniiiod5 intennedia: k L. Sekfgme tamen hatntu potU' 
simurn distincta. Chaiacteribiis L. r^kh S». potiiis accedit, sed ha- 
bitii oinnin6 alieno. 

B. PHANEROGAMiE. 

Oro. III. GRAMIN££. 
Gbk. AIRA. S^. 

«, Airu argentea, Prodr. MS. 

A. ccspitosa: paniculs coarctatae, apice imtaDtis, raiim verticiilatis, 
ieabrif : floaculn calyoem oqiiantibiu^ ban pilous: amtft mbdorsali, sc. 
ad Imuin fert valvas naseento, rectt, flowuloB duplb exeedente; foliu 
oondupUcatis, fililbnmbiu, oompcenii. 

Hab. in Madene wylm nlebraais. 

Gen FESTUCA, 
9. Festuca Donax, Prodr. MS. 

F. panicula; large, difiiise, subsecunds, nutantis ramis clongatis, 
ilexuosis: spiculis S-floris, Itneari-lanceolatis, glomeratia; flotculis glabris. 

Vol. IV. Part I. B 
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lineuibus, mtitidB: foliis onuubus pknit, eIongatts» aeumiiwtu ; margi- 
nibiu Bcabin: eulmo Ta^^niaque glabris: Bguk exserta, ovata, acuta: 
ndioe fibrosa, pcrenni. 

Hab. in Maders convallibus. 

Gnmen giganteum, S— 4 pedale^ ^Ivaticuin. 

10. Festuca albida, Pndr. MS. 

F. densd ccspitoaa: paniculte lanceolatfle, elongata, contractae, eKQ> 
tiusculai rhachi ramisque pubescentibus : spiculis pubenilis bifioris; flos- 

culis c^ilyce lonrrioribus, iniiticis: foliis condiiplicatis, elongatis, scaber- 
rimis, ^errulatis: culmo supenie vaginisque pubescentibus; ligula ab- 
breviata : vaginanim oris ciliatis : radicc pereiini. 

Hab. in Madera* cotivallibus. 

Sylvatica, bipedalis. Culmorum bases rudts. crassissiini, pereiincb, 
glomerato-cespitosi. Folia culmos 8ub-aK][uaiitia, minicrosa. Panicula 
pallida, albidu. Spiculu; cum rudimento pedicellato ilusculi tertii. 

Habitui) ouinino Festuca;. 

Ord. IV. CYPERACEiC. 
Gem. CAREX, LUm^ Spr. 

Spicis plurimis; ktenlibua Juidrog}-ni», peduneulatis; tennimU auncuU. 

11. Carex myosuroides, Prodr. MS. 

C spioii 9 (apioe masculis) sub^eptenis, remotiMiiiiia^ lolitaiils, cy- 
lindiids, tttrinque attenuatis, dendfloriSp dmjkm pendolu, graciUbua, 
dottg<tda^ siin^lidbua* infcrioribus pedunculatis; peduncula vaginam 
dupl6 excedente: stigmatibui tribua: fruct3ms» iKvibua, mimmu, tri- 
qaetro-obikxigi^ squamas lanceoUta^ acuminatas equantibos; nwtro 
Iweviaainio, obtnacs integco^ saepliitt incurvo: cubno triquetro, bevi. 

Hab. in Madene at septentrimnli ; ad margiiiea rivulonun, m». 
tttrigine^ &c. 
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19. Came eUtt, Pndr. MS. 

C. spicis ? (apice j ) sub-senis, remotissimis solitariis, lineanbu:>, 
laxifloris, pendulis, gradlilnis, elongatis, ban oompontist ramoMS, omni- 
bus induct pedunculatu sc. vaginS peduncnlum sub-exeedente: sdgma- 
tibus tribus: fructibua costatis, obovato-triquetris, rostratis, squamas 
obloiigo-ovataa, axistatas sab^quantibus ; nwtro tenui, i«eto^ laalSAo, 
Ucsvii culmo tnquetro, Isevi. 

Wlb, in Madew oonvallibus umbnns; ^Ivatioa. 

Ord V ASPAUAGKE. 
Gen. ASl'.AKAGUij, Linn., iSpr. 
IS. Aqpan^gUB soofarius, Prodr. MS, 

A. caule frutescente. inenni, erecto^ viigato ramisque patentibtis, teie^ 
tibus, Ifcvibus: foUis fascicu]atis» arecb^-patentibiis, teretibtis, setaeeis, 
Isvibus, sub-mucranatis, sub>piiitgentibus: pedunculis densi £Mcicu]atu, 
foliis sub-brevioribus. 

Hab. in rapibus JUadene. 

14. A^axagua scaber, Pndt, MS, 

A, cattle fmteioente, ineimi: vamia patentisdmi^ subdeiexb: fofiis 
faadctihtist rijp^ pungeDtibu^ patentissimiB, sspe deflexis^ ratnuliaque 
incqualittr angnktis, scabris: floribiu faseiculatis; pedunculis fbltonini 
dimidhun aeqoantibua. 

Hab. in Madena rapibus. 

Gen. HUSCUS, Unn., i^. 

15. Ruscus HypophyUuni, Idnm, 

«. b^^bUiu; foliis ovafibus, btiaribu^ 7-nenrii^ distichis. 
R. Hypophylhim, Bat, M^, t. 8019. 
Ifab. in Madeiae oonrallibas timbiosis. 

b8 
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/}. bmeeohiit*; fdiis Ianoeo]ati8« angustaoribua, numerans, 5-«ervu«; 
inferiodbttt vortkiUatis; eiiile ektiore. 
Hab. in ornivallibiu umbrOBU Maders. 

Spedes forsan. Caules S-rS pedales, superne fduwL Folia 9—16, 
inferiors 5—6 polliees longa, 2 — 2^ lata; superiora disticha. Verti- 
cillus imiu $^ folius. Cetera fer^ ut in «. 

Ord. VI. SMILACEJjl. 
Gen. SMILAX, Xi«M., J^. 

19, Smilax pendulina, iVwir. MS. 

caule fnitiooM), scandente, sab-aea]eatO!» tereti: aeukis eaalmb 
rmSf spamMt abbreviate deflexis: foliis inennibus, ooriacets* rigidU, uik> 
dulatis, 7^9 nenriis. venosooieticulatts, kt^ oordatu, acamuiati«; peti- 
olis oompreaas, supra caimGcii]ati«» ban S-dmfons: racemia llexuonfl, 
genieulatis, longisdmis* fitifonnibus, pendtilia, terniinalibus, pauiculati^ 
Fammis; floribas ad genicula fasciculatis : baccis subgloboni^ *'rabro." 

SmOax latifolia, Sot. MSS. H Herb. Btmka! nm E. Br. 
Hab. in ruptbita Madene. 

Fl<»c* albi, raoemis cSegantisrimii disponti ; feminei mascnUs pau]16 
majora. Baocas- ritfe maturas non lidi ; rabtas inoolae fenint. 

Ord. VII. DIOSCOREiE. /2. 
Gen. TAMKUS, 2bam.» Just. 
Tanu8« Lkm. 

17. Tamiuis edulis, Prodr. MS. 

Lusitauicc, A'&/"*«." 
Anglic*?, " Porto Munh Fmw." 

T. foUis cordato^acuminatis, ^nerviis: stipulis sub-nullis: racemis 
elongatit: floribus subMremotis; petalis ovalibus; stigmatibus stnipU- 
dbot. 
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Dioscorea sativa, Bowdiek, Mm. m Miid.jp.llS. 

Hab. in Madera. 

Radix magna, extrtns^us pallid^ brunnea, intus alba, fluvescens ; 
sapore miti, edulis. Flores dioeci, purpurascentes, luridi. Bacca- dia- 
metru ^poU. elliptiew, "rubra?." In parochi& "Porto Muiiiz" dictu, 
CAunim versus, «^ coUtur! inoole plantam indigenam (aredunt; ipse 
nunqiutm nM pkn^ oultam ant ex cuitu aotinn vidi. In CaiMxfiSy 
monente amioo P. R WeW>, arm., procul dubio indigena; unde fanan 
in Maderam intraduda est 

Radix in aqiift mtdtas hons (X ad XII.) biUBent^ tandem oodilis* 

Ord. VIII. ORCHIDEJE. 

Gkn orchis, B. Sr. 

18. Orchis foliosa, So/. MSS. 

O. tiibcribus palmatis: labcllo trilobo, subplano, expanse, latiore 
quam longo; lobo medio lateralibus rotundatis, crenulatis angustiore, 
obtuso, integro: sepalis obtusiuseulis; exteiioribus erecUs; duobus in- 
terionbus reflexis: germine curiui descendens, tenue, jEqualc. obtusura 
superante : bractcis foliaceis, florcs aiquantibus : caule soUdo, elato. 

Orchis foliosa, Sol. MSS, Masson, et Herb. Bank*! 

fibbb in nmlNNMis emivsilMttm sylvisque Bfadene. 

Ab Onkkk brngibradttttd BMm, {Bet. S^. t 357) t quteum k 
nonnullu oonfiua, omnin6 ^Bstineta. Flores magni, pwpnrei, inodori. 
Caulis ^pedalis. 

Gen. GOODYERA, R. Br. 

19. Goodyera macropfaylla, Prodr. MS. Tab. I. ff. 1—12. 

G. perianthii campanulati labello glabro cochleari-calceolato : se- 
palis tribus exterioribus pubescentibus : tnluuana anticr acuminata: 
ina.ssis poUinis lincari-clavatis : spica pubesccnte: floribus secundis. brae- 
teas superantibus : foliis ovalibus, reticulato-nervosis : cauie repente. 
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Hab. gre^m in dedivibus qrlvwum Madam hmnidis, umhrosis. 
Rarin. 

Caules repentes; demikm oeeti, pedales; supem^ cum bncteis» 
geiminibuSy tepaliique tribus exterioribus pallid^ femigineofnibescentes. 
Folia sat magna ic. semipedalia, 3 poll. lata. Spica aeeundifloni, pritnum 
pynunidata. Floves oonferti, inodori, albidi, sub-oemui, fpoU. longL 



Class. IIL DICOT YLEDONE/L. 
Ord. I. AMENTACEJE. 
GsN. SALIX, Lbm^ Spr, 

so. Salix cunuriensis, <S'ii«. 

S. arboresceiis, raniis glaucis, pruinosis, petiolisque tomentosis : 
foliis lantft)latis, clouwatis, utrinque attenuatis, sub-intogerriinis; supra 
glabriusculis, lucidis ; subtiis glauco-incauis, sub-touientosis : stipiilis ini- 
nutU, adpressis, ovatis, crenatis: squamis ovatcMiblongis, obtusiusculis, 
aab-ipathu1atii» aerioeo-Tilloaa: genninibus magius, pe^odlati^ ovalc^ 
lanoeolatk, acuminatb, styloque abbrei^ato ghbrii: stigmate utroque 
demikin bifida 

HaK in rupibus madidis Madene: edam Nivaric, P. B. Webb, 

arm. 

Arbor fei^ 20 pedes alta evadit. Ramuli erani, sape eolocatL 
Gemnue magne. Amenta s cyUndrica, aUneviata, £-endni; 9 elon- 
gata» gradfiora. Ex eharaeteribus videtur S, pomenmkm WiBd.aSbm. 
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Gen. QUEHCUS, Imw. 

81. Quercus mitis, Herb. Sank*. 

Q. foliis ovaHSf subcordatis, obtusis, integriusculis, $inuolato-deilti> 
culatis. doitibuf rtma^s, obmletia; lubtiiii^ petkli^ nmuluque incano^ 
tomentosis. 

Quercus mitis. Herb. liaitkfi ' 

Hab. ill ''Madera, Donne 1776:" Herb. Banks. 

Ramuli (in specimine Banksiano) sub-umbcllati ; juniores tomeiito 
brevissimo, cinereo obducti. Petioli sub-seniipoUicares. Folia 1^ — 2 
poll, longa; 1^ — 1^ lata; altema, ovata, obtusissima, basi sub-cordaU, 
integriuacula s: mu^aStim nib-dnudati^ iKmaque latendilMu in denti. 
GukM remolo^ obioletoB exeunentibu8; ooriMM, venon, to^s •ubtte 
pRnninentibtti; suprk ludda, glabenima; nibt&s cum peti<& tonieiito 
bveffurimo deiiai velutina, in junkiibiu allio-iiiouio, demim sub4iemi- 
gineo. Fkms nuMeuB semlei, ^omenti* in s|dcis abbieviBtu ic: vix 
uncialibus, axillaribus, inferioribiw coagesti: Feminei paucioiiie«» spicati, 
vd soUtarii pedicdlati, supeiknes ac: in axillb foUorum terminaUum 
versus apices ramiilorum supm masculof naioentBS. lUiadus ^icarum 
calyccsque tomentosi vel InnnLjinoM. 

Fructus in speciiuiiie deest. 

Ord. II. IIRTICE E. 

Gen. URTICA, Imm^ Spr. 

SB. UiCiea devata, Prodr. MS. 

CT. caule mifihtticoto^ lignooo, foliiaque opporitis, long^ petiolatis, 
eofdatXMyvatiii gtonk dentatis, luddis, glabris: petiolis lilifonnilms 
tfaxAm. selods: spicis axillaribus, pedunculatis, filifomiibut, omplkilMU, 
inteirupla^ paudflwis, laxis, folio mult^m brevioribtM. 

Urtaca cHevata, Herb, Bmith! 
BaU in rupibiu oonvaUiuni Madeim 
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Bami tenuei* difliisi, debila. Folia nt iiuigiM» ad apioes tamo, 
rum lub-oonferta. HaMtiu onuun6 generis. Flanta inermiB (haud urens 
ac pungens). 

Gen PARIETARIA, Iam^ Spr. 
SS. Farietaria graciiu» Pndr. MS, 

P. lucida, pubescens: caulibus ramisque gracilibus, i-rectis: foliis 
rhoinbe(M>vatia» obtusis, 3-nerviis, petiolatis; i)€tiolis filiformibus, folia 
aequantibus: glomcnilis axillaribus ; Horibus peduiiculatis. sub-cytnosis. 
1 — 2 — S bractcatis ; bractois (sa'piiis 3) angiistis, lanceolatis, calycc 1— fido 
brevioribus, post antliesiii glatuUiloso-pubescentibus, iniequalibus, 1 — 2 
clilaUtis, foliaccis, calycoin superantibus. 

Hab. in Madera; rariss. 

Ord. 111. LAURINEiE. 
Gbk. LAURUS^ Spr, 

34. Laurus Barbtuana, Prodt. MS, 

Zh fbUis peremwutibtta, ]ai>oeoJat»4>falon^ utrinque attenuatts, 
,coriaoeiB, ngidii; suprii nitidiMiiiiu; infira axfllis venarum nudU 
(e<iglandi]l<Mis) : peduneulis ad ramidomiii apices coogestifl, paniculatia, 
sub>raoenuMia: pedioeDis sub-dongatia^ laxis: Horibus heimaphroditU; 
calydbiu sexfiiUs. 

Hab. in Madem Sylvk 

Afbor m^na. Folia ssepe (^rmbifomiia. AnUiene biloculares. 
Dnipa f poUids longa, \ lata; ncni catyculata. 

Ord. IV. CHENOPODIE^. 
Gen. ATRIPLEX, S^. 
8S. Atriplex parrifoUa, Ptodr. MS» 

i. sufTruticosa. procumbens, farinoso-incana : foliis oonfierti^ alter- 
nis, cUipticis vel oblongis» repandis, sub-si nuato-erosis vd inteigrist valvis 
hastatisy integerrimis, dmao muriculato-tubeiculatis; 
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Atriplex poctulaetudes («ngiutifolift) Hvh, BmUu! 

Atriplex fiortulaomdea mir. anguctifolia. Sot. M8S! 

Htb. in Innilft PortAa S". In Canariia^ P. B. Webb* snnig. 

Speci« videtur: Cum A. portt^aeutk veii soepe foraoi oonfiua. 
Cf. A. porhilaeeideH Detf, FL Ad. II. p. S9S. An hue quoqtie spectat 
A. teme^ra fi* mgtidykltta Bk^erUf 

Ord. V. NYCTAGINEJE. 
6£K. MIRABILI& Linn., Spr. . 
96. Minbilii divaricata. Aw^. BISS. 

M» floribiu oongestis, ternunalitrast mb-pedunculatia ; oorollft calycem 
aextupl6 superantc; tubo longittimo, pubescente; limbo pUcato (laciiiiu 
emaiginatis) tubi quartam partem laquante: foUis sub-cordatis, petkdatia; 
nwytrk, petiolis, lineaque caulina utrinque exarata sub-pubescentibus : ramb 
dichotomis, nodosis, rauleque eroctis : pericarpio rugoso, glabro. (atro). 

Mirabilis hybrida, Lepeii? sed folia in planta Maderensi (quamvis 
lucida) minime glabra, 6cc. 

Hab. in hortis et ruderati^ Maders. Circa urbciu Funchalensein 
nunc quasi indigciia. 

Valde nunosa, 3 — 5 pcdalis; ramis divaricaUs, denmm corymboab 
veT oonvexo-fastigiatis. In M. Jalapd veift caules multo humiliore^ 
minus nunosi ; pcricarpia muuwa, liemignieo-pubeaoentia, muius nigoaa, 
cgxanulata. 

Ord. VI PLANTAGINE^. 
Gen. PLANTAGO, Ldtm., 
S7. Plantago fekpetala, IWr. MS. 

P. caulesoens: caule abbreviato» ban ihiteaoente: foBis oonfertla, 
laneeolatis, utrinque attoiuatis^ nervous, glabriusculis, nitidis, integerri* 
mis: podnnculis folia supenttitibua, angttlstiqt glabtis: spicis abbceviatu;, 
FM. IV. Fart L C 
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oblon;^is oMtisve. obtiisis, nudis: l«i?iniii> calycinu lati«, scariwis, cari* 
natis, c'ontliisquc glahris. 

Hab. in caciiminibus ln8*: I'lirtds S". 

Plantagini lanceoUUtB proxima; cultural non inutatur. 

Ord. VU. PLC xMB agin EJi. 
Gbn. STATICE, Spr, 
88. Statioe pynmidata, Prodr, MS. 

8, oe^ton, {^ucb: weugo flfectq» Eanuwo, aphyUo: l<diis fadica.- 
UbaB» parvis, obovftto.ob1ongu» Mnitis, mucrotinlatM. in pelidiim atte^ 
nuati^ enemis: panicute pynmidate mnis patentiaaiiiiisy reciirvi$: 
floribus oongHomento-lnibrieatii; ladniis calydtus obtnniuculis. 
Hab. in rupibus inantimis Ins*: Portt^s S**. 

Florcs pallid^ cterulei, parvi, glonnrulis congesti. S. nuriculi^fblm 
et oletefolieB affinis. A S. spafAulatd Dei^. diflert foliis acutis; scapo 
magis ramoso; ramulia graciUoribiU» aub^eflexis; floribus glomerulatii, 
minoribus, 

Ord. VIII. LABIATE 

(iKN SAIA'IA, JJttH., Spr. 

99. Salvia coilina, Prodr. MS. 

S. caule herbaceo. viscoso-piloso: calycp S-dcntato. foliis pin- 
natifidis, incisis. vol siib-sinuatis, dentatis, veiiosis, glabris, lieviuseiilis : 
bractcis sub-rot udcHs. latis, cordatis, abbreviatis, aciitis. inconspicuis, «a- 
lycis dmiKiiuni iwjuaiitibus, integerrimis : verticillis (>-llorii»: coroUis 
calyoem dupl6 superanlibus : galea falcatS, conipressa: lobo medio labii 
inferioris cucaDato ; lobia htenlibin reflexis, parvis, abbreviatis, rotun- 
datis, obturia. 

Salvia verbenaeoides, Brotf (polymorpha, Hi(ffut.) 

Hab. in collibus pa^icuisique altis Mudcra'. 
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<SbMr fmlam efc Ftf^emem- (potimmitan priori) affinitM samma; 

:>at ver6 distincta. A Salvia bicolori Detf. difTert caule humiliore; fo- 
liis glabriK; bractei* ablxeviatu, kti*, acutis} lobis lateralifam lalni 
inf. rotundatia* hta. 

Gbn. thymus, IMm. 

30. Thymus micans, Sd. MSS. 

T. pcduncuHs ad apices ramuloruni c5CHige»tis, sub-raccmosis, axil- 
laribus, oppositis, solitariis, unifloris: calyds ^ labio supcriore lato, ob- 
solelfe tridentato, niurginibuB lecurvii; inferioie dentibus duobus sub- 
enctif, lanoedati^ aeutia, oontiguit, oqualibus profundi 
finearibua fofiiaque linaun-qpathidatu, obtans, ban attenuads, pilisque 
tans, lonips, patentimmn, xemotifl, pecttnato-dliatiB: caulibus hbpidis, 
proattalu» caq[nton^ ban fruttcalosiB. 

Thymui xnicaiu. Herb, BmUti, et Sol. ItlSSf 

Hah. oopioaanm^, easpitem effidem, per totum campum ilium 
eacoebum (6000 ad 6000 pedes altum) '*Faul da Bean" dictum, Madene. 

G£N. SATUREJA, Linn. 

31. Saturga thymoid«s, SoL MSS, 

S. peduneuUs asdOaribuB, multifloris, umbdlatis: btaeteit setaoeis, 
faacicidatia: dentibus caljcimB dimidium tube sub^equantibus: foliii 
oblongo-knceolatii^ acutiq, utrinque atteuuatu^ nuH^pne fevdutis, sub* 
puberulis, subtita mb^Doanis; nnnuliB junioribus sub^beacentibus; oaule 
fruticuloso, erecto. 

Satuieja thymoides^ SoL MSS. et Herb. Btmit! 

An Thymus therefainthaoeus, WUUL Emtm. Fl ffori. Sent, 
p. 9Ut 

Hab. in Madeii et Portu S"; vulgaris. 

FniticuluB elegans. Folia sub-micantia, odoiata. Floras sulMwn- 
spicui, purpurascenti-rosei. Stamina tubo ooroUia bteviora, inehua. 
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Calyces striati, sub-pubrsceiites ; f'auoc villis claus&; dentibut; !>etacei8, 
sub4equalibus, duobus inf. aliquando sub-longioribus. Folia latitudine, 
&c. variabilia ; ideoque T. tAerebinihaeeujt Wittd. (si ex dewripttone ju- 
dicve licet), vix nisi g^nere dlBcr^pans, idem videtur. 

Ord. IX. PERSONATE. 

Gen. EUPHRASIA, Uhh„ Spr. 

S9. Eiiphnnia HolHana, Prodr. MS. 

B. laciiuis calydni^ foliiaque Imoeoltto-oUongu, obtiiais; inferio- 
ribus ffonb dentatii; sunitiii* sa1>-inte;gm: oorollA (luteft) aHyeem dufiUr 
exoedoite; ataminilNH ooroUam sulMequaiitilMis: caule nunoaoi. 

Bwrteia visoon, tw. folus Imanibus olvtiins Sie. Herb, Bmk»! 
Hab. in aylvii Madene. 

CoiolUe conspicua^ mt magnae; kbium inferius iMotnim, lobii ro- 
tundatii» obtusisrimii, denticulatb; superius simplex. Folia et habitus 
quodamroodb M^qAmmg OdotUitu. 

Ob anthetaa distinctissime aristatas, vera Eupkrarim species: quiit- 
etiam toto habitu, oaule ramoso &c. k Bartud VMOOMf dilleit. Ab 
ctti affinitate propior* dignoscitur cauk lamisque io> 
biistiB» nee filifarmibus ; ibliis multb latknbus majoribiuque, infiBriori- 
biis. grasi^ yel iiiei80*dentBtis: floribus miiltb majoribiUi Aec. 

Nomen dedi in honoiem amici JFV. HcU, faotanosophi Gemumid, 
indefesn ]^taniin Maderendum indigatorii. 

Gbn. SCROFULARIA, Umn., Spr. 
as. Scrofularia racemosa, Protlr. MS. 

S. foliis sub-cordat(M)blongis, acutis, .sub^uplicato-serrati:^. \ttrinq»ie 
caiileque acutaiigulo glabris, basi ina?qualibuii ; inferioribus appendicu- 
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latis: ihym dongati aptiylU nuoiia facemom*; xaoemia e^gitis, flex- 

uosis, pfttentibus, laxis, ramis pedicellisque sparslm sub-glandukns: c»» 
Ijrds glabriiuculi kdniis obtusis : oorolhe kbii infesioris lobo intermedio 
revoluto, vix prominulo, minuto; mpcriorii^ rudinafinto staminis 5". 
aquamsformi, piano, rotundato. 

Sccoftilaria auriculata. Xiaa^ Sjpr. 4ie.? 

a. h^g^Huii i^ahemmay fcASh acaminatia^ dongalu, nmplidttr aenttoo 
crenatis. 

/3. jwienfAi; Iblut tadiealibut el juiuoribus lubtAs petiolisque pube- 
nili«. 

Ibb> a. et /S. ad rivuloa et in rupibus tnadldii convalliuin Ma> 
dene* 

Ser^, M^pkma MSB. Dkt,; et S. ^aWi WUi. (ex Spr.), soltto 
ex deMxiptioiubm, rnqyA pbnte nostns «. pcrti n eie poaBent. & markm- 
lalm vera (cui prior fonao lyiumyma), foUiis ** obtains sulitiu hinutni" 
S^. ("tomenloaii" Unn.) "lobo terminali cordato aut OYato" Detf. 
dUTenre ^detur. S. auriadatam BroL PL Imdt, I. p. 801 .vera* ob fo- 
fia "subtus glabra," ab a. nostril alienam a^r^ putarem, nm qii6(l k 
nonnuUis ad S. trifoliatam Linn, relatam video. In re tain dubi&» plan^ 
tarn Madoensem pro temp<ne distinctam servandam putavi. 

S4. Seroftilaria hiria, Bnir, MS. 

S.* IbHiSa ooidat(Mililoiigi8» acutiuMnUu* besi aulMBqualibii^ exeias, 
aigutt diiplkatO'iiicia&' ^ e nalj i^ utrinque petidie canleque acutangulo 
villoni; pelkifis latia, sub-alaiiB, ex-qpendiGiilatH, birtis; 1li3rni apfayni 
nmia tridiotonmiMaceiiioMs; laeemii elongatis, peduncuUsque glandiikMO- 
pubescentibus ; calyds glaberrimi laciidis obtiuissimu ; ooroUae labii in- 
ferioris lobo intemiedio levoluto, vix prominulo, minuto; superioris, 
rudimento stiininiB 5". p^illofonni, minutiBainaOk bievi; genitaiibiu 
euertis. 

Hab. in Miaderae umbroaa bumidis obacuris. RariM. 



Digitizeo Ly ^oogle 



22 Mr- Lowe an the New i*lants and Land Mollusca 

Ord. X. CONVOLVULEjE. 
Gen. convolvulus? 

35. Convolvulus? solanifolius, Prodr. MS. 

C? caulc volubili, fruticoso: foliis coniatis, ovato-oMotirris, acutis, 
intcj^errimis, petiolatis; juiiioribus, ramulis. potiolistjuc pubeseentibus :' 
I>edunculi8 axillaribus, solitariis, petiolo knigioribus, apice sub-trifloris, 
pedicellisque elongatis, nudis: calycibus ovalibus, obtusiuscuUs ; 

Hab. in Madcnp mpibus. Rariss. 

CoroUam nondum vidi. 

Ord. XI. $AFOTE£. 

Gbk. sideroxylon, s^. 

36. Sideroxylon Mcrmulana, Prodr. MS. Menunluna," incolarum. 
S. incrmc : foliis obovatis, obtusis, spatlnilatis. iiitc^crrimis, coi i- 

aceis. nervosis, lucidis, iitrinque glaberrimiii : pedunculis uniflom, ad 
axillae aggregatis, brcvibiis, calycibusque vclutinis. 

Sideroxylon Mcnnulano, Herb. Bants.! 

Hab. in rupibus. pricsertim maritimis, Madera?. 

Fnitcx. \el sub-arborcum. Floras parvi, pallide carnei. Fructus 
ruber, eduliii. 

Nomen "MermMbauT in Canariis plants distinctinlma^ aed quoad 
habitum riinilHm», ae. Mgrtmei emtarieiui, impoatum acribit amicus 
P. B. Webb, arm. 

Ord. XTI. CO iM POSIT JE. 

• CICHORACE.*:. 

Gen. SONCHUS, Lbm^ Spr. 
97" Sondius lutulatus, J^rodr. MS* 

S, glabemmus; caoUbua dm^cibufl, brevissimia, bnbaoeis, baai 
aub-lignoos: foiiia ladia^ canflnrtia» d«cuniT^ rundnato-piniuitis, sub- 
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caniosu* rigidis, subtus pneiertim inter venas pulchi^ gloucescentibus ; 
fbliolis acutis, angulatis, sub-integerrimis vcl dentibus sparas, raris, mi- 

nutis. callosis: scapi terminalis, aphyllt, panciflori, ramis raris, divari- 
catis, solidi^, pedunculisque 1-floris, supra incrassatis, panicuiatis, nudis; 
squamis anthodii ])urpurco-]iigricantibu!i, adpreflaissiini^ latia. 
tS. hyoscrifolius, (Hornein:) SjM'f 

a. mgiutifoUa; foliolis angustis, oonfertu, ' ainiminatis, nunguie pcwte- 

riore siib-intcgcrrimo. 
, Sonchus dentatus. Herb. BanJrs? 

/9. la^foUa: foliolis majoribus, latioribus, distantibus, angulatis, utrinqne 

denticulatis : foliis suprk vix fTlfuu-f'sceriti^nis, profundiiis incisis. 
" Sonchus squarrosus (linen atramenti per medium verborum xfjiiar- 
roxu.s ji ducta, et "fruticosus" suprJt scriptx)) "et MSS. diffcrt pani- 
cuia dichototna — planta minor. Madera Fr. Masa<m." Herb. Banks f 
Hab. in rupibus maritimis aridis Madera\ 

(vix vat,) est status potUis k solo vcd humidkne vel ma^ urn* 

liroso ortus. 

De Soncho /tyoJteri(iifo/io Inu" rite refereiido. suspensus ha?rr<> 
Cliaracteres fere iidem ; Jiisi <ju6d ilia inter ''Jrutlcasos" numeratur. 
cixva nostra planta certissime '* herlmceis" relcganda est. An dcscriptio 
d. Sprcngelii a spccimine manco, (sc, s.'me radice desiccato), in her- 
borio servato. (quale est forsan Siinrhu:; dcntuiu.s Herb. Banks.), I'acti- 
tata; idcocjuc erronca? Nam m tab, caulis casu forsan quodam ligno- 
sus evadere posset: specimine tiUn spedem ramuli frutids cujusdam 
wnnowft flimiinb pnabamtc; 

A daUatiu Hm%, Baniu. in omnibiu nia caule lignoso eitm van. 
ctate a. nostrft conTenize videtur. Sed, dim pneter hoe^ alia exstant 
spcebiiita in Heih, Btmh^ ad iS. noftnun certisani^ portinentia, que 
k «]. Sdandio ad dtevnm (quamvis mvn distinctianmam et longfc 
alienain) ipeciem tfiwromm) xefenmtar, idaoque i & sua. detUah 
plan^ diitiiigaimtur, impemiiM - siupkandiim est Ininc & daaahm k 
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iu»tE& plantA aUenum cue. et fonan S. kjfoime^^ (Honwm.) S^. 
Ten 'qrnonymam. In le tarn inoerti, diffieiiltatem mlntn nomine jilmk 
novo qaim veteri inoerto augeri putavL 

Gen. TOLPIS, Gaert. ' 

3& TolpiB cciiiita, /Mr. MS. ^TeA. II. ft 1--^. 

T, eaule nmoao: nniis viigatia: foliis Fadiealibiu humifuikt solo 

-adpressis, plerumque sinuato-pinnatifidifl» <ub-canescentibus ; caulinis an- 
gustis, lanceolato-linearibus: liracteia setaoeb* abbreviatis, ad apices pe» 
dunculonim inf: rno nudorum ooDg^Btu; aeminibus (omnibus mdii ae. 
oonformibus) sub-quadrisetis. 

Crepis annita, Sof. MSS. cf Herb. Hanks ' 

Crepis incrassata. Herb. Banlu. " Insulae Azotes Fayal Mess". 
Forster" ' 

Hab. in Maderae coUibus apricis. 

Gen. crepis* Spr. 

39- Crepis pectinata, Prndr. MS. 

C. caulc frutescL'iite, ramoso, foUato; raiiiih difTusis, ^ irrrati$: fo- 
liis flaccidis, teauissuue ct profundi divisis, pcctinato-pinnatitidis; laci- 
niis distantibus, elongatis, lineari-filiformibus, supra glabris, subtus sub- 
farinosis : pcdunculis proliferis. supern^ incrassatis. .^quamosis, squamisque 
minutis, erectis, antliodioqvie tarinoso-albescentibus. 

Crepis tenuifolia, Sol. MSS. et. Herb. Banks! non JViUd. 

HienMaum fi-utioosuiu foliis tenuissimd coronopi modo divisis. 
mom. Cat, lS8..-^«if. .Tom. p, 19. /. 5./ 1, 2. (Icon, mala; Deicr. opt.) 

Hab. in rapibus aprid* Mjtdena uUque. 

Afflnitate et habita OtjpiM nemtaOm Hori. Kem: (C eanmopi- 
fi&m De^:) pnndma; cujus apeoiei, pne cetem polymoiphae^ (in Ma- 
deift Tlx minima vtt1gaiu)» Tarietatem ene menun alia fonan die* do* 
oebit In iltt tamen, quamvia folia afiquando proAindiito pinnalifida 
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qii^ in statu normali, nunqtum ut in C. pectinatd nostr& fer^ fili- 
formia et tenuit^r divisa, ladniis elon^tis linearibiu (fert at in Core' 

tpside tinctorid Hort.) videntur. 

Ons. C. guccuienta J if. ct C. jiectuuUa nob: genus Tolpidem cum 
Crepide arctissimd conjungunt. 

40. Crepis iiiacn>rrhiaa» Jhrodt' MS. 

C. glaberrima: radice perenni, crassfl, camosa : caiiHbus solidis, fo- 
liatis, siinplicibus, superno paniculatis : toliis oiiuiibus iiidivi-qs. nhldii- 
gis, dentatis, sessilibus. nitidis, sub-camoso-coriaceis : paniciila larga, mul- 
tiflora; pixlinuulis siipcrne sub-incrassatis, squamosis; anthodiis sub- 
farinoso-pu i)escent i bus. 

Crepis macrorrhiza, Merb. Banks: et Sol. MSS! Hook, m Bot. 
Mag. t. 2988 ' 

Hab. in MudcjA' lupibus. 
41 » Crepis? aadryuloides, Frodr. MS. 

C? glanciiiloso-hispida: radice caniosa, bienni : caule sub-fistulaso. 
foliato, siniplici, supcrnd lax6 paiiiculato. hi^pido : foliis omnibus in- 
divisis, oblonjj^is, acuininatis, undulatb, reinott- runcinato-dentatis, sub- 
sinuatis, sessilibus, lii^pidis: floribus laxt- jianituktiij, reiaoti^: pedun- 
culis nudis, gracilibiis, divaricatis, laxis, aiitiiudiisquc cylindrids, glan- 
duloso-hirsutissimis : involucro erccto, persiistente. 

Hab. J II <j(iii\aUibiis Maderce. 

St'iuina iiuitura non vidi; pappus in innnaturo revera sessilis: sed 
cum in veris quibusdam Borkhaujsice speciebus pappus in iiemine Jm- 
mataio omnind aesgUem vel utbtetMlm videie licet, in nostrA fonan 
pbntt pappus aeiniiiu maturi itipitaeitt evadit 

Gek. BORKHAUSIA. BSkm. 8pr, 
4IL Barkhauiia ladniat^ Pndr, MS. 

. B. ladioe annul: cauk. erector atricbv mmoso, panicii]»to^ sub* 
pubmilo, nttido: foliis 1ai9iiiati>>pinnalifidia» vd wmchwIoAntatii, ntm- 
Ytk IV. MI. D 
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atis, gUbru; ndiolibiu plerarnqne integritiiculu* oUoi^t; caulinU 
Uneari-lanoeolKtfat semi-nnplexicBiifilHii, ban aurioilatii, fab-n^^ttaliit 

dentato-laciniatis : floribus coryinboso-pan^ijlaitis: anthodii squamis dono 
ilifem6 nigrescenti-glanduloso-hispidis, interstitiis sub^&iiii080>piiberiilit: 
s^iunnis involucri kxu, farinoao-pulmulu. 

a. fkma^lda; foliis ptofumliils divim. 

Crepifl biennis, H«9h. Bmkti quoad qpedmina in Mbdnft a MoMon 

\Ctvj^ DioMscwidis" OineA per veiilNim DkueoneS* duett) var. 
oorolla undique lutea. Madeica Fr. Maason 1777.** Hah. Banh! 
/3. imttgri^Sas fdiia integriuseulis. 

**Crepis XMoseoridis" (lined per verbum Dioteondit duett) **L.var. 
foliis maigine nudis, Madeira Fr. ManoD 1777." Herb. Bankt! 
Hab. in Ufaderft; in vinetis, locia cultii, frequens. 

45. Borkhanua divancata, Finir. MS, 

B, T»dioe crastty fiudfonui* Uenni (perenni?): caulibus ramosis, 
paniculatjaj aolidfii, infecnft glabtis, supernd peduncoliaque divarieatia, 
patcn1ibaa» hupid<^^^landuloni : foliia rigidi8» glabenimifl^ undulotif; 
radlca]ibus «nuato-tandn«tis» eauliius ban semi^nnplejucaubbuii dila- 
tatiai» ovato-acuminalu» int^griuiculis; flotibus apaius, panicuhtia; m- 
tho^ia poat antheain ovatia* ban ventrioona; aquamia boal Uapido- 
f^bmduloiia, aupemft aquamiaque laxiuaeulia involucri ^^abria. 

«. ntbmtlas caulibua erecti^, Tiigatiat pedalibu^ mullifloriay foiUoaia: 
folib acpe lundnato-pinnatifidia. 
Hab. in Fmnontorio S**. Lauienlai Madme. 

^i. punula; caulibus saspe diffusis, glabriusculis, paucifloris, plerumque 
nudia: foliia vadicalibua indiviaia, integriuaculia vd rancSnato-simi- 
alo^dentali^» aub-camoria: anUiodiiB bi^idioiibua. 

Hab. Ill Fortft 8^•--Stakttl poti^ ^ mIo nidioR, qukm varietaa 
pneeedentla. 
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44. Boriduuaia hiaraci<ndes» IVvdIr. M& 

B. radice annua?: caule erecto, ramoso, paniculato. foliarum costfi 
centrali, pedunculis, anthodiisque setoso-hispidis vel sub-muricato-spinel- 
losis: foliis Hnliris. indivisis, denticulatis, denticulis raris, sparsis, mi- 
nutis. subiilaiis; radicalibiis lanceolato-oblotigis, acutis, basi attenuatis; 
caulinis ovato-ai'uininatis, basi dilatato-aurkulatis, scmi-amplcxicaulibus: 
floribus corynibosis; flosculorum iigulis elongatis, laxis, patentissimis, 
sub-pendulis. 

a, integrifoUa ; fo^B integriuioufiik •n'Mimolitii. 
fi. pinnatlfida; fUiis Bub-pimudxMundiMitis. * 
Habw in Madei» otft Septaitrunali. 

45. Borkhauna duhim JMr. MS. 

B. ndice Uenni: CAule erector ttricio^ h \mA imiumo, nmuque 
foliatiq* oo8ta4iie oentnii folianim subtil hispldu: fdiis lucidifl^ 
bris, indivisis, mai|pnibus undulatis, sinuato-runcinatis et dentioulatu, 
dentacolis intermediis plurimis, itueq^oalibus, subulatis vel ciliato-seta- 
ceis; radicalibus elongatis, oblongo-IanceolatU, acutis, basi attenuatis; 
caulinis basi cordato-tpqualibns, amplcxicatilibus, oblongis, acuminatis ; 
summis linearibns, siib-intefrerTiini.s, sotacco-ciliatis : Horibus sub-corym- 
bosis: ramulis sviperne, pediMuulis, antbodiisque dense glanduloso-pu- 
bescentibuK, s\ib-incanis, farinaceo-puberulis : pappo sub-stipitato. 

llab. in convailibus Muderae. 

Fiaoedenti pronim; difi^ autem faabttu diitinctiatiino^ famii 
aupem^, peduncultt* antbodinque detud ^anduloao-pabeaoentibiUt suIk 
incaau, fariiueeo>toaieiitiMM; floribus minoribos in ootymboa bterdes 
ool]eoti% flewculorom UguU nee elongatt nee pendutt, pippo sulMtipi- 
tito (quo ad CrqpUkt yem aooedit)» Ibliarum margine inoqualitar aed 
oonqpifiuife et in omni parte tiincinato-ainiiatia, oaidinia baii aqoaliliiu, 
eoidatifl, (non daatafaHmriculatia). 

46. Bovkhausia ooinata» JPhtA", JUS. 

S. radice fusiformi, carno<>o: caule erecto, h basi ramoso, foliate, 
Urto-eetoK): foliu indivim, denticulatis; xadicalibiu glabiia; caulinis 
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mimmis ciliato-crinitis : floribuB ooiymbcww: anthodiu hinutuaimiap eo- 
motn; sqiumis .crinitis. 

Crepis comata, Herb. Banht. et Sol. MSS! 
"Hal), in Madcrffi sylvLs; Fr. Maswn.1777." SoL 
Pappus distinctissim^ stipitatus. 

Gem. THRINCIA. JfoAl, S^. 

47. Tliriiicia nutlicaulis, Prodr. MS. 

T. foHls lu^&difl, sab-denteto-flinoaiiB : pappo diid tt^tato. 

Letmtodon nudicauH Htth. Banks! 

Hith. in apricis Madene ubique; Tulgatisnnta. 

Flosculoruni tutmlus ad apicem pibsua; ligutorum ladnis e^andu- 
lone. Pappus la^ paleaoeut; diad plumosus. Semina sinriliii atte^ 
iiuata, acuminata, in rortrum giadle, ekmgatum pioducta; unde pappus 
stipitatus. 

Thrincia hirta Hook. Brit. Fl. {Apm^ hirta Sm. Eng. Fl., He- 
dypnoit hirta F^tud. in Eng^. Bot) p^po disct sessili, potissiraum 
(liffert. Eodrm charactere, necnon goiere, sc. pappo ladii paleaoeo, ab 
Apar^ hitpi(kt omniu6 distincta. 

• • CINAliOCKPHAL/K 
Gen. CIllSIUM, Tevm, Spr., ^. 
(CNICUS, JUumm). 

48. Civrium ktifolittm, AwA*. MS. 

C inerme: foliis senilibus, bad aurienkliB, amplexicaulibus, om* 
iiibus elliptioo-oblongis, latii, obtun^ indivins. lat^ ainuato-crenatas* 
9etoa(M|nndlo«o^atis» snpn lucidis» nudis, subtus caukque bttmtvK 
tomoitosis, floooosiB: pedunculis longiBumiB» flocooiis, unifloris: aatiio- 
diis sub4anatis: squamia lanato-ciliatis, mucronatis, adpreisis, inHerioti- 
bus ovatis, aciitis; superioribus oblungis, obtunusculis. 

Carduus latifoliu^ Iftri..BmiMl 
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Hah. in Madene oonvallibus. 

Species pulchn, disttnetininn, C iltfUerqplfflb affinii. 

OruIu S — S-pedalii. FoIm ampK flubtlks saepe nivea. Fknrei 
puipurel 

• • • COR¥MBIF£Ru£. 
Gen. 6NAPHALIUM» Lnm^ Spr. ^ 

40; Gnaphalium melanophthalmum, Prodr. MS. 

G. fruticosuin : f i]ns sparsis, sessilibus, lanceolatis, atuminatis, basi 
attenuatis, ramisque iuvco-toinciitosis, cancsfnitihus : pauiculis termi- 
nalibu», congestis, corymbosis: squatnis aiilliodii mvei, globosi, laxis, 
ovatts; inlMoribils obtusis, rotundatis; superioribus acutiusculis. 

Gnaphalium nipestre, Ilvrb. Banks' 

Obs. Gnapit. rupestret Uqfin: jam adest Steud, Norn, Bot. 

Hab. in mpibus convaUiutn Madem. 

Flofcs nivd, odori; diioo post antiienn nigioi 

Ord. XIIL RUBIACEiB. 

Gen. GALIUM, Iahh., Spr. 

SO. Cialiiim praductttin* I^odr, MS. 

G. ^aSanxmx Ibliis octonu» lanceolato-Iinearilnu, acuti^ cuipidatis, 
lefiexii, milMntegerrinus» denticulia mar^iialiliiiB raris, obK>leti8» antnH*- 
ijto spedantibut, tttriiM|iie Uavibos* aupvk cauleque paiiim lanuMo 
luddia: panicularum lateralium tenninaliuiiique lamis divaiicatis, £6- 
breviatis: coroIIa> ladiuis obtusiusculis, mucronatis : fructibus kevibus. 
glabris: caule 4Hiiigu]ari* debili, diffiuo» dkmgato» «unpUciu«cul0k Ikvi, 
faasi suffniticoso. 

Hab. in Madene laxons Bepibm, nipibua &c. ffequens. 
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Ord. XIV. UMBELLIFER^. 

51. (Enanfhe pleridifolia, Ftedr. MS. 

radicibiu tuberosi^ fudfonnibtu, fiwdcuktis: orale etedto, in« 
fem^ tcfeti, hen, mam angnlatia, striatit; foliis onudbiM. tripinnalis ; 
funnie pinniiliBqiie omiuImB remotiSk oppontiai, pftteatiminis, diatidnsi 
foUoUs tiltimis ovatis lanoeolatiiqu^ weuiM, incMOxdentatis inniiitifidiB- 
qu^ btti cuneatis: umbdlia oppositifoliis; ndiiB iiuequalilnit; bnctdi 
IMucis, subrmllis. braeteolisque Bneutibitt: firucttt subetOM). 
(E. apiifolia, Brot? 

Hab. in rupibus madidissiinis convallium Maderce. 

Radicet repentes; tubcribus fusifonnibus, fasciculato-filipenduluy 
crassitic digiti. Cattle^ elati, fistnlosi, esculonti. Folia maxima, ele- 
jfantia, Ifetcvirentia, foliolis exiguis, tomiibus, concinnis. Umhclla- iiie- 
dkHTCS, sat parvte; floribiis albidis, aspet-tu e<vruii! jl'jiiaiitlws crocatte. 
Cahjx ptTsistcns. Petala mncrone clongato, iutluxi). I'loral Recep- 
htch," Sitt. nuliiini. SlylopotlUt ('■ JBages of' Styles," Sm.) tutnida, glo- 
boaa. S^U persistent^ post anthesin dougati, fhictdm matiiniiii 
aequantea. Fructui ovato-oblMigiu, latetallttr (ac. sututl) oompfeamn. 
pmaaberoBttB. M«rkair p ia*t ttriis 7 donalibiii, kevibiUi ni1»4equa]ibiu» . 
tribiu viz mi^oribiM; intentitiia auguatu^ plamB» vquia; iutuca utiiii- 
que ^tio timnidiil(s latiiuciik^ leri, apongloao auberoao. ,AjU 
hm«» rive Peruper»ka», taetiiuealiim, intia (plano^onvcxutn), VitUe 6, 
vectffi, asquales; 4 donalea» aiquidistaiitea; jugia tribua donalibua 
sub-nif^oribtts altemantei^ ac 4 intenneifiia i^poiitae; NEquae diiaa 



• flirr ffirmin melius ita dcacribenda : mericarpia Jugi* .">, tribu'* tlorwilibu.s filifor- 
laibiu, sub-prominulU i duobus latmlibiu mugiwuitibiu dilatatis, ^ngioau, qpttium 
ktam, tua v iix ui n, tunudidtini, •ubenMoin utrinqncfbniMintilMii j wBio ii i it UntMu* l>«triilii; 

»trii.<^ (Hiforrnibu?, (libtincti.'i, jugu subir()uantibii'i, sc. vix inillA* pnBUIwUi; luao IMrimpiB 
7>ttriatA apparent. Carpophonaa evanidumj sub-nuUum. 
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jonctaitm lespideii t ea, apprazhnatae; Toliiu pbnite taocnt aquonu. 
An Genua? 

Gsax. SAMBUCUS^ Lmn^ 

5S. Somlniens n%n, Lbm. Sm^ 
a. cmmmmit; fofidis (miti«. 
Sambucus nigra, ^itct 

Haib. in Ennpi; An^Sft, ke. 

.fi, ImceeAite.' foliolii hnceoUtis efflipticia;' elongntu. 
Sainlracus laneeokta, JSerb. Bani*, 
Hab, in Madene ijrlvis: in hortb etiam ab incolia cofitnr. 

Pneter foUola nu^ dongato, qmnla ut in a; Ideoque vix sik>- 
citt consanda. 

Ord. XV. CRASSULACEiB. 
Gbn. SEDUM, IXC 

M. Sedum fuafonne, iVvMlr. ilf^.— Tab. 8. if. 1» 8. 

£ cnik frutieuloBo^ lamoao; nunuUa conliertj^ ereetia, tottuoaat 
glafariBy infem^ nudis: foliis omnibus sparsis laxis sub-patcntibiia» onv 
noaia* crassis, fusiformibus, sub-teretibus, suprk planiusculis, acutiuaculia, 
utrinque attenuatis, glabemmis, glaucis: cymis terminalibus, connl»aa> 
fasti^iatis, paudfloris : pctalis 5, lanceolatia, obtuaiuaciUia^ patutia : aqua* 
luis nectarifeiis brevibua, lunatis. 

HaliL in Made» rupibus excelsis aridis mantimia. 

Bamoriaaima, ceapitoaap liumilia. Fiona flavi 

S. aA&iMno praxinia; Itabitu ptonita S. nodi, cin maxtni^ affinii. 

Si. Sedum fiuinosiun, IVodp. M& 

S. candicans: caulibua heibaceis, prostratis (repentibus ?), don- 
gatis, inlSen^ nii^ aub-iiiBfllclbiia; foifiia ad aficea confertlBy 4-fiunia, 
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cauUbiuque alho^arinosu, teretibiu, supni sub-idanulatis, obtusisamis: 
cymis terminaiibus, S-partitis: petalis 5, orato-Ianeeoliitis* acutis; iqui^ 

mis nectariferis 

carpelUs rostratis, acutis. 

Hab. in rupibiu umbrosis Maderae^ ad altitudinem 4000 ad 5500 

fer<> pedum. 

Petala alba» nervo extrk rubro. 

Ord XVI LVTHRAKIB^. 
Gem. LYTUKIIM» D.C. 

55. Lythium junoeum, iSb^ MSS. 

Id, floribos axillaribus, hex^etalii* dodecandiit: filamentii 6 faievis- 
rinus; 6 ' longioribiUy tubo brevjotibiis ; antbezis sub^induns: ealyds 
aiigulati dentibus alternis minoribiu : fotus altemis, confcrtis, lanceolato. 
tit)c:iribiis, siih-glaucescentibus : caulibus acut6 4-angularibu8, debilibus, 
humifusi.s dongatu; deprsum nudis, suffrutescentibus. 

I.ythnim junoeuiii, SoL MSS! Herb, Banltt. qaoad spedmina 
Maderensia! 

actitangtilnm. Ijfif*a.ir(i, (L. Graefferi var? D.C.)? 

Hab. in Maderae humidis, frequens. 

Caules graciles, demilm praelongi, simpliciusciili, infem^ nudi, 
fnitescentcs. Folia parva, slUMxmferta. Flores hexapetali* magnitudine 
modiocri, Ist^ purpurcL 

Ord. XVn. ROSACEiE. 

Gen. RUBUS, Lmit., D. C. 

56. Rubus grandifolius, Prodr. MS. 

R. caulibus fruticosis, angulatis, aculcatis, glabris, procuinbciitibus, 
sterilibus clongatis; aculcis sparsis, comprcssis, recunns, numerosis: fo- 
Uis 4juinatis (rar5 ternatis), sub-pedatis; foliolis ovato-oblougis, acumi- 
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Dftttit geonk diiplinto4«i»tn» utrinque ^benimi^ nudit, long6 ped* 
oiulttU; petiolis petioluliniue spttFAm teuleatis: pwiicuUe dongata^ ter- 
nuniBi^ fsmit peduncufis cdydbusque denrt piupureo-^andukds: 

ladniis calycinis reflexis, inennibus, petalis mu]t6 facevuNribiu. 
Rubus pedatus Herb. Bmilu! et JSoL MSS! mm Smilk. 
Hab. in rupibus Madene. 

Folia lucida, utrinque viridia* nia^;iUI> Flotes albi, coD^picui, 
magni. Fructus aat magni, atrL 

Ord. XVIII. LEGUMINOS^ 
Gen. VICIA. Tount, D. C, 

57. V'icia albicans, Prodr. MS. 

V. annua, viUosa, sub^»nescen8 : caulibus tetragonis: ciiris valdc. 
nuDOsis: foliolis oblongis, mucranatis, nunmous, oppositis et altemis: 
stipulis MmuagittatiSi indso-deiitatis: pedunenli* lub-bifloin, folio mill' 
tiaa bre^oribus; floribus secundts, laxifl, sub-remotis: dentibus oalydiiu 
duobus superioribus mimimfl, obsoletis; inferioiribiM ovatMubnlatifl, 
medio kngioire; omnibtt* tttbo brevioribiw et cum toto cafyce oolo> 
lato i^lcMis : aQrIBa capitatis, eajdtulimi i^obonim imdiqueb nibtUks 
ver6 prsesertim, barbatis: leguminibus oblongis, latauseufi^ btevibus, 
sub-compressis, albido-hirsutissimis, pcndulis, sub>tetnflpeniiif ; leinioi^ 
bus globoas, viridi-fuscis, nigro-macuIatiB, glabris. 

Hab. in nipt-stribus aridis apricis Madera?. 

Flores magnitudine incdiocri, pauUo sc. niajorcs quam in Cruccci, 
rosei vel purpurei, apice purpureo-iiiffro, vexillo striato. V. atropur- 
purete, Deitf. ; tnchocalyci, Moris. ; BroierKinar, Ser. in D. C. Prodr. 
{V. vU/osa Jirot nou JioiL) affinis. Radice annua k V. jyerenni D. C. ; 
argented, Lapcyr.; variegatd IVtlUi.; alpestri Stev.; cinerea liieb., necnon 
aliis notis distincta. 

58. Vida micrantha, PiMlr. MH. 

V. annua, gracilis, glabriuscula: caulibus filifarmibits: cinis i»- 
moos: folioli* angusto4anoeolatis Tel lineaii-oblongis, gemotiwimlia, 
F«f.lV. MI. E 
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ob-tiisiusculis, sub-puberulis : stipulis parvis, angustissimis, semi-sagittatis^ 
superioribus siniplicibus : pedunculis sub-biflwifl, folio multiun bievio- 
ribus: calyoe l^uminibusque lalU, oUoiigii» oomprecos* 8-^6-qpeniui» 

villosis. 

Vicia gracilis, Sol. MSS. el Herb. Btmiu! non Loid, 
Hab. in Madent; Sol. et Mast. 

Ft^ola sub^ctoparia. Flores perparvi, puipurascentes. 

Gek ONONISv Lmm^ D, C 

59. Ononis dentata, SU. MSS^T^h, 4; 

O. herbaceo, annua, erecta, pilosa : foliis (omnibus) txifbUolatis ; fo- 
Uolis obovatia, seimtis: stipulis oviitiB» . dentatis: fioribus spania, soli, 
tariis, axiOaribtts, pedunculatls, folio loDglanbai, oemuis: pedunculis 
mutids: ooroM calyoem supeiante; ladniis calydnis 4 supiemis anticfr 
diktats, foliaoeis (8-) dentatis; infimft nmplici lineari^acumiiiRtl, in- 
tegenimft; legumimbus cilyoe loiigioribus. 

Ononis dentata, Sol. MSS! et Herb. Banhs. quoad spedmina d in 

Tnsulis Canariis A. D. 1778 a cl. Massuii Iccta! 

Hab. in Portu S". "Insula Canarias Fr, Maswn 1778," Herk. 
Bank*: In apricis Nivariw, P. U. \Vcbh, arm. 

Flores coiispicni ; in plantis ab ainit o llcv." M. .T. "Berkeley in 
AngM cultis (a seiniiiibus qua; in Insula Partus S ', mense Maii, A.D 
1828, ipse legi) vexillo roseo-purpureo, alis et carind pallidioiibus ; in 
aliis (desiccatis) ab amico P. li. Webb arm. in Nivari& lectis, pallid^ 
flavi, carinft purpureft. 

Gem. astragalus, D.C. 
Saaua II. OCHROLEUCl, 
S. 7. Buoerates, D. C, findr. 

60. AafaagalaB canesoensi SoL MSS. 

A. villoso-puhescau^ adsoendens ; caulibus diffusiSk adaomdentibus : 
folioUs mullajugis, ovailibus vel oblongo^lliptici^ retusttiacuJis, suprk 
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l^abrit* infti \at^ canewsentibus: pedunculit elongatu* fotid multdni 
longioribuK: raoemis multifloris: pedioelUs iructiferis deflexis: legn- 
minibus fslctotis^ compressia, dono eanaliculatis, apiee acutis, pubescen- 
tibus, pcndulis; sulci dorsalis bti, profundi marginibus acutis. 

Astragalus cancscens, Sol. MSS. et Herb. Bankt! 
Ilab. in Insulft Porta S*". etiam Canoriis ab amioo P. B. Webb 
arm. lectns. 

Flores pallid^ flavi, virescentes. A. hamoso proxima; nec forsan 
vere distincta. 

Ord. XIX. HYPERTCIiNEiE. 
Geh. HYPERICUM, D, C. 

61. Hypericum angustifoliuni, IVodSr. il£K 

H, glabmm: caulibus simplidbus ereetia^ stridis, viigatis» anci- 

pitibas, suifnitescentibus : foliis cpunctatis* ereetis, lineari-ofclongi^ ob> 
tusisaunis vel rctusis, ainpIexicauUbus, margine revolutis : paniculft ter- 
minalip cotymbo64: sepalis ovatis, tcqualibusy dentato^^landulosls peta> 
lisque nijjro-pnnctatis: floribtis trigynis 

Hab. ill Madera> campo praKselso (5000 — 6000 ped. alt.) "Paul da 
Scrra" dicto. 

Caules plures, fer^ pedales, tenues. 

Ord. XX. MALVAGE^ 
Gen. SIDA, Cm., i). C, 

SvcT. MALVINDA, Mti., D. C. 

* • Ohlfi/igifultir , iitiupe {>edicelli8 elongatis, ciiHtinctius articuUtis, foliis ob- 
Inngfis ovatisve. D. C. Prtxir. 

62. Sida niaderensis, Prodr. MS. 

S. fruticulosa : foliis lanceolatis oblongisve, acutis, Rerratis. glabris. 
subtiis pallidis, sub-glaucis, brevitcr potiulatis : axillis inermibiu, : pedi- 
cellis axillaribus, unifloris, iiia^qualibus, folio brcvionbus: caipellis 
10 — 12, uni-rostratis. 
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Malvinda unicornis folio rhomboidc perennis, DiUe», HorU JSHtk, 
p. 216, /. 172./ 212. (descr. et fig. opt.) 

Hab. secus vias in lods incultu ice. Madem; in teguoote totft in- 

feriore vulgatiss: 

Pedicellis nunquam " folii lonsritudine" et carpellis pluribus, 
semper uni-ro«traUs, k S. canarieim liiffert. Flores parvi» ochraoei. 
Fruticulus. 

Obd. XXI. YIOLARIBA. 

Gen. viola, TVnm., D. C. 

Sect. I. Nomimium, Ging.— 
f 2. D. C. Prodr. I. p. 295. 

6S. Viola maderensis, Prodr. MS. 

V. caulescei)!?, stolonifera: caulibus brevibus, erectis, suflfrutescen- 
til)ns, glabris: foliis profundi cordatis, rotundato-ovatis, sub-pubescen- 
tibus; petiolis clongatis peduncuUsque pubc dcflcxa hirsutis ; stipulis 
glabris, acuniinatis, glandulis ciliato-&errulutis : ^epulis oblongis, acutis: 
petaUs lateralibus vix sub-barbatis : calcarc sub-compresso, saccato, ple- 
rumque obturisBOiK^ (rar6 acununato): stigmatis lostro undnato, de- 
oniun (k. ad flexuiam) immai|;iiiatOk nttd(s oomiilaiiBto (nee oonvexi- 
lueuto), rtyloque oompresso, ■unplid, gMwot capsulis pubeMentilnM* 
heiagioid^ globcNu, abbnmatii: aeminibos al1»diB» paDidife flave$oentibiM» 
oliovatu. 

Hab. in Maderae ^Vn% nUque vidgiriiMma. 

Flores odoratiMimi, violaoei, sub^paDidlotes qulon in F, «dSwialtf. 

Ord. XXir. CKUCIFER/E. 

Gen. SINAFIDENDHON, nob. . Prodr. MS. 

SiNAPis, Sect. ? 5" Disacchim, D. C. 
SiNAPis, Brottn, in Hort, Kew., Hook. 

Calyx clau.<;u$, deinum erecto-patens ; hasi .sul>-bi<5accatus. 
Stilus distioctus. Stifpna capitaiutn. Siliqua linearis, teretius- 
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cola, sab-tonilosa, flexuoso, rostrata, tnisi tetragona; m|iIo slib- 
spongioso. Seminn uniseriata, obloDga. Coigledaitn incnm- 
bentes siil>€onilupHcatae. 

Suffnitices Madercnses. Folia sub-camosa, rigida, simplicia. Florcs 
flavi, itiodori. Siliquffi graciles, tloiigatae, pedicellate. Genus habitu, 
calyce, uliquis, seminibusque a Sinapi distinctum. 

SPECIES. 

64. Sinapidendmi fruteioeiUf IVod^. MS. 

Siiwpb fnitesceiu^ AU: Hort. Kew: IV. p. 1S7. m^. 11. — Htrb. 
JBmh! D. C Pndr. I. p, 990. if, Z^Hook: Mue, BoL 1. ji. 119. 
t 88 / 

H^peris diffusa, Spr. SyU. IL p. 900. «*. 18. 
Hab. in mpibus Madene. 

65. Sinapidendron nlicifoliuni, Prodr. MS. 

S. "CKule frutescente; foliis lineariJanoeolatu, integenimifl.*' Sol. 
MSS. 

Brassica frutcscens, Sol. MSS. et Herb. Banks ' 

" TIah. in Madcra inter rupes maritinias prope vicum Camara de 
Loboh. Fr MaJtJton." SoL MSS. 

Species videtur k S. Ji utrsri'nte distincta. P'olia succulenta, con- 
ferta, integerrima, sub-obtusa, 2 — 3 poll, longa, ^^ jmiIL lata. Calyx seini- 
|}atens. Siliqtue 1 — 1^ poll, (absque rostro) longee, lineares, flexuosfe, 
graciles, 4-migulares, lon^tudimilitte nilihatiiiln; roftro | — \ poll, longo, 
capitoto, sulmlatOk ittlM»mpre«o eoronatau 

Habitus oiiioin6 S. JrnlaeaUi$. Flantam ▼ivam nondum Tidi: 
dcflcaipdo k gpetaxoiae Bankriano oomponta eat 

66. Sinapidendnm nipestre, Protb'. MS. 

S. caule ban firutesoente petioilia, foliiaque cnwiiuciilii^ strigosiK 
hi^idis; superioribiu dou^tit, oblmigo-liiiettnba^ integeirimia; inlie^ 
rioribit* ovat(M>bloiigu» nnuato-dentatia^ bui nib4yiali^ peddatv; rill* 
qiiis ^abris; loitro andpiti, bvevl 
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a. duetocalyx; pediccllis, culycibus mnculatu, g^nnimbuRque bupidu. 
Hab. in ritpibus convallium Madera*. 

/S. gymneeafyx! siliquis siib-abbreviatis, pedicellis, calycibus $ub-imma> 
culatis, germinibusque glabris ; foliis lucidis ; infeiioribus rotundatb 
obtusis, setis raris scabris. 

Hab. in rup<* quridnm excelsa inarittina. ad locum om S«ptentn> 
onalis Madciw "Entroza' dictum: semel tantum k-gi. 

In a, Calyx pur]>iireu-iii<ir() maculatus. Flores majusculi; petalo- 
mm liinbo citrino; uiiguc purpureo. 

/3. An species? sed liabitu eodem gaudet; nec in ceteris cliarac- 
teribus, floribus &c. prteter suprii indicati, difieit, 

Ord. XXllI. RANUNCULACEJS, D.C. 

Gen. ranunculus^ C Bauk^ JD. C. 
II. JtantMcuiattrum, D, C. 

67. Ranunculus grandiftilius, Prodr. MS. 

R. foliis amplissimis, luddis. eauloqiic hirsutiusculis ; radicalibus 
pctiolatis, orbiculato-rpniformihiis, lutis, sulvqiiinqnelobis, den tat is ; lobis 
abbreviatis. nitundatis: caiilc clato, ramoso, tv)r)'mboso; ramis divah- 
catis, sub-patciitibus : corymbo vasto, amplo: calycc patentiiisimo. 

Hab ill rupibu.^ luuuidis umbrosis Maderse; prxsertim Convallis 
frigidti {Rlbeiro Frio dicta*). 

Charactcribus dilTicilliiiK', habitu sc. statunl, toto cclIo ab aiiimlsus 
li. cretico et R. curtmajhlio dignoscitur. I'kuium in liorto culuuri 
nec SdlOk nee coelo aridiore mutatam iuvcni. I'^ulia rudicalia sub-indi- 
TiM, diametio fert pedalL Owlit fl—S-pedalis. Flwret oonspkui, 
fla^p magnt; pekiM* ic. 1 poll. l<n|^ 
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MOLLUSCA. 

Class: GASTEROPODA. 

Ord. PULMONEA. 

1. jPtfHMfiicr, UmaeUUe, 

I. Genus ARION, Per. 

1. Aeion empiriooram» Fer. 

' a. Varielatu «. Fer. sub-varietates dtue; alteift olaviMea yd fufleo> 
lutesoenif; altera pallidior, cmileOidneraMseiiB. 

c. Fer. 

Hab. in Madera. 

II. G£NU8» LIMAX. Fer. 
% Limax nitiquonim. Fer. 

a. Fer. sub-varietateii. 
i|. Fer. f 

Hab. in !Sfader4. 
S. Limax variegatus, fi. Fer, 

Hab. ill Madera. 

4. Limax agmtui, Fer, 
«. Fer. 
9. Fer. 
Hab. in MadeHU 
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III. Gbmvs, TESTACELLUS, Cuo, 

5. TettaoeUuB baliotideu*, DragK^ Sow^ Far. 
HBb. in Ifaderft. 

6. TesUodlus Mangd, Per^ Sow. 
Ifok In Mact«iA. 

t. JPam&a, Hdiddm, 
TV. Gevts, VTTRIKA, Drop. 

Helicolimax, i'Vr. 

7. V'itrina Lamarckii, nob. in Zool. Journ. — Tab. 5. ff. 1, a, b. 
Helicolimax Lamarckii, Fer. 

Hab. iu Madera et Portu S^ 

V. 6ENva» HELIX, Fer. (excluso Sub^genere CadUbdSM, 

Le. (UmnUa), 

Qbs. Methodum d. Ferusiad bine uique ad iinem Codilodontinni 
sequor. 

f. Volutatas, Helicoidea. 

L SuVgenm. Hslicoobha. 

1. CobuHtUatm; cbtuBeUA tolida tocte; g^obow. 

8. Helix furva, Prodr. MS.—Tth. S. t. «. 

M, testa imperforata, sub-globosa, tenui, fusco 1-fasciata; epider- 
mide umbrino: ttifractiibiu obsolete rugulosis, primo carinato, ceteris 
pbminaeiiiis: antui diitincti: ipin dqiKidaieiik^ fibtun: yriit o m iie 
MmpUd, acuta 

Axia 5 lin. IMam. f |, Anfr. 6. 
a. faidA oontinttft. 
j9. fbadi interruptik. 
lUh. in Madene aylvit; rarior. 

9. Hdix embesoem, Firoibr. JfiK 

H, tefto impeifontit globoiat tenui* rubeioente: anfiactibut itrio- 
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lis rugisvc \,iUic obiuiuis. sub-undulatis vel anastoniosantibus corni- 
gatis; prinio vix sub-carinaio ; ceteris convexiusculis, tequis: spira 
elevatcM}btusa : peristomate acuto, sub-reflexo, intus sub-incrassato, 
cuneo. 

Axil 4 lin. Diam. 7. Anfir. 5. 
«. teatft fkfidis maculisve fiuds onutt.— Tab. S, f. 5. 
j3. testA immacuIatA, unioolore. 

HaK in Madene aylvalids. 

10. Helix sttb^licata, &tp^Tab. 5. f . 4. 

Sow, im Zool, JdnuTL I. |i. M. «* l I. iii.^ 1 / (teita deoorticata, 
semi-ibttiUi.) 

Hab. in TnsulA quidam parvi, juxta Fortum Sanctum, **lUieo de 
Baxo" dict4. 

S. Impei^traUf (D^iresHe). 

Tetta depreata umlnlieata; iiinlalMO omninA tecto. Ftr. 

11. Helix undata, iWr. MS.— lab. 5. f. 5. 

H. teata juniore umbtlicata, adidta impeiforota, sub-globoso-depressa, 
unioolore, fusoo-nigreaoente: anfiiactibus corrugatis vd undato-rugons» 
nitidhitculia; ultimo depretso, supra planiuaculo; oeCeris oonTexiitaculis, 
autura dislincta: spin breri, obtusa, aubdqpraMa: peristomate aiiq>li- 
duaeuki, «ubjncnnat«», vix reflexo, pallida 

Axis ^ polL Dtam. 1. Anfr. 6. 
-Hdix corrugatu, Sol. MSS. ; nec Gmel. nee DUUe. 

Helix scabia, fVitod* Suj^. t, viii. /, 62/ 1106 CheeuLf uee Laett 
li'eni.s.s Sif. 

Hab. in Madera? sylvis, ^niinosis nioiit«inis, &c.y vulgaris. 
18. Helix phlebophora, Prodr. MS.~l\h. 5. f. 6. 

H. testa juniorc umbilicata, liispida; adulta iinperforata, sub-glo- 
bosa, fusco bifasciata : atifractibus sub-tumidis, striis crebris, ajqualibus, 
transvrrsis. obliquis, sub-flexuosis sculptis ; ultimo ad anguhini peristo- 
niati» intVriurem depresaiiuculo^ ventricoso, prominente: spira conoidea, 

Voi. IV . Fart 1. F 
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sub-exwrta, obtun ; ratum distineta, ab angulo poutomatis primb valde 
dUiqua: apertiin rotunda; periatoinatie oontiDiiO!, amplidiuwulo^ paiil* 
Idm incraatato: column expaiua, plana, nwea. 

Axis 4— 4i lin. Diam. 8. Anfr. 5|. 

HeUx nivo6a» Sew. m ZooL Jourm. I. p. 56. »*. 8. IL iiL/ 3 / 

Helix exalbida, ITotMi; Sufpl, t.ym./.Sl! 

Hah. in Insuli FortAs S"; ubique vulgalisaima. 

Nomen alternm impanendum est ob priora {k testis quibuadam dew 
cortieatis, ut videtur* , orta) ^eciei prarsus abhonentta, ideoque diffieuU 
tatem indagatoribiia vel diligentinimis baud lerem parantia. NonKm 
itaque novum, quodammodo aptius, k duobus inoommodis minus esse 
malum videtur: tak* ddm mutationes pessima; auctoritatis, nec nisi 
g^vistdmis argunientis probari possiint. In dilennnnte ver6 tali, quts 
inter nominis veteris plan^ iidai et erronei adoptionem, et aptioris quunvis 
reoentioris usum haereiet? 

IL Subgenus, Helicodom. (Hdicodonta jPer.) 

Peristoma sinuatum ct incrassatum, vel reflexum atquc dentatum, dcntibua, 
Imninis, plidiTe tortuorii anfractus penulUmi purtiB convexc txept ooarctatum. 

IS. Helix arcta, Pndr, Jlf5.— Tab. 5. f. T. 

St, testa rotundata, dej^wssa, utrinque planiuscula, carinata, umU- 
lico minimo perforata, solida, crassa, glabra: anftactibus striis crebiri% 
cqualibus, transveno-obUquis crassiusculis rudibiuve sculptiai spirn eon- 

vexo-depressa; sutura distincta, sub-imprcssa : apertura transversa, ovali, 
dente kmellata inti^ ad ventrem* ooaictata ; peristomate albo, leflexo* 
oonlanuob aequali. 

Axis 1 — 1;^ lin. Diani, 2 — 2|. Antr. 4 — 1^. 
liab. in Mader;u collibtis aridis inaritimis. 



* Femirr, pars oooT«i« aafiwctfi* pemildmU apettuiiiii (ia HaUdlms) coarclins. 
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14. Hdix fikUAta, Phidr. JCft^Tab. 5. t, 8. 

teste TOtundatm cariiutik, suli'glob(M»4epi«na, sopii* oonvexi- 

tinacula, depreflao-oonoidea: anfnGfiliui planiuMulia, obfloletisnini tramu 
^fenb itriatis; ratura distincta, impressa: apertura truMvena, intiks 
angustata, exterius (Ulatatat dente lamcllata intus ad ventrem ooaietata: 
peristomate extrk expanso, sub-reflexo, acuto; columeUain versus albo, 
incrassato, sub-sinuato sc. obsolete bidentato, reflexo^ ttmbUicum penitiks 
obtegente. 

Axis 1 1 lin. Diam. 8. Anfr. 5^. 

Ilab. in sylvis Convallis Boft Ventura" (Le. Boni SucoessOs) dictae, 
in Madera; ora Septentrionali. 

Helid pertomUe d: DrepanmiM vcaadaA quidcan afiini% sed 
distinctissiina. 

15. Helix arridens, Pfodr. MS^Ttlb. 5. t 9. 

Jff. testa carinata, umbiKoo pairo pcfforata, lotondata, deptessa, 
utrinque sub-planulata, tenui, hispida, lamusciila: q[nni oonvexo- 

depressa; anfirBctibir n^uiiusculis, obsoletissim^ tnmvers^ striatu; sutiua 
siib-distincta : timbilicu spiralif, lotundo: apertura edentula, transversa, 
intus angustata et in umbilicum quasi cum rictu paullikm producta; 

peristomate intemipto. extr;\ simpliciusculo, sub-rcflexo; aiitrulum ver- 
sus internum incra^ssato. sub-sinuato, albo, reilexo, et umbilicum partim 
iamind expansft obtegente. 

Axis 1 \ lin. Diam. 3. Anlr. 4^ — 5. 

Uab. in Madera. 

Characteribus forte artificiosis cum Mmucuub HjfgrvmoHibut con- 
sodanda; sed affinitas supima cum priore rdiqnisque MsucoDmrriBVs 



* Suprd latui quo uinbiliciu situs est; iij/ra quo fpira, mpicit. 
t UmfaiUcin ^inUt didlur ulii pIiH Biniic anftiMtus peaultiui, uitepeauUimij ^Up 
rioom iniAa conqpicnntar. Haie «ppanbar twiMImim ^^biinem> 

f8 
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natunlu, his adnumerare docet HtUti edaUttke di JDn^pammuU 
proxiroa; caret autem impremonibus externis plicarum; caret quidem 
omninb plicis ipsis iillis : ideoque ab Helice /autta nostra et H. per- 
gonal Dre^ :, aliisque hujusoe lectionw oognatia, nuUo modo intervallo 
longo aepanuida est. 

111. Subgenus, Heliciooma. 

1. CaroeMt. Umlulieiu tectua. 

l«. Hdix Webbiana, I¥o4r, MS.-^Ttb. 5. ff. 10. 

H. testa adulta imperforata, tenui, nitida, 8ub-]ampadi£mni» de- 
pressa, cninata, utrinque oonvoca, oomeo-fiiflcesoente; suptft ad umbi* 
licnm vireseente, ooiiTeaciore, obliqu^ tenuiter striata, carinam Teisas 
utrinque sub-impressam, obtusam, autunniTe gianulis minutis scabra: 
spin oonvexo-depresaa, obtusissnna; sutura cBstincta; anibctibus pla^ 
nulatist ultamo maximo: apertura tnnsTena, snb<ovali, amplissima, 
patula, extr& carina angulata; pertstomate interruptis tenui, acuto; 
extrii valde expanso, patulo; ad columcUam sub-incnssatov Sttb>reflexou 

Axis 3 lin. Diam. 9. Aufr. 3 — 3^. 

Hab. in montibus Insula! Portils S". 

Amico F, B. Webb, Aim*., Nature indagatori impigro ac peritia^ 
tmto, spedem puldierriiuain atque lariasimam dioo. 

2. VoiiieeM, Umbiikui apeitin. 
17. Helix Buhreriana, Pndr. MS^Tab. 5. IF. 11. 

St. testa rotundato-depressa^ hemispluerica, rotata, supra planulata, 
aeatis8iiii6 carinata, tenui, nitidiaiettla, tota ndnutisrimfr et oonfertini 
granidata, fusctvoaatanea, supii faaciata: apiia oonrexo^epreaaa, plus 
minus devata, obtuttsrinui; sutuva obsoAeta; anftaetibua pianist eequis, 
quasi attritis vel confluentibus, ultimi earini acutiasimft, tenui, supril 
suloo exatata, limbala; umlnlico patulo^ spiraB, piofundo: ^pertuta 
rotundato-Iunata:' peristonutte intemiptxH ad umbilieum incrassato^ re^ 
flexo. 
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Axis 3— 2J lin. Diam. 7—8. Anfr. 8—7. 
Helix Bulvcrii, Wood, Sitppl. t.Vviu/, 88/ 
Hab. in montibiu Insulie PortQs S". 

IS. Helix U-ctiforiiiis, Sow^Tah. 5. f. IS. 

Soti\ in Zool. Journ. p. 51. «°. 6. /. iii-^^ 6/ 

Hab. in insula quftdam panruli "Ilheo de Baxo" dictft juxta In- 
sulain PortAs S". 

19. Helix subtllifl, Flrodr. ilf&>-Tab. 5. f. 13. 

testa orbieulari, utrinque depresao-pknulatn, tenui, uniootore, 
pallida fusco, aciitd carinata: spira depressa, sub-])1aimlntn ; suturn dis. 
tincta; anfractibus planulatis, striis transvcrsis, obliquis, tetuiibiis, plus 
minus distinctis, jpqnidistantibus. interstitiisqiie striolis subtilissiniis. 
crebris, dtriissatis : uinbilifo jiatulo. iimgno: apertura transversa, dc- 
pressa, oblique hin:it i: piriiitomate interrupto, sub^roplici, sub>reflexo. 

Axis 1 lin. Diaui. 3—4. Anfr. 5. 

An Helix lenticula. Ferujt/t. Tabl. Ht/st, n\ 154 ? 

Hab. in Madera' uiaritiniib. 

80. Helix actinopbora, Protlr. MS. — ^Tab. 5. f. 14. 

H. testa orbiculata, depres&a, supra convcxiore sub-turgida, teniii. 
unicolore, fusco-nifescente, acute carinata: spira fonvexiusculo-clepn-sha, 
8ub-planulata ; i>utura distincta; anfractibus planatis, striis crtbcrriniis, 
tennissimis, transvcrsis undulatim laminosis, <:|uibusdam ad carinam su- 
turamvc in laininas breves, menibranaceuij, lacinulafive atutas, radiantc:* 
productas, notatis: umbilico spirab, parvo: apertura transversa, rotun* 
dat(M>va]i» sub-lunata ; perntoimte intorupto, acuto, patulo, reflexo. 

Axis 2 Mn. Diam. 4. Anfr. 5. 

Hab. in Madene ^Ivatida. 

IV. Subgenus, Helicei-la. 
Loma»tonugi pedstonw fcflexum. 
SI. Helix pulchella. MulL 
Hab. in Madera. 
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SS. Helix Forto-sanctana, Sm: 

tu vulgaris— Tah. 5. f. 15. 

Sow: hi Zool. Jottrit. I. p. 57. »*. 5. t '^ff,S! 

Hab. copiosissiint; in I'ortu S", 
/i ? Tab. 5. f. 16. 

Uab. in Portu S*". 

An var. /3, spede« potHls? quamvis enim ab u. yvx. too. nagni. 
tudine chiplo fere majore diffcrt, f5tatu$ intermedkis nunquam vidi 
Var. a. viva ubique copiotissiuia ; ^. tarisnma nondum nin statu semi- 

t'ossili, decorticato occurrit. 

Aplotiom<e ; peristoma irimpUwr- 

• VerUcillL 

«S. Hdix puaiUa, Fndr. MS,—T9h. S, f. 17. 

iy. testa fotundato-Jepresaa* ecarimta, tenui, rufewente: spin oon- 
vexiuacuk; sutura distincta, impressa; anliactiliu* totundatu, striis 
transvmis, atinularibus, elevatis, sub-membranaceis, tenuibiM, remotk, 
tequalibus, plicatis; interstitiu striolu aliis exilissimis tenuissiiniaque 
erebcrrimis. spiralibiis sc. transvcrsas deciusantibus, sciilptis: umbifioo 
(MttiiK spirali. profiindu: apertura rotunda, v\\ lunata sc. circuli aeg- 
mento perpan o dcmpto; pi;ristomate simplici (tenui, acuto). 

Axis i lin. Diani. 1. Aiifr. 4. 

Hab. in Madenc sylvis. 

Ohs. Heliri p'ffmvfc cl : Drop: quoad statumn et habitiim 
waxiiue affinis; species autem revera distinctisama. 

* * Hyaline. 

«4. HeUx bififom, Pndr, MS^Ttb, 5. f. 18. 

H. t«sta Totiindato-dq»resn, umlnlicata^ sub.ciiinata, tenui, lutida, 
concolore, corneo-vircsccnte ; supift Ueviuscula, obaoletd striate; vaSem^ 
s\Y\h valde distinctis sculpta: spira conyezodepiessa ; sutum distincta, 
imjjressa: anfractu ultimo infra carinam, ceterisqiifi anfisctibut, striis 
costisve transversis, osqualibus, crebris sulcatis: umbilioo parvo, cylin. 
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diico* sub^tiilU prafundo: apertan lutmta; peristonmte nmplici, 
tenui, acuto, intjto albo marginatok 

Axis 8 lin. Diam. 6—7. Anfr. 7—8. 

Habu in Madeite tyMs, 
95. Helix odlarii^ MuU, 

Helix lucida, Mont. 

Helix iiiteiis. Diap. 

Hab. in Mudcra. 

26. Iklix crystdlina, MuU. 
Uab. ill. Maden. 

HeSoimmett periabMaa marg^tum (*<lMiid^"). 
* Teata depnasa vd globuloso. 

87, Holix paupercula, Prodr. jlf&-~Tab. 5. f. 19. 

H. testa rotundata, planata, supra convexiore, umbilicata, sub-ea< 
rinata, soHdiuscula, nidi, fer6 imirolorc. anfrartu iiltimo supnt rnrinani 
obsoleti? fusco iinifasriata : spira planata; .sutura inipressa; aiilmctibus 
rugosis, croso-scrobiculatis, minutissime elegantissim^que granulatis; ul- 
timo ad apcrturani constrieto : lunbilico largo, patulo, spirali, profuudo: 
apertura rotundata, coarctata; peristomate continuo, elevato-disjuncto, 
annulari, sub-patulo, acato; labro intii* 1-dentato. 

Axis 1 Itn. Diam. «— S|. Anfr. — 4. 

Hab. in Maderte et Portus S". maritimis. 

38. Helix obtecta, Pndr. JIS^—TA. 5, ff. «0, a» b. 

M. teita rotundata, depreesa* infemd planata, supni oonvexa, um- 
bilicata, carinata, solidiusciila, rudi, albida, limo vd terra obducta: 
spine planulata; anl'ractibus priinis ooncavis, ceteris prominentibus tur- 

gidis: sutiirn distincta, valde impressa; anfractu ultimo ventricoso, 
carina distincta, utrinque sub-cxarata vel sulco obsolctissiino cxpressa ; 
omuibus nigosis» eroso-scrobiculatis, minutisBim^ elegantissimt^uc gra- 
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iiuladB: umbilico nediocri, cub^pinli; apertura rotundAta; periitomate 
continuob sulMliqunctok tenui, acuto^ sub^pamo, vaUHa, incnuaata 
Axis 2 Un. IKanL 5. Anfr. 44 — 5. 

Hab. in mnntibus coUibusque aridb FortOs S'. rarior; oopiodor in 

Insula " Illieo de llaxo" dicta. 

Pra>cedentis foi^an status, vel varietas tantilin major. 

29. Helix dcalbata, Prodr. MS. 

II. testa rotundato-depressa, vitrinque convexa, umbilicata, carinata, 
solidiuhC'ula. albida: spira rmivcxo-dcprcssa, sub-conoidra: sutiira sub- 
distincta ; anfractibus sub-planulatis, transverse rugoso-striatis, plerum- 

iiiimiti granulatis ; ultimo obtusf; carinato : umbilico parvo, patulo, 
sid)-spiruli, niiiiini6 prufuudo; apcrtura rotuuda, ochracea; peristomate 
continuo, reflexo. 

Axis 2 lin. Diain. 4 — 4^' ^tera transversa S — 3^. Anfr. 6. 
a. liianulata; testa granukta.— Tab. 5. f. 21. 

Hab. in montibus FortOs 8". 
^. testa egranulata, tevi, 'nitida. 

Hab. in insuU *<Ilheo de Bexo" dictl. Status a, solo caHcareo 
ortus. 

SO. Helix maderensis. IPWl^Tab. 5. f. 22. 

//. testa n^tundato^depressa* utrinque planulata, umbilicata, cari* 
Data, solidiuscula; supra lajviuscula, fusco 1-fasciata; iiiforiio striata: 
.spira convcxiiiscula. sub-planulata ; sutura distincta; anfractihus pla- 
iiatis, infra transvcrsr striatis, idtimi ad uinTturain graiuilati carina 
actita, striis supra carinaui obsoletis: umbilico lato, patulo, spirali: 
apcrtura rotunda; peristomate continuo, ciiciimto, aiuiulari subdis- 
junclOk CTBssiusculOt sub^xpnnso. 

Axis 1^ lia, rariss. 2; Diam. S, lariss. 4. Anfr. 6—7. 

Helix madevensis, Wood, Suppl, t viH./ 84! 

Hab. in Madert; vulgatissmia. 
»I. Udix oompar, JPndr. MS.—TOi, 5. f, 2S. 

testa rotundato^epressa» utrinque p1anu1ata» umlnlioata, sub- 
carinata, soUdiuseula, fusco Infasctata* utrinque plicaUMioatata : spira 
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oomrezimciiK aob-plandlata; sutun distineta, impean; aofindibus 
oonTodiuculii, plicu -vd stiiis tnnmnia^ den^&t, lealai* diiliiietM. 
cnfariit a'cjuidistantibus aH^ualibu^ue oostatis; interstitiis Isvibtts; uIp 
timi carina obtusa: umbilioo lato^ patulo, spirali, prof undo: sptSCtxasi 
rotundato-ovali ; pecistomate oontinuo^ axtaoata, nib4ujiiiK:k0k emnui- 
culo^ reflcxo. 

Axis 1^ lin. Uiam. 3^. Anfr. 6. 

Hab. in Madene ooUilnu maritiinu; lariM. 

S8. Hefix Wptoaticta, IVwir. MS^Tth. & f . 24. 

H, testa ratnndato'dqpnMa, amlHlicata, suib^atinaia, lutidiuaeuK 
tenui, p«l]id6 cornea, obwleti fiisciata : spira convexo-depressa ; sutuia 
diitincta; anfractibus convexis, sub-striatia, minute et elegantisdm^ re- 
ticulato-granulatis ; ultimi carina obtusa: umbilico patulo, spirali: aper- 
tura rotnnrlato.ovaU; pefutomate oontinuo* nmi^duaculo^ sab4ncras- 
sato, STih-refiexo. 

Axis 1| lin. Diaiii. 3. Anfr. 5 — 5^. 

Hab. in Maderje collibus maritimis. 
33. HeUx lentiginosa, Prodr. M&^Tab. 5. f. 25. 

H. testa rotimdato-dq>ressa, supWi nh-jilunulata, umbilicata, siib- 
carinata, tcrmi, niaculata et sub-fasciuta : s]tir;i fX)nvcxo-depr(?ssa : suturn 
distincta; aiitractibiis convexiusculis, striato-t><jobinatis vel squaiiiuJoso- 
cancellatis, striis sc. interruplis squaniiformibu.s, luiiatis, quincuncialibus 
aculptia: umbilioo medioeri* au1>-patulo, spirali: apertura transven^ 
ovaU, aub-lunata; peaiatoinate intcfniptOb rdkam. 

Axia 1^ Un. Diana. S^— S. Anfr. 5. 

"Hab. m Madena nipibua maiitiiiiia. 
MeUei orridemH nob: affinia. 

S4. Helix calva. iWSr. MS^TA. 5. I M. 

JT. teata rotaindato-globulosa, sub^epreaia, impealiDflata, -nx. aub« 
earinatB, nitidiiiaeiila» anb^emii, aab-pcDufiida, obaokli8aiin& »-&Bdata: 
apiiB oauwtxBt devatinacnk; autoia dialincta; anlnelibua plaiuuaeuli^» 

m IV. MI. o 
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tniMV«n6 ooituktfMtriatia, sfarudiaque ipinlilnis ol w o i e ti w imi ^ tab- 
^illapmM eKiliiBiiiU8q^ae» squis notatb; ultimo fert ecadnato^ «d apev^ 
tiumn ftffhram?, nipii mtido^ laevi: umlnfioo dauto: apcvtun trnu- 
vena, miilti» latkwe qu^m alia, sub4iinata» intiks angustata, cxtronitai 
araptioro; periitomate longfr intemipto^ incnisatok mitMreflexo. 

Axis S-^i Hn. Diam. 3^— 4. Anfir. ^—1, 

Hab. in Mad«n» sylvia. 

HtSd edetUiiU Dng/', aliquatenfts fonni aAtua; led vix Hblico- 
DONTIBVS ideganda. 

Hblicellis Hfeimu affinitate natunli. et pne ceteris H. hifronti 
lUMtne aooedit; peristomate ver5 niar^liatO» atiiiaqiie subtUusilUM te- 
miiMniiqiie spiralibus prorsiis aliena. 
S8. Hdix aljecta, Prodr. MS,— Tab. 6. f. 1. 

B.. testa pamila, rotuiidato-pyramidata, conoidea, carinata, umbili- 
cata, crassa, solida, rudiuscula, utriuque scabra vel graiiulosa, rugosa, 
supra cciriiiam fusco palHdc iinifasciata : spira convexa, conoidea; siitura 
distincta: anfractibus compactis, convcxiuscuKs, traiisverst;' rugosis et 
^ranulatis : ultimi carina sub-acuta, ad suturam approxiiiiata : utnbilico 
parvo, spirali, profundo: apertura rotundata; peristomate conjdnuo^ 
reflexo. 

Axis 1|— 2 lin. Diam. 3—3^. Anfr. 6^7. 
Hab. in insula PortOs S"., un^t cum H. compacta degens; vulga- 
tissinia. 

Inter JI. compactain et H. eciutiuUiUim nostram quasi intermedia; 
ab utnlque satis distincta : priori ver5 quam maximc atlinis. 
36. Helix compacta, Prodr. 3/^.— Tab. 6. f. 2. 

H. testa parvula, rotundato-giobulosa, sub-conoidea, perforata, sub- 
carinata, crassa, solida, rii<luiit'iik ; inM scabra, ni/rosa ; supr^ Iteviore, 
uitidiuscula, pallidiorc, fusiu ot)s<il( 1-faseiata: spira convexa, elev»- 
tiuscuia; sutura distnicla; anlr.ictibui t uiupaftis, planiusculis, transverse 
iliiatis et granulatis; ultimo sub^^anuato, supra angulum keviusculo 
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sc. egraiiulato, umbilicum ooarctante: umbOioo minimo, sulv^irali, 
rinueformi: apertttift roliiiidato4unata; peristoniate intemipto^ (labtis 
approxHnatis, ailiquando rabiCantinuto) tulMeflexo. 

Axis 2 lin. Diam. 3. ^liifr. 6 — 64. 

Sowerb. in ZfjoL Journ, I. t. iii. ^ 8 / 

Hab. in Ttisula Portfis S". p^cgaria, ubiqxie copiosissima : in Mft- 
dara ad Promontorium S". Laurentii (" Fonta Sad Loui:en9o") solum. 

57. Helix wumtB, Broir, MS^tA. a £ 8. 

H, teita xotnndatodepressa, peffonli^ Hx 8ub<<»rinata, crasdus- ' 
cula, solida, rudiuscula; inhk pnesertim scabra, rugosa; supri bevicMre; 
iiliiiique pallido fluooqae variata, ad «pertiiniin oduaoeat spina oon- 
-rexo-deprean; autma aubjiijUatincIa; anftadibiis planatia, transms^ 
ftnaliB et gnnulati^; iillamo fub-carinato^ umlriliciiin ooaietante^ gn> 
ntifia aiipra angiiliim obaoletu: umliiEoo nunimo* lulMpiiaUt rinuefonni: 
apertim notandato-liiiiata; poiitoinBte ^stmctfe inteirupto, sul^xeAexo. 

Axis lin. IMaiiL 4^^-^. Anfr. 6— 6^. 

Hab. ill Insula rurtiis S". cum prseoedente; rarior. 

Prax-cdcrtti vel maxima affinis; characteres itaque extricatu diffi- 
cillim;* : sed fonua maf^^is dopressa numerusquc anfractuum isdem, 
quamvis testa fcre duplo major, spcciem esse distinctam suadent ; ob- 
stante nulla differentia loci, soli, cibi, nec aM qu&piam hujusmodi 
oami qtu» talem mutatioaem efficere posset 

58. Hdix depaupcnrta, iVodr. JfA^Tak 6. f. 4. 

H. terta rotandbto-depressa, umbilkata, ecarmata, tenuiuscuk, so- 
pri conTexa, unioolaic^ mcdida, minatiMimfr et ekgantnaml oonferihn 
raticiilato-gnaulata: spiia conTexo^dqpteiBB; niton diitineta» wib- 
. impMMB; anftaetiku oonvexii, rab^tumidulis. Xxmmeak sub-ttriatis; 
ultimo nilMotiiiidatot ifif fimiw* iiiediocri» aperto^ ^inlii prafbndo: 

OS 
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apcrtuia fotimdaia; peristomate sab^ontinius abniiliciuKukv tsnui* 
liitCkB sutMnarginato. 

Axis S— 2^ Un. Diam. 4^^. Anfr. 5— 5^. 

Hab. in moatibus Insula; Portfls S". 

99. Helix iurida, Prodr. MS^Tab, 6. f. 5. 

H, testa Sttb-globosa, dcprcssiuscula, s\ipra cDiivexa, iimlnlicat8» 
eeuinata, tenuiiucula, ftisco sub-fasciata, nitidiuscula : spira convexo- 
depveiaa; sutura distincta; anfractibus convexis, miimtisnm^ et ob- 
soletlssim^ coiifcrt\m reticulato-granuktis ; ultimo rotundalOb juxta 
suturani g^ranulato, sufionit- sc. egranulato: iimbilico parvo, cylin- 

drico, profuuckH aperto: apertuia lunata, sub-ovali; peristoinate sim- 
plici. 

Axis 3 lin. Uiam. 5. Aiitr. 5| — 6. 
Hab. in montibus Insuls PortOs S**. 
Sequent! proxiina. 

40. H€iix nitidiiiflcula, Sm^TOt. 6. f. 6. 

Sm. m Zool Jaunt. I. p. 57. iT. 4. t, iii./ 7! 
Hah. in Madeit et Portu S^^, ubtque vulgatisrimB. 

41. Helix punctulata, Prodr. 3fS.—Ta\y. (5. ff. 7, 8. 

a. ietidota; testa sub-tenui, sub inHata, scabra, spiiielloso-hispida. 

Axis ^ poll. Diam. |. Anfr. 5.— -Tab. 6. f. 7. 
Helix punetiilata. Sow. in 2k>ol. Joum. I. p. 56. if. 2. /, iii.yi 2! 
/3. sotida; testa solida, glabrinscula, pallida. 
Axis f poll. Diam. {. Anfr. 6.— Tab. 6, f. 8. 
Hab. in Portu S". ' 
An wtis ah. H. niiidiMmM Sow. dutincta? 
4a. Hdiz piniia, HM , 

A rhodostoma Unfk, dngenda JfMrtL, ite. 
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Halh in Midene FramantoEk) **F*. 8a6 Lourenfo" dicto. In 
^ntu S**. vinetanim edamitu. 

43. Helix lauta, Prodr. MS.— T&h. 6. 1'. 9. 

H. testa s\ib.globo!«i, snpr^i mnvexa, umbilicata, ocarinata, tenui- 
usciila, (alba, fasciis angustis, intfrruptis, fuscis, obsolctis ornata), niti- 
diuscula; spira convexo-depressa, sub-elevata; sutura distincta; anfrac- 
tibus convexis, striis atnfertussimis, squalibus, concinnis, transversis 
sculptis; ultimo rotundato: uinbilico parvo, cylindrico, prufiuido, 
aperto: apertim liuiatB, sulMvtunda; peritlomate uaatOt intiln Munilo 
distinelCH devato, maijgiiii approxiiiiato. 

Axis poll. IXam. ^. Anfir. 5. 

Hub. in Porta S**. 

Specimen timeum deoorticatmn tantikm habeok k Rev'. Dooi*. 
flulwer lepeitmn, quod mihi d. G. B, SowaAy humanunm^ oommu* 
nioavit H. Uundte noBtne^ necnon HriaUt IXrap; (eapemke Momt:} 
et ftnan al^ quibusdam proximft: led ab onmibiia ^aiineta videtur. 

44. Hdix striata, Drap'. f 
Halb. in Madera; mfaa. 

IXSSat umbOico et rnimero anftactuum, pro m^gnitudine, maj<H«. 
Quum autem testas peipaucas eaaque mmdum adnltas adhuc repertas 
babeo^ distinguere vix andeo. 

45. Helix rotula, Prodr. 3/6'.— Tab. G. f 10. 

M. tcsf-A rotuiidata, conoidco-depressa, supra sub-plaiiulatu. sub- 
peii'ordta, carinata, scabra, iiitidiu^'uk, fasciata: "^pirn coiioideu, obtu- 
sis!?ima; sutura obsoleta; anfractibus planis, transA^rst striatis et granu- 
latis; ultimo acut^ carinato, carina ad i)cristonia ob.soletat apcrtura 
lunata, cxtrorsnm dilatat^i; pcristomate iiitiis incrassato, acuto, .sub-ex- 
panso; ad angah in internum reflexo, cailoso, perforationem obtegente. 

Axis 3 Hii. Didut. 6. Anfr. 8 

Hab. in montibus PortOs S". 
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4/6. Hdix poljinorpha, /Mr. ilCSU-Tab. 6. ff. 11—16. 

H, testa rotundatOpdepieadiMcnla, um1iiUcatB» cafinata, cnsriuseuK 
lolida, fiiflGO iaadata et macialita: sgm eonoidea-depresn, aliquando 
fert planata, gnnukta; anfractSbm ftlaiiituciilis; primonim aaltem so- 
tuia obnleta; ultimi carina plAs miniki aeuta: umliUioo patiilo, qpi- 
lali, lBigiii»eafe: i^ertum lunabHratiindata; periatomate «ib-»eflexOL 

«. imua; teata depresacMionoidfiB, sttb^loboIoBa, utrinque gnnulatb- 
acabeirima, limo vd tena obducta: qnia oonTexo^deratiiiMula, 
oonoidea; anfxadibiia eonviexis; autuia distincta; carina obtnaa: 
periatomale sulvintemipto. 
Axis 8 lin. JXtm. ff. Anfr. 8. 

Albida, ftadis ftiada ^Batincti^ superioie kto^ oootmuo^ diatuw. 
tiaaimo; inM ac. apiia aolunaealata, variegata. 

f. 11, L e. 

Hab. in aolo rubio "Tufii" G«ologkia dieto» ad promontoriam 
S'. Laurentii Maderae. 

/3. depresntucula : testa ntimdato-depreatfliaeilla, obaolet^ utrinque gra- 
nulata, suprk p raa grti m nitidiiueida, Isvioaciila ac. gnumKa laria* 
obaoletia: ^ka oonvexo-depteflaiaaciila; anfiadibua oonvexiuaciiHa; 
autura diatincta; carina cbluaa: periifcomate inteirupto. 
Axis 8^ lin. Diam. 5— 5f Anfr. 7. 

Supra albida^ fasciis fuscis, supenore lato. coiitinuo, distincto, ce- 
teris intemipds vei oUsoletis; iniik sc. spira albido fuscoque maculata, 
variegata. 

f. 11^ 1. C. 

Ifoh. in aolo 2\^ dicto- in eoUibus maritkais prope urbem Fun* 
chaknaem Madene. 

7. 0mteo£s; teata rotiindata, supra 8ub-planulata» utrii\que granukta; 
aupii pneaertim nitida, gianulis obaoletiorifaua: spiza ctrnwem- 
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depressiuscuk, plCis minus tlevata; anfractibus convex i usculis ; su- 
ture distincta; carina sub-obtusa: peri^toiuate sub-contiimo. 

Axis 2 — 2^ lin. Diam. 4^ — 5. Anfr. 7. 

Syb-var. 1. Suprk fiuco fasdata ; fascia raperiore distiiietat tab-ooiitiniiat 
•ngiutt; ceteps iiitei;ruptu. 
f. 13^ L c. 

Albida» nitida, ^in fiuoo lluollhtl^ vati^gate. Coktes quodanK 
inodo Itetiavea qukn in oeteria; albo pneaertiin darioie* 

Status o» k solo ealcaieo oftus. 

Hab. in arenosis calcareis Fromontorii S". Lanrentii Ifadan^ 

k aitrita; testa rotundato-depressa, rotata; inM planulata; suprk CMi- 
ve\a, nitidrnscula; utrinque confert'im granulata: spira oonvexo- 
plaiiatu, anfractibus planis, quasi attritis; sutura ubsoletissima; 
carina acutissima: umbilici niargine (prtesertim in jumoribus) 
abhipto, declivi: peristomate ferd intOTupto. 

Axis 2 lin. Diam, 4^^ — 5\. Anfr. 7. 
Sub-var. 1. Supra pallida, fusco fasciata; fascia supmore angusta; pie- 
rumque unica. 
f. 14^ 1. c. 

Helix tectifoirois, Wood Suppi. t. \ ui. / 83 

2. Tota f usca, sub-uuicolor, prster ^tium vel fasciam latam 

pallidain circa umbilicum. * 
8. Tota variegata, nec fasciata. 
Sub-varietas qiuwiue colore mag'is fusco quam in ceteris gruirlet: 
in I"" sonlide albido vel pallide ocliraceo fiiscoque variegata et mtxcu- 
lata; nTiir ictus ultimi pars semper in onuubus juxta peristoma ochracea, 
imiiiaculdta. 

Hab. in collibus montibusve PfictOa S". 
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*. calcigma; testa rotundato-depressa ; supr& planulata, kevi, nitida, ad 
apertanaii InntjUb aub^pninihta: tfsn oonvezcdeprasaa, pi As mi- 
raiu devnta, gnmulatft; anfinctiiNU' planatis; ulUmi sutunt im> 
incsaa, oeterarum obsoleta; carina sab-acuta: periBtonutte suib- 
interrapto. 

Axis lio. Diam. 5— S|. Anfr. 7i. 

Sttb-var. 1. Suprit tota alba ; spim albida fiuco variegata. 
f . 15, L c 

S. Sttprt fiiaciata; spin alUda tmeo vari^ta. 
Status solo oslcareo ortus. 

Hab. in solo cakano Lnabe oyiudam, " Baxo" dictse^ juzta Por- 
tnm ff". 

1^. jnaJbtiMla; testa rotandaUMxinoidea, utrinque oonfertim gfanulata: 
•pira deraitat oaiiicB» anfnetiii ultimo quan superimpodta ; anfiao- 
tibus (pneter primos) oooTexiuscnlis, ultitno tun^ulo; sutnia dis- 
tinctat impveasa; carina sulvobtusa: peristomate continiio. 
Axis 8i--9 lin. Diam. 9. Aniir. 7^. 

Sub-Tsr. 1. Suprit tota alba apiim submarailata 

S. Suprii ftisco fasdata; spui maculata. -f . I6b I. c 
Cdores in utr(X[ue statu (sc. sub-varietate) quiun in ceteris var'w- 

tatibus long^ paUidiones. Testa quidan in omnibus pallida, alinda, 

apice spim fusw. 

Hab. in montibus ooUibusve PortOs S".; cum 2. aitr^ nostrft dc 

gens. 

\'arietatcs c. ct ^ (forsan etiani t) })riim) :ispectu distinctissiniit. tot 
tbrsan species coiistituenda: quibusdam videaiitur. Aden tameii. inedi- 
antc c, sunt coniuncta?, «t tres illjp ^, f. upr a seipsis ncc ah n. »3. 
y. quibiis Dniiiu- inverso analogic sunt. seiKiran clebent. Sed in re tarn 
dubiu, uon is sum qui cuilibet meas vaiietates pro speciebus habcnti, 
incTcparera. 

* * Testa troclioidca, caniiata. 
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47. Hdix diemtiucoli, Pndr, MS^TA. 6. 1 17. 

H, tCBta pycamidatay conoidea, umbilkatH* cnimta, Nlidiiucula, 
tota floibn, plerumque fksciata: spva clevata, pynmidata, obtusn; mi- 
tura distinetiMhliB. impressa; anfractibus coilTexis, tumidis, distinctis, 
oonfertim granulatis; ultimi carina obtusa: umbilico mediocri, patulo, 
spinli profundo: apertura rotundata; peristomate oontiiiuo, 8ub-dis- 
jlincto sc. circinato, incrassato. sub reflexo. 

Axis 3 lin. Diam. 4. Aiitr. 8. 

Sub-vw. 1. sonata: supHi Auiciata: qpira {aam» unica, lata, juxta sutu> 
ram: carina albida. 

f. 17. 1. c. 

2. viaculata; supr^ fasciata: spira maculata vel vaiiegata, nec 

fasciata. 

3. alhxUi : tota albida, nec fasciata : spira sub-maculata. 

Hab. in arbusculis Chcrantlu ieHuifolii Herit: in monte Portfts 
S". quodam " Pico branco" dicto : et in Insula *' Ilbeo de Baxo" dicto, 
•ed nritsima. 

Varietati ^. jMilnMMite MeUeu polymorpket ninns fonan affinis: aed 
tanak et anfiactilras tanudis et autma iiii|ne«a dignrndtiir. 

48. Hdix oxytrupis, Jhredr. MS.— Teh. 6. f. 18. 

taita depresaiMiQiiQidea, suprk planukta, perforata, carinata, 
tota 8cabn» fiuca» sab-ftidata: tpiiii depreno><aiiica; sutim diitineta; 
anfiracstilHu pkniutculia; ultimi carina acuta, distinetnnnia* saprit mar- 
l^nata ae. exavata sako exprena; omnibus di«ti]ictiarim& confierlibn 
gianulatii, aapcria: itmlnlioo minimob mib<4q[HiaG, atperto: a;pertiura xo- 
tundata; periatomate continuob dranato^ diquneto, Mflexo. 

Axis 2^ lin. Diam. 4. Anfr. 6^. 

Hab. in ooQibua maritimis Fortila S^. 

49 ' Hdhc eelunulata, iM*. JCSU.Tab. 6. f. 19. 

H, teata parvula, oonoidea, aiab-pyramidata, depNaduacula, supr^ 
planidata, perforata, caiinala, tota scabenima, luaca, auprk fiiaciata! 

F«l. IV. Port. I. H 
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tputa i^nramidata elevata; sutura distincta, impvena; anfbctibiu ooa- 

vexis; iiltimi carina acuta, distincta, supra marginata sc. suloo ex- 
piessa vel cxarata; omnibus granulis distinctissimis, confertis, aspeiri- 
mis scobinatis et quasi echinulatis: umhilico parvo. siil^iipirali, aperto; 
aperture rotundata; peristouiatc contiimo, circinato, disjuncto, reflexo. 

Axis 2 liii. Diam. 2^. Anfr. 6. 

Hab. in monte " Pico branco" dicto Insula; Portiis S**. 

Species elegantissima. 

50. Helix duplicata, Prodr. MS—Tixh. 6. f. 20. 

Helix bicuirinatu. Sow. in Zoo/. Jmrn. I. p. 58- n'. 7- t. m. /.I! 
Wood., Suppi. t. viii. /!85 ' iioii Ft'russ. 

Monstrosa: aiilractu ultimo disjuncto; sutura profunda, excavata. 
Uab. in Insula PortOs S^. 

Nomen a^^, et quasi ooactus, mutavi; ob Helkem C. bkarina- 
fam cl : Femt8$aei, TM. SyH. if. 850. 

51, Helix turricula, Prodr. m.— Tab. 6. f. 21. 

H. testa turrita, pyramidata, sub-cylindrica, bicarinata, perforata, 
tota minute et confertissirad graimlati, ftisca, fer^ unicolore, vel supr^ 
obftolet^ fasciata: spira valde clcvata, ohtusissima ; siitum distincta; 
anfractibus bicarinatis, carinis a.Hiualibus, prominentibiis, distint-tis, sulco 
divisis: apertura rotunda; peristomate continue, circinato, disjuncto, 
tenui, reflexo. 

Axis 4 lin. Diam. 3. Anfr. 8 — a^. 

Hab. in Insula qu&dam "Ilheo de Cima** dictt, juxta Intukm 

Portum S*^. 

Species notiibilior, elegans. 
5S. Helix bkolor, Prodr. MS^Tab. 6. f. 

//. testa globulaso-conoidea, sub-imperforata, laeviuscula, nitida, >ix 
mib-caninta, faaciu albis fuscisque Iste-coloribus omata: spira devati- 
wseiih, obtuiiMitna; tutun dutuiclia; anfractibia wb ^iamilatis , tnins- 
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venft sfariatis: apertun extionjlni ■mpliove; pcng tom ate Umg^ intei- 
ruptoh tenui, ttmpHciiucuIo* intte ad angiiliim incnssato, nAexo, pov 
fonttoneni minimam fert obtcgente. 
Axis 2 lin. Diain. S. Anfr. 7. 

Hab. in summo cacumine moiitis " Pico de Facho" dicto Portds S". 

Species nitidissima, coloribus distinctissiniis s<*. fasciis Ifctfr coloratis 
gaudens. Ob aflfinitatem HeUci inaritinue Drnp., ccl : Ferussaco obsc- 
cutus, buc relegavi ; sed amba? potifis priori scetioui post Jlelicem 
mmabilem Drt^. {H. virgtUam, Mont.) inserends «unt. 

+ Fivohitato, Cochloides. 
• Apertura fere edentula. 

i pknata et «d bnan tnincata. 

5. Suh-genus, Cochlicopa. 
St]/loick's\ testa tnrnta, apertura brevi^ $jf^ 
AS. Helix C. acieula, Fer. 

Buccinum Acieula, MuU. — Bucc. terrestre, M<mt Bnliinm Acieula* 
Bmg. et Drop. — Ackatina Acicula» ItaM* «t NiBs. 

Hab. in Madenu 
54. Hdnc C tonwtelliiia, Prodr, JKSU-Tab. 6. f. IIS. 

H, tetta cibovato-oUonga yd oboonioo-cylindriffia, Iwi, nitida, oor- 
neo-whteanHe (caatanea); qan limhucula* obtom, duaa partei ex 
.quinque totiua kngitiidiiuB a^uante; anftaetibiu planii; mtim obwp 
kta: atpertttia loii^tiidiiialiy eoanlHta, poataofe Talde aDguitata; labro 
aatic^ producto^ pmrecto, sub-inflezo^ poadefe aub-sinuato: eolwmiiBa 
proniinula, abrupt^ et oUiqui tnmcata, torta; '|dica in vaatran Ion- 
gitudinali, 8ub-obsoleta« callosa, labro adveiaa, ad partem poaticaiii an^ 
gnatatam apertiu^ bane ooantante. 

h2 
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Long. 4—6 lin. Oiam. ft—ft^ Anfr. 7, 

Apertura* ^ •* 

Hab. in Madera. 

Heec L't :i forsan sequentes Melici Jhllicttlo allines. 
56. Helix C. mekmpoides, Prodr, MSr^Tab. 6. f. 24. 

H. testa obovaUMiUtHiga, 

: spir-i hrp^iusculii, obhisissima, partes 

duas fere ex (juiiique totius longitiidniKs asiuaiite; anfrflctihns planis, 
ultimo suh-vetitricoso ; sutura obsolcta : apertura longiiudiiKili, antic^ 
eiTusa, sub-patula, oniiiiiiu edciitula ; kbro recto, teciuali : columeik ub- 
soleta, obliqud tnincata. 

Long. 5^ lin. Diani. 2^. Anfr. (i. 

S pira 4 
Apertum' ^' 

Hib. in InniU quldam, Portmn Suictnm lib oiiente spectante, 
" nbeo de Oaa* dictl «. ». 

Priori nim)* affinii^ «t Ibvsan varietis tantiuii; at major, aUquaii* 
tulum fSert Tentrioodor, apertura eemper edcntula* antioi mig^ efllua, 
poetiofe minus angustata, odumdla obwletiore, et labro recto, squali, 
nee oimatiH nee antioi inroducto. Testa deotwticata, enaia« solida, 
opaoa; led b»c etiam in priaie (J7. ionuadUiia)^ post mortem antmalit 
obCinent: vivam nondum vidL 

M. Helix C. tritieee» Pndr, MS^TOt. «. £ S5, 86. 

H, testa obovatcMsylindriea* nib^gradli, sub-o(NiicB» nitida, lavi: 
ipim aeutiiucttK dimidium teste aqnante; anfinetibus planis; sutina 
ehsBirtiHsniii: apertum obovata, biplieata; plica altera transverai, mter 
eohHsilim et mgulum labri in medio posita, altera inagis interna nit* 
amt in fmimn i iHim : duabus aliquando obsoletis; columeUa antic^ lata, 
-iK'smmm, plna* vix truncata, in labrum simplex rectum nquale atte^ 



Digitizeo Ly v^oogle 



of Madera and Porto Santo. 61 

Long. 8 lin. Buttu. Ij^. Atifr.'6. 
«. h^pBeata; cpcrtun »-p1ie«ta.— f. 95, L c. 
/3. edmhdas plids obioletiB. — f. 86* L c 

H»b. in Portu S**. 

57. Helix C. ovuliformis, Prodr. MS.— Tab. 6. f. 27. 

S, testa angusto-elliptica, sub-pupceformi, diametro utrinque oqnali, 
abfaremtat nitida, levi; ipint obtunwinia, dimicUum teate nquanie; 
ai^cactibus oonvexiuMsuIis, sub-tamidu; sutuita distioeta: apartun ob- 
ovata, anguata, InjriLkata; pliea altera traiuvena, abrapta, pcominente, 
inter oolttnidlain et angulum labri in me^ poaita; alteia ad oolu- 
meDam, maglB obBoIeta* oUiqua; columella expanse* tenai* torta, obli- 
qab truncate. 

Long. 8 lin. Diem, 1. Anfr. 4. 

Hab. in eacumine inontis **Fioo de FadM^ in Ineula Portfli S". 

• 58. Helix C. giadlis, FM: M&—TA, 6. f. 88. 

H, teeta eiongato-obovata, giadli, tenui, vitrea, nitida, bevi, (in- 

petfcrata): qMia sub«ttenaata, obtun, diundium tests excedente; an. 

ftactlbua pbaduieufis; sntura obadetiuscula : apertura obovata, eden- 

tula: odumella kta, expanas, vix truncata* in labram tenue, sulunar- 

ginatum attenuate. 

Long. 8 lin. JOiam. 1. Anfr. S, 

Hab. in monte *'Fioo BianooP* Insuke PortAs ff*. 

Fades HdieU (GMedkt) Ckmdi Fer, {H. GoodaOi, MSB, An- 
nab ^ PUSw.); aed maps tunita; anfiactu ultimo cum pennltimo 
majore; autuia obadetinscule. nan distim^a, impieaaa; testa bsvissima, 
imperforata, nec striata, nec sub-peifonita. Inter flefieoB AhMmmn et 
Helieit bAricm ▼arietetem noatnun quodammodo media, ab utniqiie 
diatincta. 

S%, Helix C. lubriea, JHiiflU- Tab. 6. t 89. 

Var. testa apertuiaque angustiove, muiiw ventriooaa, ma^ ekmgata. 
Hab. in Madeil 
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2. Testa <perforata vel umhUkatn cS;r. ; perixtomate s'mpUci. 
m, Anfnctibus ssqualibiu* ultimo ceteris omnibus breviore. 

6. Siib-geDUs, CoehHe^la. 
60. Helix C. ventrosa, Fer, 

BuUmus ventricosus, Drap. 
Hah in Madcri et Portu S" 
61 Helix C. decollata, Linn. 
Bulimus decoUatus, Drcp. 
Hub. in Madeii. 

* * Apertun ferb dentata vd laminatu, 
1. Eoamiliadaite i penttomale flenmqw mm eomUmio, 

7. Sub-genus, Cochlodon, (Ooc)ilodonta Fer.) 
1. Testa c)lindrica. 
(iu. Helix C. anconostoma, Prodr. MS. — Tab. 6. £. SO. 

H. testa cylindrica, pupcfonni, Iwviiucula, nitida, anmecHufei-- 
coite: apiia obtuia; anfiractibiis comrexis, rotundatis, aequia, atriia 
trenivenis« oUiqnia, obsoletiB^ faidistinctia; mtuia distincta, impiesta: 
apertuia 1-dentata, eOiptiCBp sub«i)gu8tata, long^ore qutoi lata, nib-tti^ 
goiia» antiofe angtdata: oduindla recta, mxpA cuUto vel flexurfl 
afaruptOb teuton cum labro tenui, reflexo conjuncta: dente lameOato in 
ventvem juxta hfarum obnletiiucttlo^ k hibro diatincto, 
«. gffrata; testa eloogatat apertuna cubito dntinctimino. f. 80. L c 

Long. If lin. Biam. 1. Anfr. 7. 
^ curia; teata abbreviata: aperture cubito obioletiore. 

Long. 1| Im. IMam. |. Anfr. 6. 

Hab. in Madera. 

HiUei C. wMUealm, Ffr. {Pkpa vmbiEetaa, Divp^ Umf.'^ TM^ 
miMfonmf , MtaU* t. xxii. f. 3.) proxima, pnaiertim per varietatcm {ra^ 
riorem) /S. otrlmn; wd dtatineta videtiir. In Icone d: Montigui au-» 
prii indicntil, testa Britannica guaque dtaiaeteiea k nostrft Maderenri 
optima distinguuntor. 
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es. Hdix C. didlogonm Fndr, MS^TA. 6. t 81. 

HI tetta salMwata, oomeo, laevi, vel obmlett afatkta: ■pertum 
S-^tlicata, ooaictatA* «iitioi fupominula; plica unica in edttmelbm; 
duabuB pmBdis in ventrero podtis; intennedio nunoiie: kbto «u 
panM^ intiki nMiginato^ «miBto.aiigiikto: umlnUoo magnOk patulo, pn>> 
fiinda 

Long. If lin. IKam. 1* Anfr. 6. 

Hflib. in Maden. 
<4. Hdix C sphinctocUima, iVwIp. ilfA^Tab. 6. f. 9fL 

H, testa cjrlindrica, Auca: anftactibus planis transvcni sub-atri^ 
atis: apertura 4-6-pticata; plids duabiu in ooliunellam, postica obso- 
leta; duabus in ventrein, quarum antenor pfioe nnfrriori columeOaii 
aequalis, potterior magna, complicata, ctim dente ad aiigulum inferiorein 
labri posito in unum conjuncta: labro i-eflexo, postic^ sub-angula|o vd 
sinuato, ad angulum in tils dentate^ antioi l-S-plicata: umbilioo pa- 
tulo, profundo. 

Long. 2 lin. Diam. 1 Anfr. 7. 

Hah. in Madom. 

Testa plus luHUis striata. 

66. Helix C. monticola, Prudr. J/.9.— Tab. 6. f. 33. 

H, testa cylindrica, eastauea, pallido fasciata; anfractibus con* 
vexis, tiimidis, striis elevatis, sequidistantibus, tran8veI^i^» sculptis; 
sutura. iuiprcssu: apertura svib-sexdentata ; columella S-plicata, plica 
posteriorc obsoletissima ; plicis duabus approximatis, paralleliii, in ven- 
trem, quarum anterior minor; posterior magna, cum labro continua: 
labro 8ub>reflexo, tequali, 3-plicata; plica intermedia majore; anteri<Mre 
et posteiiore mimitia. 

Long. 1^ lin. BnuBU vix 1. Aofr. 6. 

Hab. in sununo cacumine Montis "Pioo de Fadio^ Insulae Pnr* 
Obi. Frioti {H. ^pAmdMoHMtfi) quoad plicas affiiua; sed distincta* 
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66. Hdix C. calathiscus, Prodr. MS—Tah. 6. f. 84. 

H. testa <7liiidiicB» ovoodea, abbreviata, castanea, pallido faaciata: 
snb-tumidia, ooatulia aequidistantibuay tcantveriia. 
crebrii, aculptis; sutura imprem: apertuia wb-wptemplicata ; colu- 
mella 1-plicata; plicis duabua in ventKiii, qiiarum anterior valde in- 
terna, minuta, dentiformis ; altera posterixw magna, cum labro continua : 
lubro expanse, sub-sinuato; callo intiks maigini parallelo, postic^ in 
dentem duplicem desinente, antio6 dente minuttH nmplid, obsolete et 
plica unica intermedia, magna, instructo. 

Long. If lin. Diam. 1. Anfr. 7. 

Hab. In mmmo cacuniine mootis "Pico de Facho" PortOs S". 

67. Hdix C. eanida, Ptodr. JfiSl— Tab. 6. f. 35. 

H. testa ovata, ventricosa, abbreviata, sub-impetfontta : anfinctibus 
plants, striis elcvatis, crebris, a*quidistantibus, transversis ; sutura sub> 
indistincta : apert\jni 7-ft-plicata; colimiella biplioata, pHcn postcriore 
niinore; plicis duabus sub-fequalibus, parallelis in ventrcin positis, cx- 
teriorc paullo niajore. cum labro continua, sinum efficiente: kbro ex- 
panso, 5-plirata ; plica antpriore minorp. aliqoaiulci <ibsoleta; tribus in- 
tcrmcdiis latcrulihvis, approximatis, supcriore iiiajrtKi. duabus inferioribus 
rainohbus, quarum iniima sub-dentiforinis ; quinta infima minima, ad 
anguliim Mbii ponta: perforatione roinima. 

Long. 8 lin. Biani. 1^^ Anfr. 7—8. 

Hab, in M adene oomvaDibus, in lupibiii aridis umbnms. 

Reoens aeoid tantum leeta; necdum vivam vidL Ad kwum 
''Canifal'* dictum, inter alias plurimaa HeHm spedcs* pauUb ficquen- 
tior, led statu nmifoMili. 



• Teftae illie, hie L-t in Portu S"*., statu .trmi-fo.ulU, in aren.'i calcsreft, inter concrrU 
Tamifinmia (minimi " Lignite*"), repertu'', omnes terrertres, pluriruw (forsan omne*) etiam 
hodii- in Maderil vd Pmtu vjnuit; MC ttUnw qtudeill t iw cM i n luaiiiMiu am Dlis com- 
mixum vidi- ' Delphinula tulcata Latu^.^" Boird. Err. p. f. IS. a, b, eat HeUeit 
.i{ieciei>, {Jielis Delpkimuia nob.) valde elegan«, Heiici leclifonm Son. affioii. A Delphi- 
mU piMia* diem. 
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VI. Gexus, CLAUSILIA, Drap: 
Heitctjs sub-genus Cochlodina, Per. 

68. Clausilia crispa, Prodr. MS. — ^Tab. 6. f. 36. 

C testa tiurita, aub-ventricosa: anfractibus convexiusculis, striis 
transvcrsis, creberrimis, mmiitissimd flexnods sculptis, interstitiis elegan- 
tissinip (lecussatiin punctiilato striatis, quasi canecllatis; sutura distincta, 
inipressa: apertunt nblontra, biplicata; pbcis (v>himc]laribus% approxi- 
raatis, divaricatis, sub-posticis, postica prciminente sc. cxtrorsimi atl inar- 
ginem peristomatis producta eiqui- coiitiiuia, .sinum ad angulum posti- 
cuui apertura; formante: peristomate simpiici, acuU), sub-expanso: costis 
donalibiM rimaque urabilicali obsoletis. 

Long: 7 lin. Biun. 3. Anfr. 9. 

Ibb. in rapibus ^Ivarum Madene. 

Peristoinate nee devato neque disjuucto sc. colttoodlari obsoleto, 
necnon omIu dtialms dorwUbus nmaque lunbOicali sub^iullis, quin et 
qttodanmiodo fonna et magnitudine ad OtrnvMam Udmtm Urtf. 
{TMimem AnMiaoftMi Mont.) magb qulon ad aliam quampiam ^edem 
aooedit. 

69. Claurilia deltcwtoma, i¥«lr. Jr<SU-Tab. 6. f. 87* 38. 

C. testa tuxrita, gracili, obtusa: anfracttbiis platuusculis, striis tecu 
tiusculis, ciebris. devatis sculptis: apertuza obliqu^ obovato-iotjindata, 
deltoidaa, eflbsa, postioi angnstata» sub-lnplicata; piBca 'antica adiiniel- 
lari, intama, obliqua, duplid; postica siropliGi, prominente sc. extnnv 
sAm ad marginefti peristomatis producta eique continua, simun ad an- 
gulum posticum apeitune effidente: peristomate oontintto^ expanso, 
teflexo, disjuncto. 

Long. 5— 54 lin. Diam. IJ^. Anfr. 10— 11. 
tu anfractibus convexiu.sculis ; sutura distincta. — f. 37> !• c. 

TTab ui Madera et Portii S*". 
y3. anfractibus planatis ; sub^>bsoleta. — f. 38. 1. c. 

Hab. in Madera. 

Vol, IV. Fart I. I 
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CbmiOim laUatm Sow. (C HeaimlkKlaim aec. JiVr.) lunus affinis; 
fl«d triple minor; gndfior; «nft«ctihm» etiam in j3., minilB pianis; 
nituta minjks olMokla; plica posterime apertum pvominenta, naigini 
laliri oontinua, nee interna} peifatomate minito incnusato^ nee ktbraao. 
Variantur etiam et «. et oaUo apc^tune uagb nuniktve ptoducto. 
Cfawwlw f«Aua (JtajwHif ftfteiw. Ofiv.) etiam fanna et liaiiita mag^ 
afflnis ; sed striolis esiUsania aEarum intentitia deeusMOitibus difito. 

70. Oaunlja exigua» Brodr. MS^Tth. 6. f. 89. 

C. testa parKnK tunitak gsadl^ obtnaa: anftactibiw planiiiMidiai 
onuubos tianav0Bi6 evdieRinift atnatiai qpertufa obfiqud oborate, bi* 
plioata; pliea autiea Tilde intema; poatica peonuaentc^ maii^Mu peri*- 
tomatif peoducta, continua, ainuraqiw oum labco ei^ente; ambabus 
oolumei]azibuaf timpMbus: periaiomate coatiUMb reiexo^ podki sub- 
mnuta 

Long. lin. JDiam. 1. Anir. a 
Hab. Id Madeca. 

OantUim ptmnbe ZmmI, ut videtnr, allfam. 

3* Famiiia, Cyclmtomid^. 
VII. Genus, CYCLOSTOMA. Lam", 

71. Cjdimam luddiun, i^dr. MS^Tah, & f . 4a 

C. teita gMMMo-oonoidea, nilidi> faeviuieiila, wlMnipeifoRBlB : an- 

fiactibus convexia, transversa sub-^triatiB ; nitnia imp wa. 
Axk S lin. Diam. 9^ Anfr. tf. 

Bab. in Maders humidis sylvaticis. 

Testa, quoad fonnara, FalvaUm puekuUem referara, Auea, olivaoecv 
cornea, lucidA. 



Digitized by Google 



TABULARUM EXPLICATIO. 



Tab. I. 

IK 1. Plaxt of Goodjftra macrophylia, mob. natanl ilie. 
f. *. A riqgle lower vith its gcnnen and Inaetem. 
f s. The uppenDoet of the thne outer prtab of the pcrindi. 
ft 4> Two low e fmo t t of ditto. 

f. S. 'Die uppennoflt of the thm ontev end die two inaer petola of the Pcii- 
anth ; the three cohering upwiide hf menu iaf the taimit «t die heeh 

of the two inner, 

if. 6. The Kanu- two inner petals, sepeteted. 

f. ~. Siflu ^ H'« of f. 5. 

f. ti. i^alx'lluin with column and anther-case, in situ, 
f. 9. Side view of the same. 

f. 10. 8mm m f. 9, widi the anOflMMB Med vf {mMakBj) ahewiqg the two 

PoOeiMMMNe hi litiu 
f, 11. Insde ef antfaeMM*. Aewug the Ji«ifh«t. 
f. IS. Front view of the two FialleiMnaMH« in dta. 

All the BgutM, exoepi f. I* omim or hm wmgMii. 

Tab. n. 

f. I. Plant of enmtai nak ; emoother and wUh more entiic leave* tfian 

amal. 

f. «. The mm connaotf etale of the eane. 
f. s. A aeed with itt pappm; nwgnified. 

IS 
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Tabularum Explicatio. 



Tab. III. 

f. 1. Bnneh of SMum fusiforme, im6. 
f. S. A aiogle petd wltb its gland, and 



Tab. rv. 
Bnmdi of Ononw iimMa» SA. 

Tab. V. 



f. 1. VHrina LMDuddi, iio6. 



a, commun state. 

6, state of the «ame in which the volittiolU 
visible interna)!; to the apex. 



f. S. Helix furva, nob. var. a- 

ft A cTobcMem, not. w. a. 

f. 4ii sub-plicata, Sow. [Tctita ("viva" dicta) junior] 

f. $. imdata, nok 

f, tib iihlelMphon, «m6. 

f. 7- flivtR, —ft. tnwgiufied. 

f. S. - finiita, i ro fc . dittoi. 

f. 9^ — I wridau, nob, . d i tto. 

f. 10. Webbuma, no£ — Two viewH of aaue iudividaa]. 

r. II. — Bulveriana, >^<r>od..^tto» ditto. 

f. 12. — tcctiformis, Smv. 

f. 13. subtilis, nob — niagoified. 

f. 14. actinophora, nob. 

r. 15. Porto-Sanctana, Sow. var. a. nob. 

f. 16. , . — /3. «(»6. 

t. 17. — ■— pusilla, ftflfti j n a g infied. 

f. II. -i... bilRNiij nofc 

f. 19. — paupeerala, waft. ... magnified. 

, . ^ ^ (a, atate 1b' whiflli it ig Iband, coated witb ml. 

f. 20. obtecta, nob, K 

f. fl. _ 



Tabularum Explicutiu. 



t. 22. Helix maderensis. Wood. 

t. iS. compar, nob — magnified. 

f. 94. leptosticta, nob ditto. 

f. iS. lentiginoiui, nofr— ditto. 

f. s6. calva, nob. 

Tab. VI. 

f. 1. Helix abgecta* nob, 

t, s. — oMqMcta, flok 

• f. 5. ■ luiidii, no6v 

f. 6. nltidiuscula, 

f. 7> puQctulatat Sm,^ w. a. nok 

f. 8, ■' > /3> fmik 

f. 9. lauta, 

f, 10. rotula, nnh. 

f. li. polyinurpha, itub. vai. a. irrmu. 

{, 12. ■ ■ ■' , — . — {i. dejtrejuiiuicula. 

t 14. — > — — I iMntm, 

f. 15. t — «• ttriniCHM. 

f. 10. , _ ..^ jMiBteote. 

r, 17. — — I ehennthkokt mft. Sabvar. i. wiMla, 

f. 10. oxytKipiiy nab. 

f. 19. echinulata, no6.< — magnified. 

f. 20, duplicata, no6.— ditto. 

f. 21. I turricula, nob. 

f. 22. ■■ bicolor, nob — magnified. 

f. its. —— C. tomatellino, nob ditto. 

f. 24. C. melampuidt;!>, nob. 

f. 25. — C. tiiticea} nob. var. a. 6>|>(ica<a.— magnified. 



79 TtMmnm EaepUmiu. 

f. i6. Helix C. triticca, vob. vnr. ft. edcntiiU. OII^IDifed. 

f. 27. C nvuliforinis, noh. — ditto. 

f. 28. C. gracilis, nob — ditto. 

f. 89. — — C. lubrica, MuU. var. fui6.— ditto. 

t 90. — C. ineauMtouMt nab, yu, «. dhto. 

f. SI. C. cheilogMUf mh — dHlD. 

f. «. C. ^wtostonw, fMlb— ditto. 

f. 8». C. montiMilat <Mfr — 

f. 9*. ' C. odathiaeua, mA.— ditto. 

,f. 9S. C. cuiida, wrt... ditto. 

f. a6. ClaqriliA criipat im&— ditto. 

f. . ddCoiloimh iwft. w. «.— dtttck 

f. 36. , tw6. — 

f. 99. . eugUB, Moftk-^tto. 

t. 40. CjrehMtanui liiciduin» noft^-ditto. 
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II. On the General Equation of Cunes of (he Second 

Degree, 



Bt AUGUSTUS DB MORGAN, 

or TRIMITV COLLKOK, CAMBRIIKIB, 

ANJ> PaOTBiaOR sr MATHIllATtCt W tEM VRITBUIVy Off tOMIMIMt 

[Read i^otwrn^ 15, 1830.J 

The object of this Paper is to draw attentioD to some 
properties of Curves of the Second Degree, by means of which 
tlie reduction of their equations fi-om one set of ax<'s to another 

is materially facilitated. Little, if a«y, notice of thtse i>roi>erties 
has been taken, nor do I remember tu have seen their existence 
nientioned with the exception of two very limited |>articuli«r 
easts viz. that the sum of the .Mjuares of conjugate diameters, 
and the parallelogram formed by Uiem are com^tant. 

Suppose that aoy curve of the second degree ii referred to 
axes which make an angle * or that r y = B. Suppose the ori- 

j^-in removed to a point whose oo-ordinat^ s rtre -m and n to the 
directions of x and y, and moreover suppose liie directions of 
the axes to be chanj^ed so that a/x = 0 y**^' ^ and y' 
being the new co-ordinates; and let x'y ^x/^-^^ff". Let the 

eqoatioDs of the curve referred to the firait and second systans of 
axes be 

ay- -<rhxy -^c X- +dy -^ex +f =0, (t) 
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72 Mr. ]>B Morgan on the General Equation of Curves 
From the ni|»po6itioiis made respecting the axes 

(3) 

sin d> , sin , 
' sin 9 Sine ^ 

Tf we substitute in (i) thesp valuf^'j of r mid .y, the resultinir 
i itt fticif-nts ofy% j'j/', must he />) oportiojia/ to a'^ //, &r. Pre- 
s( r\^ Hn^ coiMlitioii aud make the substitutions and deyelopmeuts 

as toliows : 

Let A = a — h cojs fJ + r cos" 6y 

C = c sin' f?. 

(4) 

7> = 2f7?z - — COS 0(2cf« + An + e), 

£ ==sin e(2c7;i-f 6n + e), 

= fln' + imn+cni' + rfn + COT + /. 

Til which it is importatit to observe that it' the primitive 
oo-ordmatcs l>e rectanirnlnr A — a, B = b and C=c. If in addition 
the origin be not dian^^ttd i)^d, E=e, F=/. Also that if the 
axes of X is parallel to tliat of j and 4;>'=90% the equation 
becomes 

J 3^ + Bxy + Ca* + + «x + F « 0. 
The substitution above indicated will now give the following 

If sults : 

\a' sin" d = // sin + sill ^coi + C'cos* 

\b' sin«0=2^8in ifsm<p+B (sin ^ cos ^ + cos ^ sin 0) + 2^ cos f cos f, 
Xc' sin 9 = A sin* 0 + i3 sin ^ cos cos* ^, 
Xif sin ©=I> sin cos 

where x is any quantity whatever. 
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From vhicb we' find 

X«(ft'»-4«f«r) aiii*0«(li'-4^C) sin' = (A' -4ac) sin' 

or X* — i-rsf— =» 4 (6) 

* 

of which one particular case is that the parallelograms described 
ahont ooiungate diameters are always the same. 

Again we find that 

^ — — SJFtf — 

■ ■ 

of which when divided by (6) one particular case is that the 
sum of the squares of coqjogate diameters is always Uie same. 

When 

it indicates an equilateral hyperbola. Again, we find that 

^ S?? = ri^ w 

from (8), (6) and the last of (5) we deduce that 
rc'rf» + a'e«-6'<fe' . ^\ ed' + ae -bde 



X 



If each side of this be nothing, the et^uation represents, either 
two straifrht lines which intersect, a point, or is impossible. 

If the new co-ordinates be such that 6'»o we find from the 
second of 

9itf tan^ tan^-(-B(laii^ + tan^} + 3C-0. 

If in addition to this the new axes must be rectangular, in 
which case tan^ten^-i'lBO, we find the following equation 

E kind i&-3«cos9| 

^^'^ ^X" " - a-i cat +« («■' e-iio- tf) 

from whidi two values of x found dififering by 9(r, 
of which may be the value of ^« and the other of iff. 
FoL IV. M L K 
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74 Mr. Db Morgan on the General Equation of Curves 

The lines determined by Uiese angles are parallel to the 
INrincipal diameters. The next question is, how can ttie greater 
principal diameter be di stiuiruished from the lesser I It must 
be observed that in the general equation 

a rpclangle of segments of the axis of .» _ (diameter parallel to axis of j)* 
c ~ rectangle of segments of the axis oiy ~ (diameter parallel to axis ofy/ ' 

Since fhe square of one or both of these diameteiiB may be 

negative, that whidb is mumericaUg the greater can be aseer- 
tained only when we know the sign of «■—«". If this be positive 
the greatest of the two diameters above-mentioned is parallel to 
the axis of &c. 

In (10) ene of the Tuliiea of x be less than go** Take 
this Ibr the new axis of «, that i% let sin 3^ be positive. From 
(10) it appears that 

.10 8^=^ CO. 3^=^ (11) 

where M= ± s/B'+^A—C)*, and since sin 2 ^ is supposed positive, 
JIfmust be of tlie same sign as B. Also sir ^soos^ cot-^s-sia^, 
since ^-^^90°. Therefore Irom (6) 

\^ sin* 9b A OM* ^-B rin ^ cos 0+ C no* ^» 

Xc^ sin* Ot*A nn* tin ^ cot ^-|- C cot* ^ 

\(if-te)mn*9=iC-A)em a^-f-Hsin 9i^~M from (11). 

Therefore e'^-a'^ has the same higu as M{.l + C) 
B{A + C), 

nince B and M have the same agta; the hyjMthesis being that 
the principal diameter which is nearest to the axis of x in the 
positive direction i^ parallel to the axis of r'. Accordinc^ly tliere- 
fore as B{A-i-C) or sin 0 (6— sc cos0)(a+c— 6coi6>) is positive or 
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the Second Degree. n 

negative, ifae leai or greater jwincipal dianwter ii neaiw to the 
axis of ff. 

Wlieii B{A-^C)m(i diere are two cases to be dktnigiiulied. 
If A-^CmQ the curve ut equflateral, but can only be an hy- 
perboia. If il-io and C~A is not from (ii), one of the 
INrindpal diameters is paralM to the axis of Which it is may 
be determined from the ngn of e^-a*. 

When A— 0 and C—Asto, or which is ihe tame, b^ie co$0 
and asc, the position of the {Rincipal diameters is indeinite; 
that is, the carve is a cirde. 

To determine the magnitude of the principal diameters^ the 
equation must be reduced to the form 

Xay+XcV + V^o, where ff^S/ff. 
In this case liie eqmitioiis {€), (jr) and (9) become 

— 4XVc = — I- 1 - J -- 

^ , , ^ , a + c-hco»d 
Xa +Xc = T-rx 

V'- y,4ac 
Whence the squares of the principai ^^emidiameters or 
and - Y contained in the fioramla 

— SID r ,1 1 1 1 I m III r . 

In Ais way the carve might be referred to the co^jogate 
dinneten whidb make a given angle 0, and the limits of the 
value of 0 might be determined. 
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76 Mr. De Morgan an the General Equation of Curves 

When the asymptotes are the axes of aHwdinalies, llie equa- 
tion of the hyperbola is xif^y' + x/'so. 

The poffltion. of the asymptotes is tiien detomined fiom Ae 
eqiialian 

J tan* X + ^ ton X + C= 0, 

me b-2c cos e+ ^/ ¥-4ac 
or tsay* — r— . ■ — ■ i — ~ — . 

where the two values of x those of ^ and 
The equations (6), (7) and (9) become 

X'A" ^ h*^4ae 

_ Xft'C08 g' g»c-&costf 
•in«^ ■ tiii*0 

whence tan = ± 2!**^s^zl«5 
and the equatioii is 

^'-^^''^ , , , cd .{-at -bde 



In referring to die expression for the principal semidianieters, it 

appears that if a+c - 6 cos d has the same sign as — yl^jj"/^* + /. 

the greater diameter is po^ible, or the curve ties in fEe acate 
angles of the aqrmptotes, and the oontiBiy. 

.If the ei|uation of the parabola be reduced to the form 
fly' + eV = o, where fl^go', the eqnatioiis (r) and (8) take the 
:<bUowing Ibrra 

ain'tf ** tin' 9 
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whence the equation becomes 

The position of the axi* is determined by the aime criterion 
as that for finding the major axis of the ellipse; and the carve 
may be ftuther ascertained if we recollect that it must lie en- 
tirely on one side of the right line whose equation is (/,v + 

ex +/-0, and on tliat side in which the ro-ordinates of a point 
are such as to uiake dj/ -i- e x + f of a ilifterent sig^n from a or c 
In order to find the <K>-ordinates of the vertex, we must hav«- 
reconrse to equations (5) recollecting that B^- aAC=o, and that 
tan^laH^+ 1 =0. From the tlnrd and fourth of these we find 

Bat the fourth and fifth of (4) give the following equation 
D a^/ak + d-cos0{2 ^ k+e) 

and ,tiie last of (4) gives 

ft* 4- dn + «m -f /= o, 

from the two first of which we find 
and from the last 

dn + cm= 

from wfiich equations m and n may be found. The expressions 
INresent nothing remarkable. 
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The consequences of these formulae mifflit be carried further, 
but what has been here said may be sutiicient to turn the 
attention of elementary wiiters to this part of the subject 
Analogous fominlae may be obtained for Sui&oes of the Second 
Degree, which will probably Ibrm the salgect of a ftitnre 
conmiiinicsition. 

AUGUSTUS DE MORGAN. 
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III. On the Nature ef the Ught m the Two Raye 
produieed by the Double Refraction of Quartz, 



By G.B. airy, M.A.; M.G.S.; 

UTS rsLunr or vbikitv ootuHn; fuixmit waanamim. op a w okb m v amd 

BXrBBIMBNTAt miLOSOPHY IN THE tntrVHSSITT or CAMBRIDOI: 

AN» rBLunr or thb cAVMiiDaB PHiLoaoraiCAi. soeiBTy. 

ptMd JVjntwy SI, IBSl.] 

I PROPOSE iu this paper to offer some conjecturts as to ih< 
nature of the lijr'it forming the two mys pnHiiiceil l>y tlie double 
refraction ot riuiirlz ; to tle-scribe the experiments on which tlu ,> 
are founded ; and to explain the calculations by which the theory 
and the experimeots are oonipored. The snlgect is one to which 
(I believe) do attention has been paid, except by one distin- 
guished foreigner; the mode of calculation is inriginal to me, 
and is, to iStn^ best of my knowledge, new. 

It is well known Aat the rays produced by the double re- 
liaction of calc spar, (calcareous spur, lodand spar, or rhom- 
bofaednd carbonate of lime) and most other doubly reliuctiDg 
crystals, are entirely polarized : one in the principal plane pasK- 
ing through the ray (or, if a biaxai crystal, in the plane equally 
inclined to the planes passing through the rny and the two 
axes) and the other in a plane perpendicular to the former. 
From the exact agre* um iit of tin; f>h«'noniena of depolarization 
with the ealculationfi made on this hypothesis, we are justitieil in 
supposing that the law holds true when the rays are so little 
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separated that it is difficult to observe them in the common 
mode of iii!tpe<:ti«ni. Now it has generally been sappoaed Aat 
the two i^ys of quartz are polarized in the same way : dilfering 
from those of calc spar only in the mi^;nitude and directimi of 
their separation. It was known however almost as soon as 
Arago and Biot commenced their observations, fliat there is 
some anomaly in tlie rays passing in the direction of the axis 
of qnartz; and the latter of these observers established the 
diflermoe of right-handt <1 an<l left-handed quartz. Fresnel by 
a isimple experiment* (which I have repeated) shewed that the 
light in the direction of the axis of quartz is not one ray, but 
two rays moving in the same direction, and with ditferent ve- 
locities. He shewed moreover that a new kind of li^ht may be 
produced by causing ixjlarized light to undtTgo two internal 
reflections in a glass rhomb with certain angles, the plane of 
polarization being inclined to the plane of incidence at an 
angle of 4&*; and that this light is exactly smiitar to one or 
other of the two rays abovmentioned according , as the plane 
of pohirization is on one or the other side of the plane of in- 
cidence. And by a mathematica] investigation, of which I am 
unable to supply the deficient steps, he shewed that the effect 
of the internal reflections is to retard by one quarter of an un- 
dulation the undulations perpendicular to the plane of incidence, 
so that in the light thus modified the particles of etlier which 
were originally in a straight line will at any time be found 
in the form of a circnlur heli\, and each will revolve uniformly 
in a circlet- And from the nature of the original experiment 



* it it not aMjr to make thin experiment in a .satii£iict«M7 manner. If tbe axc» of the 
Ojiti^ a>e n«t fmcUly a4jiuted. several inutges will be seen. I have not maeet td ed !■ 
Atmmg t»««iily, tliaiifh I have niHle die othm mmick nun Aunt thai the two prindpiL 

+ As I Mtmot .n])preci:itL' tlir matlirm.ilinil cvidftuc for tlu- lutiire of rircular polariz.nion, 
i shall mention the ex|]eriinental evidenct on whicli I receive it. 1". The light when re- 
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it appeared that in right-handed (luarty. it is necessary to gup- 
pose the right-rirrnlar fwlarizutioii transmitted witfi the trrrater 
velocity; in left-liuuli d ijuurtz the contrary. I have rtixnted 
and varied most ot Fresnei's experiments relating to this sub- 
ject, and am perfectly convinced of the correctness of his views. 

Now if, in tlie experiment witli the glass rhomb, the planes 
of polarization and incidence be inclined at any other angle 
than 45°, the magnitudes the midolatioiiB parallel and per- 
pendicular to liie plane H>f incidence will no longer be equal : 
but the alteration of their periods will be the same as before. 
The displacement of the particles of eOier will still be repre- 
sented by a helix, bnt instead of being traced round a circular 
cylinder, it must be supposed traced round an elliptic cylinder. 
This modification may properly be called (as Fresnel has called 
it) elliptical polarization*. This term has since been used by 
l>r. Brewster to express the nature of tbe light (probnbly i<1en- 
tirn! with this, or nearly so) reflected from metallic surfaces. 



aeh«d on an analysing pbte or toanMline presents tfie wme appeatinoe fanrfcatercr dinctian 
Ae oulysing pUte is turned round the incident ray. 8'. The phenomena of depolariiatioin 
are the same in whatever direction the analysing plate is turned. 3". If the polarised light 
pasMs through two mdi rhombs placed in similar positions, the plane of polarisMion ia 
shifted QO"- If they are placed in crossed portions the plane of polarixsftioB h nmltrndi 

;■)'''. The plicnomtna of depolarization agree with the Calculations founded on this Mipposition : 
in uuiiuul cryittaLs, where the plan« of polarisation of oue ray h changed 'MjiJf in going round 
the axis, the alternate quadnot* m puaked in and thrust out one quarter of « tint: and il» 
biaxal crystals, where the plane of polarization U. rhnnged oidy IMP Id gfKBg tmind die nil^ 
the alternate semicircles are altered in the same maaner. 

* Itl na^ ▼mtiure to lik on die dieoovery of Freinri, whicli amoiig «U Us wondciAd ad* 

ditions to optical sciulicc appears likely to possess tlic greatest practical vdlue, I should select 
his ioventioa of the mode of producing circularly>polarized or ellifAically-polaiized light by 
intenial reSeijon of pUne-pdatiMd light in glast or water. He Im gmn iw die pewcr «f 
producing light whose laws are as well known as those of plane-polarised light, and which is 
more m a n ag e able, insimnch aa it admtta of dagreet in its elliptict^. The beautifttl geoaMtiy 
«r Haliia ie fe rgo u a n wfaa m Andt of die diioovery of poIaiiMibBt die fir nam trakuible 
theoretical discoveries of Fresael will lose their preeminanet wban pot in canptliltian ullll an 
invention which enables othacs to make diacoveries. 

VoL IV. Port L L 
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Should any diflereiioe be foond* I have bo heailalioii in fixinir 
4m the modilkatioii above deeciibed as Ihat to whidi it. ought 
in propriety to be attached. 

I ain now able to explain my ou nj ec Ui io on die nature of 
the light in the two rays of quartz. 

1. I suppose the ordinary ray to consist of light elliptically 
polarized, the greater axis of the ellipse being- perpendicular to 
the princiiral plane ; and the extraordinary ray to consist of light 
elliptically iM>lari:ised« the greater axis of the ellipse bdng in the 
principal plane. 

2. I suppdse that when the ordinary ray is rjn ht ^ Ihptically- 
polari^d, the extraordinary ray is left-elliptically-poJarized : and 
vice ttersd. 

3. I suppose that the proportions of the axes of the two 
ellipses are the same: eadi proportion being one of equality 
when the directien of Ae my coincides with Ae axis»*and be- 
coming more unequal, aocoiding to some unkaoira law, as the 
difection is more inclined to the axis : Ae minor axes of the 
elHpses having sensible magnitudes when the rays are inclined 
Vf to tiie axis. 

4. I suppose that the conrae of the rays after lefiraction can 
be determined by the construction givm by Hnygbens for calc 
spar, with this difference only, that the prolate spheroid for de^ 

termining the course of the extraordinary ray must not be sup- 
posed to toucli thp sj)lif rr for determining the course of the 
ordinary ray, Imt luu^i hv. i ntiirl} cnntaiued within it. 

These conjectures were unguially suggested by the desire of 
finding some connecting link betwtjiii the i>eculiar double re- 
fraction in the axis discovered by Fresuel*, aud the double 



' It does not appear, i think, that Fresiud iuui iivade any distinct suppoutiuu u to whether 
Ae MO imjs in the aaui ihmild httmmimduihtvdimjudwitnKiikUfn^mihi^ 
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refraction commonly recogniied. All the phenomena of ookrafs 
which I have obwmd i^pree periiectly with the reMlts of mf 
hypotheses. 

I may mention that I have found observations corresponding to 
many detached parts of the i>henomeDa which I have viewed 
a*iseniJ>led, in the early memoirs of Arago and Biot. But the 
inelhtHl which thest; philosophers used, (particularly the latter), 
of examining a small jjart only at a thne. does not apjiear to 
be well adapted to the discovery of the laws of light. In the 
experiments which I am about to describe, every thing depends 
on the fam of the oolowned eorvea; and to attempt to dk- 
cover this fima obMrvatioD of detiidied parts would be perfectly 
hopeless. These comcidencef I have reeognized only since I 
made my own observatioitt. 

It must be observed that all the phoiomena mentioned be- 
low are described as they appear when examined with an ana- 
lyzing plate of nnsilvered glass. If a plate of tourmaline be 
used, the right and left parts of the image will have the same 
relative position, but the upper and lower will be interchanged: 
the observer's eye beintr supposed to turn in such a manner 
that the axis of the tourmalme appears up and down, 

PHENOMENA. 

I. If a plate of calc spar cut perpendicular to the axis be 
examined with the polarizin<r and nnalyzin<r plates crossed, the 
system ot rinj,^s is that iepresni1« *1 in tig. 1. If the analyzing 
plate l>e tnmed less than 90° either way round the mcident ray, 
the system ot rings is that represented in fig. 2 : and if turned 

whether both the ordimry md the extraardlnAry my in tlie neighbourhood of dw URTt migbt 
not to be comidoKd u divided each into two circul«ily puluiMd ngra. 
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exactljr 90P, it is that of fig. S. The order of coloam does not 
sensibly difi'er from Newton's scale* beginning with black. 
These are conraMm and well known phenwnena. 

II. If Fresnel'k rhomb of glass, mounted as represented in 
fig. 4, be placed to receive the polarised light, so that the plane 
of reflection pass through the divisioQs 43)* and 2Sfe»^ the calc 
spar will present the appearanoe of fig. 5. The rings are 
abruptly and absolutely dislocated: those in the upper right- 
hand quadrant and the quadrant opposite to it are pushed from 
the center by one-fourtii of an interval, and those in the other 
(|uadrants are drawn neat-er to the cf'nter l>y the 5ame quantity. 
The line separating the quadrants is no-wheie ))lark: the in- 
tensity of its light is uniform aivl iUnnit ecuial to the mean 
intensity. If the plane of innilence pass thruug;h 135 ami 315", 
the phenomena ot' adjacent quadrants are exactly interchanged. 
No alteration is made by turning the analyzing plate round the 
incident ray: the lines dividing the quadrants are always pa- 
rallel and perpendicular to the plane of reflearion at the ana^ 
lysing plate'. 

III. If the plane of reflexion in the rhomb pass through 
0^ and 19(f, or throi^ 90^ and MQ^, the phenomena are |Mecisely 
the same, and undeigo the same changes as those in Pheno- 
menon I. If while the plates are crossed tfw rhomb be turned 
gradually from the position (f towards 45>*, the rings are gradu- 
ally chaiqied, at first becoming (as iar as tiie eye can judge) 
elliptiea], and then assuming the form represented in fig. 6. 

IV. If a plate of quartz, whether right or klMuaided, be 



* It i* proper to mcnuoo tlut 1 had exhibited this pbenomenon to the Caiubridge Philo> 
WfhiwI Society in the spring of last year, long before the pwhliflioo of Dr. Brewster's 
tnlwiUt Memoir in die PUL Tnms. for 18^ and (I bdkve, b«k 1 d» nat ncoUect dit date) 
b<An iU cMBMDiaiiM to «t Ib^il Mtf . 
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interposed between die* crossed plates, a set of rings is seen as in 
figs 7t B, 9> 10. As far as the eye can judge, tlie rings ai-e ex- 
actly circular, but there is no black cross* and the central tint 
is not black, but removed from it by a number of tints in 
Newton's scale proportional to the thickness of the quartz. Thus 
with a thickness 0,48 inch, the central tint is pale pink: with 
a thiekiiHss (),.18 inch, the central tint is briglit yellowish green: 
with thickness 0,26 inch, it is a rich red plum-colour: with 
thickness 0,17 inch: it is a rich yellow. 

The colours then appear to be nearly ^e same, beginnini^ 
from the eeater, as in Newton's scale* beginning with the tint 
representing tlus central tint. At a oonnderable distance from 
the center four dark brashes h^n to he viable* in tiie same 
directions as the arms of the black cross in cslc spar. 

V. Now (suppodng the crystal right-handed), if the plate 
of qnarhs be thin, and the analyzing plate be turned, the upper 
part towards the observer's left hand, a blueish short-anned 
cross appears in the center*, which on turning further becomes 
yellow: and the rings are enlarg^ed. On turning still further, 
the cross breaks into font- dot';. The rinirs are no lonu:er ( ir- 
cular, Init of a form iiitennediate between a circle and a square, 
their diagonals (as well as tlie cross) being inclined to the left 
of the parallel and perpendicular to the plane of reflexion. See 
fig. 11. K tiie analyzing plate be tamed die other way, there 
is no cross: the Ibnn of the rings is changed from circular 
nearly as in die former case. 

VI. If the plate of quarts he thick, the dilatation of the 
rings and the change itf form are all the perceptible phenomena. 



* Thi* nujr b« oemidMMd n the definhioD of righi-kaniedmeu of th« cryiul: and thit 
«bairv«tian givn tbe rndiBit wamm, iridi a tihin plate, of diBtmnining wIm^vt it is ri^U 
handed or lt'ft-h»nded. If tfa* plata be thilfc* the euiest roetfiod is to ub w i lf in yftSA 
direaMQ the aulysiiig pkte mHt be Mmcd to luke the riiige dikto. 
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And on turning the analyzing plate cootinwallj to die Mt, the 
rh»gs continualij dilate, and new ipoli itait up ocmtinnilly in 

the oentre, and bec<jme ring%. If the crystal be left-handed, iSmt 
remarks in this and tlie last article aj^y equally well, aap- 
posing the analysing plale tarned in the ^ponite difection* 

VIL If Fremel's rhomb be plaoed in tbe position 4&*, and 
the light thos circularly polarized pass through the quartz; on 

applying the analyzing plate, instead of rings there are seen two 
spirals nuitiially inwrapping each other as in fig. 12. If the 
rlioml) be placed in position 135', the figure is turned through 
a <nia(lrimt. If the quartz be left-handed, the spirals are turned 
in the f»]i|>nsite direotidii. The central tint ajipears to lie white. 
With the rlionib which I have couimuuly used (which is of 
j)late glass, but with the angles given by Fresnel for crown 
glass) there i.s at the center an extremely dilute tint of pink: 
I think it Kkely that Hiis arises ftom the error in the angles, 
as the intensity of the ooloor bears no proiK>rtion to that in 
other parts of the q|>ira]s. The figure was drawn from the ap- 
pearanoes given by a f^te of quartz 0,96 inch thick. 

VIII. If two })lates of quarts of equal thickness, but cut 
one from a right-handed and the other from a left-hatHh'd 
crystal, be attaclied togetlier, and put between the polarizing 
and analyzing plates, the left-handed slice nearest to the polar- 
izing plate, the appearance presented is that of fig. 13. Four 
spirals (proceeding from a black crass in the center, which is 
inclined to the plane of reflexion) out a aeries of circles at every 
quadrant. The' points of intersection are in the plane of ve* 
flexion, and |)erpendicular to it. Tliis is the simplest way of 
describing the form: bnt if we followed the colours which gra- 
duate most gently, we should say that the form of each is 
alternately a spial and circular arc, quadrant afler quadrant. 
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At a distance Irom the ceuter the black brushes are seen. If the 
combination be turned so that the right-handed slice is nearest to 
the |)olarizing plate, the spirals are turned in the opposite direc- 
tion. This is one of the most beautiful phaen'UMena of optics. 
The slices from whose a{»pearaiica the figure was diawn are each 
0,16 inch thick. 

T shall now proceed to explain the mode of calculating these 
phaenonieiui on assumed laws of the nature of light in the two 

rays of (Tystals. 

In fig. 14, let CD, be two parallel rays ol" the same 

pencil incident on a plate of calc spar cut perpendicular to its 
axis, of which one furnishes the ordinary ray BE, and the 
otber die extraordinary ray I)E, which aftermtrdt pass in the 
same directtra EF, (The extiaordhiaiy ray ci AB^ and die 
ordinaiy ray of CD are not to be considered here, as they do 
not emerge at B\ bat each of them will interfe« widi some 
other ray). The paths are found by this ccmstmction. Draw 
GK a tangent to a circle whose radios is GHxi (preserving 
Bio^s notation) ; draw LA^ a tangent to the ellipse whose semi- 
axes are LM x a, LM x b. The velocity and direction of the 
ray will he represented by the radius joining the point of in- 
ridence with tlie i>oint of contact, the velocity in air beuig 
rcpresi^nted hy GH, LM. Hence the path of the ordinary ray 
(measured by the path in air whicli it would have described in 
the same time) exceeds tiiat of tlie extraoriliiiary by 

Patting 9 Ibr the angle of incidence, and 2' ^ die tkickiiesB 
of the plate, this is found (afler all reductions) 

Wheu e is small, this is nearly - 7x x ff'. Gall this e. 
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I ahall suppose with Fresnel, tliat by a ny polarized in one 
plane is meant a ray whose vibi-ations are entirely perpendi- 
cular to that plane; that consequently the vibration*? forming 
the ordinary ray in the crystal are entirely perpendicular to the 
principal plane passiny: tliroufrh tliat ray, and that those form- 
ing the extraordinary ray are wholly parallel to that plane. 

I*. Now suppose a pencil of polarized light to fall with a 
RmaU angle of incidence on a plate of calc spar cat perpendi- • 
cular to its axis. Let us conceive ourselves looklni^ in Uie di- 
rection of the incident ray; and let fig. 15. represent the pro- 
jections (on a plane porpendicalar fa the incident ray) of the 
planes of polarization of the polarizing and analyzing plate, and 
of the principal plane of tlie crystal passing through the inci- 
dent ray. Let PtApt the plane of polarization (or of reflection) 
at the analyzing plate, make an ana:le " with P,^/>, the original 
plane of polarization ; and let CAc the i»rincipal plane of the 
crystal passinir through the ray make the ani^le 0 with the 
former plane. The displacement of the particles of ether pro- 
duced by the wave as originally polarized, may be represented 

Sir 

by c.nn where x is the interval of space between two 

waves, » the distance measured firom any arbitrary point, I the 
dme nnoe the ether at that point was at rest, and v the velocity of 
the wave. (This applies ev«i after tiie wave has passed through 
any media, provided we take for x the space which wonld 
in the same time have been described in air). And this dis- 
placement is entirdy perpendicular to This may he re- 
solved into e.sin^.(«^-«).eM(a + ^) perpendicular to AC, and 



nam* way. 
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c.sin — (e/-a:).sin (a + ^) parallel to AC. The fonner of these 

Ibrnishes the ordinary ray, the latter die extraofdinary. Novr 

after they have pa«;*;efl through the crj'stal, we may still keq|> 
the expression for tlie vibration of the ordinary ray, provided we 
make the proper alteration in the value of j- : but li\ what has 
gone before) we must then suppose the path of the extraordinary 
ray shorter by e. Consequently after passing tlirough the cry- 
stal, the vibration produced by the ordinary ray is 

e. on .cot 7+^ perpendkmlar to AC 

and that prodaced by the exfraordinaiy lay is 



cim — e).«ia«-h^ parallel to AC 

When these are received on the analyzinyr plate, those parts only 
are transmitted to th<: eye or to the screen, which are perpen- 
dicular to AF,. They are 

e . dm ^ (d/ - j;) . CM 0 + 0 . oM ^ 



and c.na'j-'{vt—a + e),sma + ^,wa^: 

and I3ie sum of these repvesents the magnitade of tbe vibration 
which comes to the eye, or Ihlls on the scraen. It may be put 
under this fonn 



+ COS — (o/-«).«.flik<^e.diLa+0.aln^ 
Fcl. IV. I'M I. H . 
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Now it must be remarked (as a general theorem which we 
shall use liereafter without further explauatiiMi) that an ex- 
pression of the form 

£ . «n ^ (r <- X) + . cos ^ (p^ - X) 
majr always be pat under the form 

where tan jg« and G is ooutant for that ray. It is plain 
tiiat Ihis expresses a periodical vibration similar to that which 
we have all along supposed, and whose coefficient instead of c is 
^J5»+^, It is convenient to take the square of this coefficient 
as the measure of the intensity of light: and thus E^+F* will 
represent the intensity in all cases similar to that before us. 

In the present instance, the intensity or the sum of 
the squares of the multipliers of the sine and oonne of 

— - {ot - X) IS 
A 

^{oa^a+~f,co^f + dn'oTJ.Ma'^^ 

+ 2co8~-8.8ina + ^.cosa-(- ^.sin ^.eos^f 

^ . _ 

-^{l+co«8.a + ^.co8 20 + co8^e.Mn2.a + ^.aini^i. 

Thus we have a creneral expression for the intensity of the 
light when polarized iigiit passes ni any one direction through 
the crystal, and after being reflected by the analyzing plate, is 
received on a screen. If we suppose polarized light to iall in all 
possible direetions (within certam limits) upon the dystal, we 
must give all possible values to 9 and ^, and we shall have the 



Digitized by Google 



I^auble Refraction of Quartz. 91 

mtennly of light on all the diiferent parts of i3b» Mreen. It 
will be remaiked that 0 is very nearly proporlknial to the radiw 
vector of the corresponding point on the screen, and ^ die aii|^ 
measured from the lower part towards the right. 

If the eye be place<1 to receive the light coming from dif- 
ferent parts of the analyzing plate, the aj)pearance will be re- 
versed with rf '^ird to riiyht and left, and here the angle ^ must 
be measuivil from tli* lower point towards the left, 

1*. JLet the plates be cn»aed, or a^^: 



ctM8.«+^«— cosS^: lin S.a+^«— riaS^: 
and the intena^ ii 

or puttiDg for 6 its value, the intensity is 

This is 0, or there is darkness, if 0 = 0, or = 90', or=180», at ~ Vf^f, 
whatever be the \'ahie of Q. This shews that there is a black croH 
through the center, parallel and perpendicular to the plaiM of xdlectiai 
Also there is darknen whatever be the value of ^ if 

TV <f^y - ^ ^ . 

, nt ™'"^0^ — ir» = Sir, OIC., 



This them that ihoe u a dulc spot «i the oeute^ snd a 
«f daik riiig% of wUeb the dUference betmea the radu dhahtidies eoa- 
tiaadly. Cateris paribus, the sqnaics of the diametcn of theie rings •» 

iavwidy as — or are least in the crystal where the douUe refrao- 
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tion u petleBfe; and aie inTcndy as Z*, or ire lent iHiai die tliiekneM 
«f ibe plate » greatest They are directly as A* and eonseqiienily are 
greater ftr red rays than for Uue;. Hence after a little time the bright 
lings of one colour correspond vnth the dark of another- This gives the 
peculiar coloured character to the rings: it also prevents any of them 
from being totally black : wliercas tlio evanescence of light in the CHMS 
is independent of \, and tlie cross is totally black. 

S'. Let the plates be parallel or opposite : or o = 0. The expressioa 
for the intensity becomes 

•| |l+eoa*8^-i-eo8^e.at]i*a^{. 

If ^ = 0, or - 90", or = 1 m\ or = 970», this becomes c : thus there is a 
bright cross instead of a dark one. For other values of ^ the light is 

greatest if ^9 *- or » Sir, fto^ and kast H ^ir, or >■ Sir, fte.: 

in the former oaae it^e*, in the latter 4foo»*2^. These indieatioiis 
point out exactly tiie ftrm of llg. fl. In Ikct it is eanfy seen from fihe 
ei^Ksdons that the intemitics in corresponding parts of fig. 1. and 
Sg. 8. are precisely eomplementaL 

S^. In the general case^ if dn i<p-0 (Aat is if ^=0, or -90*, or 

«180P, ors87(0 ^ e^psesnon heoomes 

^ ^ 

J {1 + OM S.tt-l-^.eos 8^{ |l-|-oos8a|. 

This indieates a faint cross, which is briglit when a is small, and dark 
when a is nearly = 90*. And if am 2 .a + (p = 0, another cross of equal 
intensity is fbnnd, inclined to the former at an angle a. Generally if ^ 

be between 0 and 90* - a, the intensity is greatest when ^e»0, 
» 8w, fccn and least when ^ 6 = 3 ir, fijc. : but if <p be between 
90»-« and 90^, the intensity is giestest when ^6 m «> fto, and 
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kait when itaO^ »Sir, and the Mone holds if ire inerean all Ihese 
anglca hf 90^ Thm tihew ia in S. a nrixtme «f parte of the two 
ayatena of ringa in Itga 1. and iL 

II. Now let a FresnePs rhomb be interposed, and let RAr, 
fig. 16. represent the plane perpendicular to the plane of internal 
reflectioii, and making the angle with the plane of original 

polarization; the rest as before. The vibration e.nn~{vt-9) 
perpendicular to Ptji may be raolved into 

e. Bin — ainjS panJld to ^r. 



and e.rin-^ (•<^x).co9/3 perpendicular to ^tlr 

Of fbese the former^ by FVesnel's theory, is retarded one quarter 
of an undulation, or the latter ia accelerated as much. Adopting 
die latter snppositton, we most suppose that after tibe eromon 
from the rhomb, the 'vibrations are 

Sir 

e.ain -^(c4'-«).flin/3 parallel to Ar, 

2ir Sir 

and c. sin -r- (9<->«) 4-90". coaj^ or e.eoa— («/— «).eoa^ 

A A 

perpendicular to Ar. These will furuisb for the ordinary ray of 
the crystal 

cm -^i'Ot-'a), tin fi.sia ^ + a + ^+e.Goa ^{vt—x).cos .cos fi + a + ^ 
and for the extramrdinary ray 

— c . sin -— (o / - . sin /3 . 008 /i + o + ^ + c . COS -r- (p ^ — «) . cos p( • sia 
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After emenpiiff from the oyatal, we must (as before) diminish « 
in the Utter expfession by e: and thus the vibiation of the 
extraordinary ray 

2v 

» — c. sin — (t?/ - ar + 9) , sin /3 . cos /3 + a + ^ 

2^ 

+ e .«0S — {vt — X + 0) . COS . Bin ^ + a + <p. 

The only parts of these transmitted by the analyzing plate ai« 
tlie resolved parts perpendicular to its plane of polarizatioii >- vi- 
bration of ordinaiy ray x cos ^ -i- that of extraordimoy ray x 
•Id ^ 

B dn gin ^ . fin ^TttTT*. ow ^ 

+ *,COS^ CM /3.«»^ + « + ^. COS ^ 

—tf.rin^ (»#—«+©). sin /S.cosjS + a + ^.sin <p 



+ «.eo8 — (p^-a; + e).cos/3.sin/ti-fa-t-0.8in^. 
The coefficient of sin — (p^-x) is 

e.nn/S.aia^+A-i-^.CM^-tf.coi-^e.iin/D.eM/S+a-i-^.dn^ 
. on ^ e . eoi 0 . ain ^^Tf^ . sin 0 ; 

the coefficient of cos ^ is 



+c.oi»-r-e.e«i3.iin/3+a-f^.nD ^ 
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The intensity, or the ram of die squares of these ooefficieiit«» is 
(alter reduction) 



{1 + eMSjS.emS^.oMS.iS+a'i-^ 

Now if /3s45°, cos 2/3-0; sin2/3»l; 

and the intensity =^ ji-mn^e.nns^. 

1*. Since a has disappeared fironi tins ixi>ression, the figure will be 
the same whatever be the value of a, that is, whatever be the position 
of the analyzing plate. 

8"*. "When <^ = 0, =90^ 180", = 270°, the expression becomes - 

which shews that there is a fiiint cross parallel and perpendicular to the 
likne <^ reflexion at the analy^ng plate. 

y*. When 0 is > 0 < 90 . or > 180' < 270", tlie intensity is greatest 
if X®"*T* T' **• «d Uawt if = 5 , 5^, aw. Whea ^ it 
>9a'<I80f, or >S70*<fl60^, the Intenttty b lent if ^e»^, ^, te. 

and greatest if ^®=5» ^* *«• 

If |3«m1S^» the o^resnoD beoomee 

— <1 + Sin Y 6 • • 

from which it is easily seen that the bright parts of the quatlrantal rings 
in this case correspond to the faint ones when /3 s 45°: and vice vezsfi. 

III. If in the last experiment the rhomb be placed in posi- 
tion 0, we most make 0-0, which gives for the intensity 

( 2 ^ -i 

•g |1 + cos 2^.eo8 2 .a + <^+ '^'^ B.siu 2^.»in2.o+^> , 

exactly as in flie general case of experiment L 
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If the riKNDb be in poation 90*, the expveirioD ig exaedjr 
the same. 

If the analy/ii)!^' and polarising plates be crossed, we must 
make and the general expression becomes 

«• - 

- {1 -cos S/}.Om S^. QMS . 0+^ 

Sir — — Sir 
— oos-^ O.ooi Sj3. im S^.na 9 .i3'f-^-> on 6. on SjS.nn S^}. 

Here if ^^o, ^9ff, -18C^> oSTO*. the intensity is ^wi*Sj3» 

which shews that there is a faint cross parallel and perpendi- 
cular to the plane of rpflertion. For other values of 0 the only 
variable part is comprehended in the two last terms or 

• ^ on 9^ . inn 9^ . on + em S j3 . sm S . 0+7- * 

This may be pot under the form ^cos(y^e-ir), 
where 

^ = -£!wn2^x/8in'2/ii + C08-2^.«n*8.^^>, and toai?= . ^ . > 
8 sni9<P'^^ 

The equation to the daik rings will be Ibund by making 

-~e-i?=0, or = S», OT = 4iir, &&; 

hence 9 - or = X + or » SX 4- 

Now when ^ is small, sin 2./:j4 <p beintr positive, tan 2;3 is small, 
and tan f is small : except sin 2 . /3 + ^ is small, when B sud: 
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denly becomes =90^: when no S.^T^ changes its sign, B changes 
its sign, and -W\ its magnitude then diminidies till sin 
S.^T^"*— 1: and H then goes through tiie same changes. The 
ende. is therefore changed into the Ibrm represeoted in fig. 17. 
But the rings at the parts where sin a./J+^-O being very fiunt, 
the bends of the curve scarcely attract the attention, and the 
figure appears elliptical. Bat when |8 increases, the intensity of 
the rings where sin S .^h-^sO is not small, (it is represented by 
A)t and the change <tf form is easily seen*. All these conclu- 
sions correspond perfectly with observation. 

IV. To investigate in a similar manner the appeaitmces pre- 
sented by plates of quartz, on the suppositions made in the b^in> 
ning of this paper, we mnst resolve a plane-polarized f ray into 
two elliptically polarized rays. In fig. 18. let AP^ be the plane 
of primitive polarization: AC the principal plane of the crystal; 
the ordinary ray being elliptically polarized, will consist of one 
vibration in the direction Oo„ and another in the direction o, o, 
following it one quarter of an interval of undulations: the coetti- 
cient of the latter vibration being = it x that of the former, wliere 
k is a fraction depending by some unknowii hiw on the incli- 
nation to the axis, hut beconiinff=l when the ineliralion =o, and 
= 0 when the inclinatictn is considerable. And the extraordinary 
ray will consist of one vibration in the <hrection Ee^, and another 
in preceding it one quarter of on interval : the coeflicient of 



* I have invcft^gKed (in nearly the Mine manner) the form of the osnt*, mppoopg 
titt oryatal placod lictween the polarizing plate and the rhomb. The dkulatad ptieno* 
nena are nearly th» same as those described, and agree perfectly with observationfl. 

-(- I use this term instcicl of rectiliHtarly.fdariMtdt tht natural doiralive flnin FifiKiel'a 
lubatantive, only becatue it is ahorter. 

FW. IV. Part I. N 
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the latter being = ^ x that of fonner. Let the vibfatioD per- 

Sir 

pendicular to AP^ be con -^^ or «.aiii^ (for brevity): and 
let the ▼ibratkms be 

In Oo;, 2) . sin ^ + f , or |* cos t* . sio ^ +jp sin v . c»s ^, or w sin ^ -f a: cos f . 
Id Oiflv Ap.ain^-t-v— 9<y, 

or - hp.tM ^+ V, or itp rin v.rni ^— Arp ooi v.cm ^, or il« nn ^-ilfocotf. 
In e,«b, |.nn ^+x+9C^, 

or |.coBf+x or-|aiix>nn| + |eoBx<«w{, or - |nii{ 4- |eM^. 

Resolving^ llK'st^ in diii rtinns parallel aud periM'ndicuIar to AP^, 
iind compariug them with the vibration from the original polari- 
zation, 

CM a+^(ip dn { 4- « OM + ain (Ad; na ( to «os 

g u 

nil (» on f +» €08 ^-oiM«4-^(A« sin cos 

+nii«-h^ (y sin { + « co8{)-««a + ^(-|rin{ + j^oo8^) = 0. 

Or (since these equations ought to hold for all values of {) 

equating separately the coefficients of sin ^ and ooa(. 
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ana+^.fff-^i.ewa+^.c+Bma+^.y + ^^'*"^ »aO ...». (8), 

«mei+^.df+i(.eoBa+^.«o-i-niia+^.K j^'^'^ yaO (4). 

By the solution of these equations 

* • — Z 
A* 

A . , — 

And hence the expressions for the vibrations are (omitting the 
flonnnon iaclor j^^i^* 



la Oo„ 




2ir 
\ 








Id 






ivt- 






In £e„ 


1". cot a on 


X 




■«)-ib.ana+^.e06 




In tfi^D 


rin a -f 0 . sin 


X 









After emerging from the crysfalj « miut be iiimiii^AiMi, in the 
two latter ezpiessions, by e. (9 is in feet negative for quarts, 
but that drcumstenoe makes no difference in oar invesfigatioiis 
or oondoaons). 

n8 
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Now when the light is received on the anftlyring plate, the 
only parts sensible are those perpendiciilar to its plane of 

fleidoik. They are, (patting $ as before for ^ 



From Oo„ cosa +<^.cos^.8ia^+A.sma + 0.oo8^.oos^. 
From OtO^ A*.<b<ri^.ain^.tiii{— ift.eosaT^.an^.cotf. 



From E«i, A^.coBa-f^.cos^.iiiif 4- ^-l.siB«-i-^.cos0.oiMfH-^^. 



From ete^ daa+^.nn^.ainf 4- ^^4'il.cos«+^.rfn^.eos^+^^. 
Taking the sum, the codBcient of sin ( is 



SirO 

cosa+^ - COS sin a+ ^ . nn ^ + iir*. COS a + ^ ' COS ^ . COB— 7— 

. . . 2t0 . . . ^ 2irO 

+ A.smo.sm— ^ + sino + ^.an^.cos— 

The coethcient of cos ^ is 



Hie sum of the squares of the coeffidents is (after all re- 
diiction^) 

And restoring the multiplier we have for the brightness 
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* * •*' '{"* . 

Wben tlie plates are GniMed» or a » 90^, thu becoiiMa>y»*/. 

1. For any vahie of 0 tliis is 0 wlien 

Tim dwws tiiat lifaeie an dark lingi, cxacdy dronlar: it tepraaenti oor- 
reedy the experimental ftct 

2. But since by our 4" hypothesis the sphtroul uiul the sphere, used 
for determining tlic course of the two rays, do not touch, U will have 
some value when B is 0. It cannot therefore be expressed simply by 

but must have an additional term T x E. The value of E (as dcpt>nding 
on X) may be thus found. At the center k is supposed (hj^wthesis 3) to 
= 1. Consequently the general egression for the intensity of light at the 
center is 

r^eoaa.ooa— amaain-Y'i or ^.«oa'^« - -j-J. 

Una is 0 when m — ^ » 90^: or pntting 0'» for these partieulav Tslnes 

of 9 and a, a = 90 + Now it was found by M. Biot that in a 

light-iianded crystal, a (measured in the direction that we have supposed) 
SBUst exceed 90^ by a qfunti^ proportional to the thieknew of the pUte 
dinetly and the sqiiare <tf X invendy. That is^ 

1F& eT ^. eT 
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' '», ^ / £• fl^ — ft* \ * 

jE/Jfierefore is — , and consequently B= Tx + — j^j— ^J- 



.•.*.>/'We may remind the mder (u we shall hara oocaaioii to vw it aftenranb) 

Uwt is the an^e through which the analyzing plate mint he tuned 

from the crossed position io produce dartness at the center for the particu- 
lar colour used. Wc may also rt iiiaik tliat, if we still consider o as posi- 
tive (which we shall continue to do), all our expressions i.ih ajipcais frum 
this comparison of tlicor)- and observaliou) must be understood to apply to 
a right-handed crystal: if the sign of ^ be changed, they will apply to a 
left-handed crystal. But if, more correctly, wc ])ut a negative symbol for 
B, then OTur expressions would apply to a icit-iiaudcd crystal, unless the 
sign of k were dianged.* 

The Talne of ^ is therefive ■^4' ^ suppose 

that W + iX maj i^raeat the length fi>r lays of any eeknur, X' hdng that 
for one of the mean rays, and Aerefiute oonstant, and i\ heiog ssoall for 

IT 6 

all the bright colours. Then for ^, ^ we have 

The mixture of colours in the rings will depend only on the dillbenee of 

the values of — for different coIouib, and not on its absolute values* and 



• Tbe reader who will take the ttmUe of tracing the expraHUM wiU ind tha^ if the 
aign «r 9 and flf be dialed at the anne tiai^ not only will the f|^»JnMM>MM of the 

ory-^al rwniun the Mme, on comparing the exprrssioti with Biot'? eTperiment, but also all 
the dircctioos of the tpirok &c. in the succeeding experiments will remain tiie aame. Thus 
the conmctieii batwaoi tbe rii^itJiaHdwUieia and file dbsction cf^As iftnla b Independent 
oi' the ;i.MittuHl for o. With thi» considerattnn. I hove then^fct it beat to nee theaane 
ityinbtU ill the theorem* tor calc spar and for quart*. 
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M M eqnently only on the last tenn of tliu expcaiioB.« Nov tliu ii the 
Hune ib»t we abould liave Iiad for the oolottn in Newton'i soak depending 

o» the thiclmett ?^ + l::i|^6^ 

aame fiat all eobmt: or if the vaiutiaiis of ~^ - he proportioiul to the 

Tariatimt X, tiie latt term niiut be altend in a eertam prapoition, 
and ear stateoient will still be true. It appeon theiefbFe that the oentral 
tint win be nearly that eene^onding in VtmtaaFt leale to • |date of air 

wboae tfaidiness is : and will be followed by the other orders of New- 
ton's scale. This agrees sufficiently with the obsmaticins. 

S. Unlew ^ s 0, or « «v &e. the 1i|^t is not » 0: tiienfiire there 

is no black cross. But the light is least when ^ = 0, or =90 , or =il8(f, 
or «■ 270": and greatest when cp = 45°, or = 135'. or = 225", <» — MS*. 
This shews that there are dark brushes parallel :iiid perpendicular to the 
plane of reflexion, but not intcnuptuig the rings. As * is nearly a 1 in 
the neighbourhood of the axis (by hypothesis) they are not lennble near 
the center: bat as, on removing to a distance, i aj^proaehei to 1, they 
become stronger. This is conformable to observation. 



• ThU is not Dinellj trot: fiir duw^ in comparing M» with one at Newton's mgt, tfae 
■nd conNquently the oompotuid cohmr will not be di» Mane. Bet it is plab ths^ if 



we take the ting praoeding end tihst ftUowiug the point wliere the diflb«nee of ^ » the 

sainc as in the c&se before us thtn at the points where sin* ^— lias the siiine value for the 

mottt njt, we shall have mixtures differing in ap|)oiiite wajs bam that under consideratioa. 
In Ihe *inie nmner, in the Mt of die paragraph, it most be nnderslood thst, if we tsfce 
tboae colours of Newton's scale Lelnotu which the colours of these rin^ lie, wc shall alw^ 
■dvaaoe in the scale : but we may posuUjr have no ring intemiediate between two of Ncw> 
•onTst or we may possibly have more than one. 
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V. Takingr the general expreBskm for the brighfness, and 

S h 

tan ^ = TTa* ^ \y'^\^ 



eMa.om— + 



ire . 2* . . */ I TT" irO 



and the (general expfesrion for the brightness is 

Supposing that k is not much altered by a small alteration of e, 
diis is a maximum or minimum fi»r a given valne of ^ if 



0 = ( I - A-')' . 008' a + 2^ . sin ^ - (1 + COS- a + 4 A' sin' a) . «m ll® - a 



X 



^ air6 

or tan ~r ^ 



_ tsa a X jL^^^l^-^ ^'"^ ^'n' ° + 1 - . cos* a + 2 

1+3? 1 j\ cos' a + 4 sin* o - r - A'f . cos'aVaJ 

Hierefore — ^ will be greater than ^ (or ^ or ^ + or 

^^ + 3Jr, &c. for each of these satisfies the equation tan ^-^f^tma) 
by the angle whose tangent is the second side of the expression. 

1. If ^ be nearly eqnal to 1 (whidi m mppoee to be tnie whea 9 
ia ansll) sod « leas than 90*, the expvemoa fi» ten « is always positire: 
its gicsteat valuer when 

^«90*-|. or 18a»-|, or or «60»-5. 



IS , . i i tan « X - 



■ Sin^a 



1+** ^k" -l~ l^\a.na 

sad its least, when ^^^^1, n « ^-^^ « 



i. ~*^tana. 
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Therefore in the bright or dark rings — r — will be greater than ^, or 

A 

^ + or \'/ + S 7, &c. by an aiin^ » whidi is always included between 0 
and go^, and which htt its maximnm aft a part which, when a ia 1cm than 
fj/Sft is found 1^ loolmig a little to the negatirc side of the pcrpesdieular 
and parallel to the plane of reilcxioii (thus, if the crystal be tight handed* 
wa mint look to the left of the upper part, and the points of the square 
a ypcaiance will be found in that place). When a is greater than 90°* tlie 
maximum value of the tangent takes place for points foimd by looldilg a 
little to the positive aide of the perpendicular and parallel : but the tangent 
IS then negative (for tan a which enters as a multiplier is negative). Con- 
sequently the maximum contraction of the circle is found by looking to the 
positive aide, and the points of the squares will be found by looking to the 
negative side. Whichever therefore be the direction in which the analyzing 
plate is turned, the cirdea will be changed into the form represented in 
fig. 15 (the crystal being supposed right handed). This remarkable eooeltt- 
mm agrees perfectly with the £Msta of ofaservatioii. 

2. If k is very small, the expression for t m ™ may btcuuic negative, 
which slu vvs that u> \vill suddenly exi iM c! <H) , ^iini after having continued 
so during Llif cli:in>!;e of tp through au arc of various extent ( nccordmi^r to 
the value of n; \\\\\ suddenly become less than 90'. This iihcvts tii^it the 
form of the briglit and dark luigs will , be that of fig. 2, except that m- 
stcad of absolute interruption of the rings by the eight radii, they will pass 
very highly luchiicd through those radii. The rings of quartz become so 
faint at a distance from the center that I have not been able to observe 
whether this is or is not supported by £ict. 

S. We bave already notked Aat when a s 90* + tiiefe ia a dark 

spot at the center. Now for any given value of it appears (from the 
¥9i. IV. Part I. O 
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gmeaX exprenioii) tiiat tiie light ii leatt whea 

Thi<! shews that, with this value of o, the spot will be a darkish aoas, its 
anns iu positimu 

Hut these are exactly the angles at which the depression of the ring below 
a circle is a minimum, or at wliich the points of the square are found. 
Therefore, we may cxjicct to find a cross-like spot in the center, its arms 
in the diagonals of the square. This corresponds perfectly with the ph(&- 
nomena. 

4. The succession of coloun in the crawJike spo^ it is easily seen, 
depends only on this circumstance: that m X is greater tat red than Ibr 
blue rays, the value of a which aUowa no red rays to pass is lets thia that 
which allows no blue tayi to pan. That is, for a certain amall value of ■» 
then are rays of ^ blue and only of the apeetrum tranamitled : 6a a 
laigar Taluc^ the zaya only of the red Mid are tranamitted. 

5. If die pothniaing and analyang pUtea are parallel, or « o, tiie 
expreadott for the brightness becomes 

It is easily seen that this indicatea » aeries of ringa^ but there ia now no 
total darkness. When 

^-=0. =90*. - 18(f, =870^. 

the cxprasaion is 
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As k bccoiiUi smaller, this varies less with the variations of 9, but does 
not vanish : that is, in receding from the center, the nags are more and 
more interrupted by a white cross. If the plate of (juirtz be tliin. it may 
happen that the first ring is so large as to be seu.sibly inLt;rruj)lC(l. In 
(%'!'!(> (•!'; the first ring is broad) it will lose the appearance of four in- 
terrupted quadrants and become four dots. This is easily seen in expoi- 
meni 

VI. We have seeD that, Ibr a bright ot dark ring, will 

differ fiwm ^ only hy ««. When « is w is 0: and nrfien « is 
9fl^* » is 90^> hafii^ increased gradoally to that value. Also when 
a is 0^ ^ is 0 or «, or Sir, &e.: and as « increases gradually to 90^, 
^ increases gradually to 

IT 3 5 IT , 

or — , or &c. 

S V 0 

Consequently, — ^ or ^ + » increases by 180^, while a increBBes 

iKini (1 to 90" In the same manner, as a increases grathially irom 
90 to 180% w increases gradually from dO° to 180% and ^ from 

|. or -5-, or &e. to or or 8*. <ee.: 

2 ir G 

and consequently — ^ or » again increases gradually by 180". 

The same holds for every successive quadrant of revoluticn. Thus, 
if we fix our attention on any ring, and turn the analyadng plate 
to the left (the crystal being right-handed) the ring^ distance 
from the coiter (or 0, whidi 

will increase continually, but not uniformly. This is conformable 
to Act 

02 
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Vll. When Fresnel's rhomb is interposed in position 45°. we 
must suppose AB, fig. 18, to be perpendicular to the plane of 
internal reflection, and we shall have the vibrations 

-y^sin — (f»< — «) parallel to ABt and cm 

perfM^ndicular to AH. Kesolving these in directions parallel and 
perpendicular to ^C, we find for the former 



c 2 n" c 2 IT 

- -^j= . sin— (t?/-a).co8a4-^+45"+^^.OG« — x),8ina+0+45*. 



iiiid lur the latter. 



c 2^ 

or ^ o<» — (c< - ar) - (o + 0) - 45*. 

Now taking the same expraarions as before, for the libretions 
in OOi, 4sc and oomparing tbe sums in diiections parallel and 

perpendicnlar to AC, (patting -r^(«l -«) - MC^Ik we have 
- sin f or -^ooiMi^.thi^-f-^ifai^rTf .flotf 

= (** - I) sin ? + (I - *») coBf 



-^CO8^-(a + 0) or ^Sina + 0.ttIlf + -^CO(»O+4».O«8^ 
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Comparing the coefficients of sin f and of cos 



i -- 


c 


eoa a + f 


1-*— 




mn a + p 


• + Sr = 


e 


mu + ^ 


« 4- * B 


C 

775 


CM a4-^> 



Obteining the valiiM of aod substitutiiig In the expns- 

sknis for the vihniioiisy we find (omittii^ the ooramon fiiclor 

In Ooi (l-it).c<w|H«7?>. 

In o^oi A(l-ft).sm{~(a<F^). 

In jBe, * (1 +*) .cos f-(a + 0). 

In -Cl + it;.8iii{-.(a + ^), 
After cmeiginer from the cryste], f in the two latter expraniaiis 
most be increased by 

Taking the resolved parts of the vibration peipendicuiar to 
■dFtt we find for the efficient vibration, 

(l-*).c«i«f-(.+^).ooi0+*(l-*).«Bf=V?^.«n^ 

The coefficient of sin ^-{a+<p) is 

* (1 -*) .«n (I ^ ..in ^;[-^-tt +*) .rin^.eos ^ . 
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The coefficient of cos f-(o+0) is 

X 



(l-»).«0»^ + *(l+*).OM^.«*^-(l+*).«ilI^.BIl^. 



The sum of the squares is 

-(l--*^).mia^.>in^. 
Rfistoring the fecfeor g^j^^ » we hate for the brightiM» 

If we make tmx *^|^*tMiS^ the two last tenii8» or 

become i-^ \/^-^H_eod»«^+«n«^ 
and the expresaioa for the brightness is 

I*. the mnlti^ of im'^^ + S ■ anv^O while i hu uy 

A • 

valve between 0 nd 1, the rings ere net intemipted m aay put of their 
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ST*. Thu mullqpiliar howevw b miall vAnea k b iiewrly « 1. It is 
abo iBtll iHicii k is onsD, if mAS<p = 0, that is, when 0 = 0, ==90^, 
«Bl8(f, s27€^. Henoe there w31 be no rings very near the center: and 
at a distance from the center, they will be fidnt is the Uims parallel and 
perpendicular to the plane of reflexion. 

3"*. The form of the dark rings will be determined by mukin;; 

eM*l2^.|aO: and that of the hright mm by making it^l. The 
fint of these suppositions givei 

Now X ineroMet fiom 0 to 90^ fiom 90^ to ISO'*, &c., while incraues 

ftom 0 to 90^ fiom 90^ to 180'*, Ae. : coneeqiieiiily x i^^^ dilfoe much 

fiom 9^: and tbevrfore finr ihe dark ringi 

ir9 » . Sir , 

-j^ » ^ — ^, or = Y ~ nearly. 

That iff e inereaaee emtiniiany as ^ dimhrishei; and emseqoently B in- 
oease* continiiaUy as <^ diminishes. This shews that tike enm is' a spiral, 
and that (ledkoning fiom the eential fold) it is tinned in a ni|gsti?e di- 
leetion; the eye when fixed on a part above the eenter must turn to the 
left to traee the carve as it recedes from the center, soppoaiikg the crystal 
ri^tJianded. If the crystal he lefk-hsnded, the ngn of i must be dianged : 
this duu^ tike ngn of ^ and the spiral is turned in the opposite di- 
rection. Tins agrees perfectly widi ebservatica. 

4*^. If we take the radius Tector in the duectioii opposite to that oorw 
responding to any pomt of the spiral, diat is, if we tnctease ^ by 180", 
we find fiw the new vahies ttf 0 in die dark ringi 

J - 0+180', y - 0 + 180", ~ - 0 + 18tf', &c 

Sir 

or-J-0» ^-0, ^-^Ac neatly. 
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This IB exactly lihe sune aericB u that ftir the onginal dindkn of Ihe 
ndiiu Teetori and therefiwe the nliiM of 0 we eiaedy the none ftr 
any ra^ Teetor ag fat that «|i|KMite. But the enrve (aa we have aeeo 
above) is spiral. These two eovdhioine leqwie lint the fim vS the dadc 
line be two dmilar qniab mntuany iiamppag tueb. otihar, their poaitiona 
differing by 18<f. But no other alteration of ^ frill pn the nme nines 
of B in the dark rings. Consequently the form of the dark rings is two 
spirals, and only two, turning in the same direction, and in opposite 
positions. This remarkable conclusion is supported by fact. 

5**". When 20 is between 0 and 90", x is greater than 2^: when 
20 is between 90 and 180", x *nd so tax suoeesam 

quadrants. That when 0 is between 0 and 45*, x is too great, or 
B too small, for a spiral of uniform approach to the center : when 0 ia 
between ^ and 90^ 8 is too great. This shews that the spiral will have 
a square appearance, the right-hand angles being higher than the oenter. 
This is precisely the fiinn leaUy preaented to the eye. 

6^. The expresnon fiw tiie hrightness of the oenter (where J^vl) ia 

simply — . As this is independent of X, it shew.s that there is the same 

mixture of colours at the center as in the light which we use: and 
that therefore with common light the center is white. 

I .should only take op the reader's time unnecessarily by 
going through the iiiTesUgation with the rhomb in position ia&°. 

VUI. We have found (in the investigation of IV.) that put- 
ting fi for -jp(ef-«), the expresaions ftr the TibrationA when ligbt» 
at first plane-polarized, has passed through a plate of right- 
handed quartz, are (omitting the covunon multiplier fTp)* 
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In OtOj, i^sin o-h^.sin ^-/t.cosa+^.cos ^. 



113 



2ir9 



In 



2we 



'„ sin a + ^.sin f + + ifccoe o + ^.oos { + . 

A A 

W« have now Id resolve these into the t'lUptioal \ibrations in 
a plate of left-handed quartz of the same thii kiiess, with its 
principal plane in the same position. It will lie observed, that 
the diflbence of right-banded and left-handed quartz consists only 
in the diflerence of the siipi of k. 

Taking: first the vibrations in Oo, and 0,0^, and using those 
letters to express the vibnitions la those directions, 

00|«Tilnation in O^t/, that in jBV, 

-» ainf ooB f +y un 001 f, 

OjOjss vibration in o\o\ + that in d^^t 

«-*«Mn5+*» COT ^ + J rin f - I cos f. 
Comparing the coeffidente of sin { and coft f , 



■ whence -< 



2i' 



sin a -i-^ 
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Whence tiie vil»ationSy after emeiging from the Mcond plat^ 
are (omittiiig the oommoB multiplier '° addition to the 

tbrni^^r) : 



Similarly for the Tibfations in Ee^ and 



+ ynn< -y- + «oo»{ + "jf"" 



Comparing the coefficients of na ( -1- ^^ and ooi( -t- 



k cos ai^^= itti; - |, 



> whence 



ai* — 

- 2k — — 
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Whence the vibratiaiis* after emerging from the aeoood plate, 

are (oiuitting j^ji)' 



2»9 

In Qift cos o + ^ . sin { H — j— 

A 



Iq <i^i<^t 8l4:*.a]i«4-^.itii ( + 



2ire 



+ Sil^ COS a-f- 0 . em { + ^ . 



In t^i/t (1 a+^, MB f + 



Adding together the vibrations in the same direction, we find 
(omitting the fikctor ^ '• 

Vibnlion pamllel to 0»t 



+ 4A^c«« + ^.«n ^ + ^ - a* (1 - .«mr+^ cos f + =^ 



— I* (1 - cos a + ^.sinf + +i(l-**).Mna + ^.cosj + *~ . 

PS 
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Vibratioii parallel to oio^* 

— — /c*).8ma + 0.sm^ + -k).co»a + ^.cosf 
+ 4^'. sin o + ^ . sinf + ^ 2&{i — k')(ma-t- <p.c(»^ + 

A' X 

To avoid unnecessary generalities we will suppose the plates 
crossed, or a 90°: which gives 

Vibiations parallel to Oa^'^ 

— {1 —i*) .&iu<p .&ia^ + k{l — k') . cos ^ • cos ^ 
- 4Paiii ^ . lin I + - a* (1 - **) cos ^ . C08 f + ^ 

+ it«U~it*)sin^.8m^ + i^ + ife(l-A')co«^.oofi{ 
Vibrations parallel to o, = 

+ 4** cos ^ . sin ^ + ^ + a *a - *•) siji ^> . co8^ + 

The efficient vibration, or that perpendicolar to AP^, will be 
found by multiplying the fbruer of tiiese by cos ^, the latter 
by sin ^, and taking their sum. Thus we have 

1 - 

sin 3^.8111 ^ + k{\ - cos 2^. cos ^ 
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+ nil a ^ . sm { + + * (1 - A*) «• a ^ . COB { + . 

The coefficient of sio 4 is 

- Lzi!^ 2^ + Si (1 _ «•) cos a^ . rin ^ 

The coefficieiit of cos f is 

kit - £*)O0SS^-aA<l-£*)CO8 8^.CM^^ 

+ ^^8illa^.«m^ + *(1 - 
Hie sum of fbeir squares is, after all redactions, 

^^^^ 8in*~ . {4ife . cos 2 ^ . sin ~ - 2 . (1 + it-) . sin 2 ^ . cos 

And restoring the factor ^ . we have for the brightness 
'^•(iT*^) '"" ^Jj^co820.8m-^-2.sm2^.co8— |. 

1 + it* 

1. If mt make tsn x » "^I" '''^ ^ eitpresaon beoomcs 

This naiishM, or there are Uack hues* when sin^ « 0, or when 

« 0, or = IT, or = a IT, 6cc 
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Thn indieate* a wries of dark cudes, whoae dUtfoneten are the aame as 
those of the cirda aeeo with «ther of the plates tmgly. 

2. The expicsdon also ▼anishes when 

or when 

Now when ineceases frdm 0 to 90^, fiom 90" to 180^, itc x dao in- 
creases fimn 0 to 90^. fivm 90" to 180*, &e.: oonseqnently x ^ 
difo mueh fiom 9^ So tiiat the expression vamshes when 

^ = 9^ sir'|.9^ »9ir + 20, Ace. neurty. 

In the curve defined by tliis cnjuation, it is plain that © inercascs con- 
tinually as <p increases, and conscijiu-iitly B iiu-rcascs continually as 0 in- 
creases. The curve thcrcfurc is a spiral in such u j)osuiun ilial if wc look 
at a point above the center, and follow the curve towards the right-hand, 
the radius vector continually incnases. 

3. Now if we increase (p by 90^ or 180°, or 270-, wc get the same 
values for x> increased by v, or S,v, or Sir. Consequently the values of 

the radius veetor, at a point of the dark lin^ ate finmd making ^ 
in the first of diese to » + x» + x* 3ir + x. 

in the second to2ir + )(. 3ir + x» iir-f^' 

in the third to 3«- + x» + X» + X» 

These are evidently the same series of values as that Ibund with the origin 
nal value of ^ That is, if we draw four radii vectores of equal length at 
angles of 90*, sad if one of these terminate in a point of the dark eurveb 
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the others will also tenninatc in points of the dark curve. rhis cuiiditiuu 
can be reconciled with the spiral form of tlic curve, only by supposing that 
the curve consists of four similar spirals, each of wliich is turned 90* from 
the position of that adjacent to it. The general form of the curves will 
be therefore four spirals, in positions clifFering by 90*, and all tumeil the 
same way. intersecting a sericR of circles. This very remarkable form is 
precisely the form given by ubserv.ition. 

4. The intersectioa of the spirals and circles is found by makiog both 
the equations 

= 0 and sin* "~ x) ~ ^» 
to hold ot the aame time. This gives 

mud oonscqueutly 

^ = 0, or as - , or « », or - j-« 

That it» the iDteneetioBS of the spuals oDd circles viU all lie in the ltiM« 
tlnough the center panllel and perpendicular to the ptine of refl«tion. 
This is exacdy true in the experiment. 

5. And since the siiccessive circles require values oi successively lu- 

creasing by and the successive points of the spirab on the same radius 

vceter also leqnure valnes of — meoesnvely inereadng by ir» every circle 

will he inteneeted by the spiiails in the lines above mentioned* and thece- 
Ibre every circle will be intersected at every quadrant. This is verified \iy 
expenmnit. 

6. . If we connder the parts near the eentn and not in the dreumlerenoe 
of one of the cirdei^ the sngle ^' cnreqNmding to a dark point wiU he nearly 

W© II 

2r- w^^' 
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where 9' is the velue <ii 6 eorresponding to 0 « 0» 



or e' = 




Consequently, 
e T 

But -Tf- ii the angle through which the analysing plate must be turned 

A 

to the left to we the dark q[M»t wiA the right-handed phte akoe. Con- 
sequently the dail cross in which the qntals originate is indlned, (the 
upper part to the right), hy nn angle half aa great aa the angle tlnouj^ 
which the analynng plate mvst be turned (the upper part to the left) 
to see the dark spot mtb the rig^tJiaiided plate only. This appears to 
agree with experiment. 

7. the whole of this we have supposed the right-handed plate 
to be nearest to the pokriiing plate. If the oomUnation he turned* witli 
the left-handed plate nearest to the polarising pkte, we must diange the 
sign of k. Thia changes the sign of x (^t of ^ bang supposed the 
same); and it will my easily be seen that in consequence of this change, 
the directimi and position of the spirals will be emctly inverted. This is 
Ibund to be true. 

8. When k is small, the expression for tlu- brighttu'ss becomes sinalJ 
if sin' 2^ = 0, that is, if 0 = 0, or =90". &c. Tliis atcoimts for tlic dark 
bnishes seen parallel and perpendicular to tlic plaue of rcHexion at a great 
distance from the center. 

9. When (p is ■ o - 4 > , x ^ -0* when 0 is > 45* < 90", ^ is 
< 20. Observing that the spirals intersect tlie circles when 0 = 0, =90". &c,, 
it is easily seen from this that tliey cut them at .in angle rather 
p^cater than tlic angle at wliich a uniform spiral would cut tbcui. This 
seems to be observable in the experiment. 
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10. The peeuBsr fifidaeM of die ooloun eppean to be explainecl 

by thii eauidentian. Tht dnk oiir?ei ve defined hf nuddi^ the espies 

mm ftr the hi^tnen to fmidi totaUy: wheteai in eorae otiier ceiei («i 

in invettiii^tion VIL) the deifc emfce ne defined by mekiag the e)qn«o> 

mm fiv the brightnew » mnunnan. Here Uien die ooloun are mudi Im 

ditnled nith undeitroyed white light than in investigation VII. And in 

the iinet ponllel and peipendieaht to the fikne of reflenon, 

(1 — it*)* ir8 
die eipfenion Sot the brightnew u I6i'.an*'<^. Hoe then 

ia no aendtale light ftr a eooaideiable distanee neaier to and fivther ftem 

the center than the point corresponding to the colours are less 

mixed* and are therefore more vivid than perhaps in any other phenomenon 
of polarintwn. And die gienteat bnghtnos in theae Imeai if A be not 
my amallt ia torn timea «a gteat aa the greatest brightneaa in Ae linea 
naldng anf^ of 40^ ivith them (aa ivill be aean on makii^ ^s-4fi^ in 
the e^ieaaion for die bi^itneai). Experimentally the ooloan aie biigfateat 
m die Bnea parallel and pevpendicdar to die pbne of lellexion. 



It is almost unnecessary to point out to the reader that none 
of the peculiaritie.s of these appearances would exist if k were 
either 0 or 1, that is, il the iiisht were either plane-polanzed or 
circularly-polarized. None of the expresaona however would be 

altered, if, instead of i we put J: that is, it is indiilmit wbich 

ray we suppose to have the mtgor axis of its ellipse parallel to 
the principal plane. 

FVoni the agreeoeiit between the observed aud the calculated 
appeaianoes, I think there is little doubt that the nature of the 
VoL IV. fwt L Q 
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ligbt in the two. rays of quart* is such as T have described. 
I do not mean to . exclude the possibility of supposing that the 
form oi neither wwe (in the oonstructioii for detaminiag the 
course of tiie rays) is exactly spherical or exactly spheroidal: 
provided the difference of the fonns be nearly the same as that 
of a sphere and a spheroid. Nor do I mean to assert that each 
dliptically-polariaed lay consists exactly of two plane-polariasd 
rays following each other at the interval of one-foarth of an on- 
dnlation: or that the ratio of the two axes in the two rays is 
exactly the same. But I conceive it to be perfectly certain that 
die general character of the li|^t is snch as is stated in my hy- 
potheses. 

I have not made any calculations upon other suppositions, 
bnt I can hardly ims^ne that any other would represent the 
phenomena to such extreme accuracy. I am not so much stnid£ 
with the accounting for the continued dilatation of cirdes, and 
the general representation of the form of spirals, as with the 
explanation of die minute deviations team qrmmetiy, as when 
circles become almost square, and crosses are inclined to the 
plane of polarization. And I believe tiiat any one who shall 
follow my investigations and imitate my experiments, will be 
surprized at their perfect agreement. 

There is one rdation between the construction for determin- 
ing the course of the rays» and the natare of the rays» whidi 
deserves (I think) particular attention. It is that (comparing 
the rays of quartz witii those of any otiier crystal) a diange 
in the nature c( the ray is accompanied with an intenruption of 
continuity. The nappes of the wave surfoces are absolutely se- 
pttmted. This is not tiie case in the common construction for 
nniaxal crystals, nor in F^esnel's construction for biaxal crystals. 
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There may possibly be a connection of the same kind as that 
between the change from partial reflexion to total reflexion 
within frlass, and the accompanying change from plane polarized 
liarht to elliptically-polarized lijsrht. Tlie cases are at least thus 
far analogous, that the dian^e in the light and the interruption 
of continuity go togeliier. Tint we are so much in the dark re- 
spectincr the physical constitution of quartos, that we cannot at 
present go farther. 

It might have been desirable to verify my suppositions by 
more direct expernuenrs on the separate rays of quartz. I can 
only plead tiiat the duties of my oftice have not allowed me 
the necessary time. They would (under all circumstances) have 
bt t II uiuch more troublesome than those which I have the honor 
of laying before the Society: and I do not think that they 
would have been more satisfactory. Tlie appearances presented 
by depolarization are admirably adapted to the discovery of the 
most deliciite differences in the nature and course of rays. The 
same want of time I hope will be allowed as an excuse for the 
want of accurate measures*: without which no theory, however 
satisfactory in general explanations, can be considered tirmly 
established. 

G.B. AIRY. 

* It u macix to be wished that the rings and spirals eihibited by qii&ru uuy be 

with theory institatwl, by means of Biot's measures of tlie (loubly refractive energy of quarts- 
Should the observations and the theor7 disi^;re^ it would shew, either that there is 
aamt ktnt cmr in Ae dwny, er that Ae difltawMe «f aim tmt of ibe iflMN mmI 

spheroid near their verticc!; is OOt the iUM It Alt wUdi IS l l ft f je d frOOl HtlJUfWlTt 
coiutnKtion« modififd as abovei 
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By R, BIURPHY, B.A. 
t 

fmuMT or cAivi oollmb; ah* or tnm CAimiBn PBUMomcAL tocury. 

[BMd' JCndl 7, lMl-3 

INTKODUCTION. 

The researches of Lagrange on that part of Pure Analysis, 
which forms the subject of the present Memoir, have been fol- 
lowed up witli considerable success by many foreign Mathe- 
maticians, amongst vvlioiu M. Augustin Canchy deserves to 
be particularly distinguished ; indeed the extensive use of the 
theorem of Lagrange in Physical Astronomy, had tnmed the 
attention ot Analysis to consider more intimately the nature of 
that series, the conditions of its convergence, the root which it 
particularly represents, &c. I have referred to as many papers 
on this subject, scattered through the Memoirs of the French 
Institute, the Journal of the Polyti ( Imu' School, and llie Annales 
de Mathematiques, &c. as I eonveiiieiiLiy coul^i. T do not find 
that in the point of view in which this subject is here exhibited, 
I have been anticipated in any of the articles above referred 
to, a point on which it is necessary to be doubtful, witliout 
actual reference, from the great number of persons who have 
been recently, and are at present, engaged in extending the limits 
of Analysis. 
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I have supposed tlie given eqnatkm to be sach as to ooDtain 
nei&er ne^tive nor fmctioiud powers of the unknown qnantilgr s ; 
if sach should enter any proposed equatkm as ^(«)«o, we need 
only pot «»a+s, and consider s as the unknown quantity, since 
0(n+s) nay always be expanded according to the positive and 
integer powers of x, when no particular value is assigned to a, 
this is therefore to be understood, unless where fke contrary is 
expressed. 

Suppose the root of an equation ^(«)*0 is sought, the fol- 
lowing simple rule which I have proved and applied in Section 1. 
will give it widi great &dlity* 

** INvide the given equation by », take the Nap. log. of the 
quotient by means of die formula 

Ll+s-s-|4> J, *c 

^e the GodRdent of the fint negative power of « in diis logap 
rithmic expansion: this, with its sign changed, is the root of the 
proposed equation." 

If the proposed equation were of a dimensions, it has a roots, 
and it is natural to enquire which root is given by the preceding 
mefliod. I have in the same Section shewn that it analytically 
gives a result which comprehends aU the roots, but that arith- 
metically it gives the least root. 

If, instead of the root of an equation, any function /(x) of the 
root should be required, there is given in Section (2) for this 
purpose, a rule nearly as simple as the above; namely, 

"Take the same Naperian log. as before, Multiply it by 
the derived function fii"), the coefficient of the first negative 
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power of «» with ilB sign changed, will be the leqmied function 
of the root; minus 4ie same Ihnction of o.*' 

In Section 9, there is given a method equally simple with 
the fimner oneSi to obtam the sum of any speci^d number of 
the roots; also the som of any given fiinetion of a specified 
nnmbw ef the roofs. 

In this Section it is also shewn how to find Uie least root 
of aa equatioD, or any function of it, to which are mmexed 
siHne remarks on that relation of imaginary quantities, which oott- 
responds to the relation of greater and less in real quantities. 

As the sum of m roots exceeds that of by one root, 

it is clear that by this method we can get all the roots of the 
equation, as well as any function of any root. 

The principles laid down iu the tinst tliree Sections are a|>- 
plied iu the fourth to the t1( dm tion of several theorems of ana- 
lysis; tlie llii orems of Laplace and Lairrange are siin[ile and 
almost iiniiiediate consequences: a theoreai somewhat >iiiidar to 
Lagrange's, which M. Cauchy gives in (Vol. IX. Memoirs of the 
Institute,) for the sum of any function of all the roots of an 
equation, I have here sliewn holds true for any specifieil niimber 
of the roots as for the whole, though the series only terminates 
in the latter case, and under particular conditions. 

There is also a theorem ;^iven ])y Burmann, which is of great 
use iu transforininir series, but the ordinary demonstration is very 
long, and may be seen in the notes at the end of Vol. Ill, 
Lacroix, 1>(^. Calc. but in the present method it follows in a 
few lines. 

When we revert a proposeH series, or fin*l tiie root of an 
algebraic equation in a series, the law of the latter is not 
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Kadily visible: fhe same Section oontaiDs the expramon of this 
law. 

There is besides in this Section* a lemaikable expression finr 
the correction to be applied to the root of an equation, when to 
the equation itself there is added a small tena. 

Next in order, the importsnt sulgect of tiie Limits of La- 
grange's series is considered. 

Section V. treats on Dehnite Iiifeprals: in this Section the root 
of any piojxj.^t d equation, any fum tion of the root, &c.. are ail 
represented by means of Definite Intetjrals; and we htiv spf the 
Analytical use of the multiplicity of the values of ccrtam tran- 
scendent functions, when the quantity iinder the si??Ti of such a 
function should be the same at both the limits of an integral. 

The last Section contains various points of Analysis, connected 
with the present subject, which could not convmiently be brought 
into any of the others. 
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SECTION I. 



To find the not of any equation ^(«)-0« which contains only 
positive and integer powers of 

IHmde ike equaihn by x, take Ute Nap. log. of the quotient : 
ike ee^gleieia ef ike JBtH negative power of x, wiik Ue eigu 
tiumged, ie ike reoi of tke equation. 

For example, in the quadratic e(|uatioii 



by the preceding rule tiie root should be therefore the coefficient 



and selecting the coefficient of - which enters only in the 1", 
5*^, &c. tenns» we get for the required root 



as it evidently is, since this series represents the expansion of 



divide by e, and take the log. of ^e quotient, 




of i in 






rd.iv. /MI. 



R 
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This instance of the application of the praent method is 
sufficient to shew its nature, but as we may frequently facilitate 
the operation by a slight previous tninsfomiataon of the proposed 
equation, I have added a few more examples. 

To find s in die equatim 

as^ -I- s — 6 — 0, 

ill this case, the rule may be directly applied; but the result 
may obtained, rather more simply, by putting »— 6««. 

The equation becomes 

therefore by the rule 

^scoetticieut of ^ m - 1. {1 + 

s coefficient of ^ in - j(*+6)"+4.p<«+A)'"-|.p.(«+A)'-+4c. 

As another example, suppose a+s-1. <«) to find % 

or «—«•.««— 0. 

Hence by the rule 

x= coefficient of j in -I. ^l-ir.^j 

sooeincient of - m *•.- + —.- -v + fcc. 

S s 2 s 3 
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When the given equation contains fractional or negative powers 
of X, pat (as was before observed) x = s + a, and considering s as 

the unknown quantity, wo may directly apply the method. 

Hie rale given in tibia section may be thus inroved. Suppose 
^ («) to be resolved into ite simple lactors; i. e. 

^ (x) = C . (« — o) . (ar - /3) . (« - 7) 
where C- C.(-/3).(-7). &c 

...a*^.te*L(i-=).,,(,-|)...(x-5).^ 

of which the only term whidi contains negative powers of is 

the coefficient of - thmfore in 1. is — «, where a is a root of 

the equation 9 = 0. 

Supposii^ tibe equation of n dimensions, which of its roots is 
given by th» method t The result analytically comprehends all 
the roots, hut arithmetically it gives only ^e least root. Let us 
recall, for example, the quadratic equation 4^ -!'««+ and, 
supposing 0, /3, to be die roots: — a-*a+/^ hmafii and substituting 
these values in the expression lor tiie root given at the beginning 
of Ais Section, we get 
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and expanding each term of this series acoording to the descend-* 
ing powers of /3, the value of the root is 



a 



ft *• 



^ (i^ 0 /3* *^ 

6.5 a* J- _,o . . 
. 8.7.6 . 

All the terms here mutually strike out with the exception of the 
first a; but since a and 0 are fsimilarly involved in the given 
series, it follows that if we expanded according to the descending 
powers of a, all the terms would strike out except /3; thus this 
series analytically represents a or /3 indifierently ; but if we stop 

at. the term in the former case, the error is of die order ^^J , 

and in the latter, of ; and if « < ^, the former is very small, 

and the latter great ; the series therefore, arithmetically, gives the 
le&^t root (abstracting from its sign) ; and generally, whatever is 
the proiiosed equatum, the series expressing the root is manifestly 
a symmetncal fiinction of all the roots, and therefore does not 
wmfyUeaify express one more than another, but comprehends 
alike all the roots; but as each term may be expanded in a oon- 
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veitpng form when we make use of tlie ascending powers of the 
least root, the given series arithmetically designates the least root. 
And thus it is that Lagrange's series which, as it will be hereafter 
seen, coincides with that obtained by the present method, repre- 
sents arithmeticaUy the least root of the proposed equation.* 



SECTION II. 

To find any iunctiont /(«) of the root of a given equation 

JVoin f (0) Mtbtfttei the eoeffksieiti of ^ in r(x),l^^i 

f*U) being the derived function or differential coej^icieui of ( (x), 
the remainder will be the required function. 

After the example?; given in the former Section, many will 
not be necessary, in illustration of the present principle; we 
shall take but one, vis. to find the value of when a^e.t't 
n being poAtive. 

The required value of «*, 1^ the above principle, is the coefli- 

1 c 
cient of - in — Jiar"-'l. (I — .e'); and expanding the log. and ob- 

* Wlien the Snt pow«r «f « doM not Mtar dw given equation, pot *mm+M, m M to 
iiMMdm a fim poww of s; Mid Am, kt s be tawtad w A* imlcwnni quati^. 

./'{•'■) silpjKt-ictl to c-oiitiiiii only positive and iiittj^t r powers of .r; should H Otbcl>> 
wiw, we have only to put jr =: a -I- s; the same is to be observed of 
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terving ihtA the fint s - 1 teinu may be iVQected as not con* 
taiDuig any negative powers of s, we get 

» i» X coefficient of - in s-rz- + ' . + *c.>, 

that is. 

This principle evidently indndes that given in the former section 
as a particular case, and admits of a. proof nearly as simple, via. 



Pot ^(«) in the same tbrm C .x-a . x .x - y iu:. 



and .-. 1.^ is LC+L1-- + L1-5 + L1--&C, 
* Spy 

die part of which containing native powers of « is 

Hence ^ is evidently the coefficient of ^ in - 1. ^ , 

and /. ^ » coefficient of i in - 1. 

1 1 r r*(a) be any function of a, as / (o) + + Ha* «f Ca* && 
r *<ir » I. 9» S &e. successively, it Ibllows tfiat 



1 • . ^ . . H*) 



and thr ^ ooetbcieut of - in - iJ( + 2 JOfx + S Car" &c.} . L 

•r # 

least r«- 

the pr«[M» • 'ettcient of i in /"(«). 1» . 

a symineti. 
analytical! I < 
alike all the ii 
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SECTION IIL 

To And the sum of way specified number (m) of the roots of 
an equation. 

Dmde the gvMii eguoHom by z", take the Nap. log. of the 
qHoHaUt ike coefficient of ^ , wWk itt 4^*^ dku^ied, will be the 
required sum of m roots, 

Ex. (1). to find the sum of two roots, take the 

coefficient of - in - L ^1 + - -f viz. - a, which is evidently the 

sum of the two roots. 

Ex. (2). 4^-aje'-&sO, to find die sam of two roots. By 
Ae above rule, that sum 

coefficient of ^ in - 1. ^1 - ^ ) 

— coemcient of - in — - + — s— r— + — »^ + ^ 
e w %e 9x 

Henoe, when n is even, this quantity is nolhing wbidi agrees 
with tmth, ance the roots of the proposed equation are then of 
die Ibmi + .Ja. 

But when » is odd, the terms of this series which iavalve 
are at « places distance fimn each other, and beghi at the 

term, its value therefore is 



m 8' 2.4.6.8 7 
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When die term involving ^ w wanting in Hie proposed equa- 
tion, then, inst^ of dividing immediately by pat »^% + a, 
and the diificnlty of having no term free from the unknown 
qnnntity in the quotient (on which depends the expansion of 
the log.) will be avoided. 

To prove the rale given in this Section, suppose ■■«>a.» 
to be the a roots of the equation 0(«)«O. 

Hence X«) - C. (»- a») . (*-«,) («- O (*-«,+,) («-«,) j 



This method then will give iis very simply the sum of 
any proposed number [vi) of the roots of the given equaticju ; 
hut since there may be various combinations of m roots made 
from the n roots of the given equation, which combination or 
group of 7)1 roots is that jriven by the present rult'? The answer 
is annlf/ticallt/, it gives any i)ossil)le group of tlie m roots, but 
arithiiietically the m least; that it analytically giv»^ a!i\ j> obvions, 
since the resulting expression is manifestly a symmetrical func- 
tion of all tlie roots, and tlierefore cannot analytically represent 
any one coinbiuation of m roots more than any other. That it 
gives the sum of the m least roots nuiy l>e thus shewn. 

Sup|)ose, first, that the sum of two roots of the equation 
= 0 is obtanied by the present method, and thataj-f ac is the 
IMiticular combination which it gives. 




and takmg the log. of both sides, it is manifest that 
«! +4 + .>- On * coefficient of ^ in ~ L 
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Hence «i+ a. ^ coefficient of ^ in L 

Now ^iDce Of is a root, therefore <p{x) is of the form x-a,.Pi 



1 A P 

therefore a, -f ot^coefficient of" in-l.l-^-l> — 

se s it 

1 P 

^ai-ooelficieDt of i in t-r* 

1 P 

hot tiie coeflident of - in -1. — is Hie least root of the equation 

9 X 

P=0 (by Section 1). 

Hence must be the least of the quantities: u_, a,, 6tc. ; by 
similar proof a, must be the least of a,, a„ a^, &c. ; and therefore 

and a, are the two least of a,» a,, &c., that is, they are the 
two least roots. 

In the 'same manner if by the present m^od we get the som 
of three roots a,-f«,<i>as, then putting ^(«) -i^— ■!•«-«(. P", we 
have 

and taking the ooefficients of - at both sides by the theorems 
already established, we have 

a, +a5 + a, = a, +0; + leiist root ot' the equation ^ = 0; 
therefore is the least of the quantities a,, 44, 4^, Suu 
Similarly « m,, 9^, ««, fte. 

therefore a„ are the 3 least roots of the eqnatioD : thus it 
appears in general liiat tfiis method gives the sum of the ss least 
roots. 

roJL IV. MI. s 
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In comparingr thus the magnitade of tlie roots, we go oo tiie 

hypoUie.sis of their reality. When the roots are imaginary how- 
ever, a similar order may be supposed to subsist ; thus - a -h \/^ — b 

is a less nuinerical root than -a- v/^ - b (abstracting from the 

sign) when ^ > A, it holds therefore tiie same rank when ^ < ^ 

Since the whole theoiy of imaginary quantities results from 
an extension of the properties of real quimtities, we have this 
advantage resulting from the theoron above proved, that it esta^ 
blisbes an order when qoantities are some real and some ima- 
ginary— analogous to the relation of greater and less amongst real 
quantities. 

To find the si^ least root of a proposed equation ^ («) = 0. 
From the coefficient of z. in 1- subtract the coefficient of - 
in I. , the remainder will be the m*^ least root This theorem 

4 

is an immediate consequence of what has been already proved in 
this Section. 

To find the sum of any function J\a^) /{a^) &c. ol the m least 
roots. 

IVom m/{0) subtract the ^'ooeffident of | in /"(c).!.^^, 

the reujainder will be the reijuincl qiuiTility. 

The proof of this theorem is similar to that given tor a lunction 
of one root, it will be unneoesaary therefore to add it. 

To find die value of any fiinction of the least root. 
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VmA, by fhe last fheoran> the mm of the ▼alnea of ttat iitno- 
tion ibr tfie M least roots, and also tat the least roots, and 
take the diiiereiioe. 



SECTION IV. 

In this Section we shall make a few applications of the present 
method, to shew with what facility it gives various theorems of 
Analysis. 

Lagttmg«^9 TAeoiwm. 

Let s s a+ A^(s) to find/(2) any Amctkm of s; put %^9-¥a, 
the eqnatkm becomes 9^hP{a-k-»)\ to liiMl/<« + ay, apply the 
mle in Section (8). 

Hence 

/(») or /(» + «)«/(«)- coefficient of i in /-(a +«)!.( i-i^^) 

»/<a) + coefficient of \ in 

Now if \vt consider /(a + x)F(«+ r), f{a + ,r) F(a + x)*. &c. as so 
many separate functions of w + j, and expand them by Taylor's 
Theorem, it is visible that the above eqiiatioD becomes 

/(«) + hf («) . F(a) + *• . i TMf^' + l^ ^^rir - *>• 

1 . a 1*8.9 

88 
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Let «»i^(«-*-A^(s)} to find/(t). 

Put «««F^«'i-«t) the equatioD becomes v^k^.F{o + u\, to find 
/FCfl-i-M). or/(i) apply the rule in Section (8). 

Hence 

yX5)=//\a) _ ctvettieient of J in /'F(a + u)l 
(Hid expandinir the log. as in the last caae, it evidently gives 

A*^ -/^H") + hfF{a).it>F(tt) + ~{fF(a).jF'a)' + &c. 

HiiirmaHH\^ Theorem consists in this, that if x and u are two 
functions of s which vanish together, and JT any other function, 
then 

putting • and « « o after die differentiations. 

111 fact, if we form the equation u = hX"'', the value of m is 

coefficient of 7 in - 1.(1-*.— ); 
therefore coefficient of A"^' in « 

wilt n K is pot = 0 by Maclaurin. 

Put the same equation uuder tlie form 

then by Section (9) 

« or iJr**'- coefficient of i in x^\\ 
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coefficient oS Jlf** in m 

* coefficient of - in ^ . ~ — . — ^ — • f *1 

* coefficient of z""' in — === . ~j~ • (~) 

Equate this with the former valae and we get the above theorem. 

To find the sum of any function of the m least roots of the 
eonation 

(.-a)--A.F(«) 

M /(-i) +/(«.) + — .yto. 

Pat 

+ .*. = Ai''(a + «) 

to find 

/(a + /3.) +/(a + /3,) + &c. 

;3„ /3^, &c. h<?ing the m least values of we have, by Section d» tlie 
required sum 

- «/(«) - coefficient of \ in f{a + x) L ^1 - ^. ^(a + *)i : 

whence, if we expand the log. this becomes 



In this remarkable theorem if we put m»\ it becomes L^prange's; 
but if we pnt m « the dimensions of the equation, then die w 
least are in reality all the roots, so that Ais case corresponds to 
the theorem given by M. Caucfay in Vol. ix. Memoirs of die 
Institute. 
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Let us retake for a momeiit tbe same equatioii 

if we extract the root of both sides and suppose 1, p, i**— A""* 
to be the s^ roots of unify, we may form m difierait equations* 
viz. 



to each of these equations apply Lagrauge'.s Theorem to determine 
/(z), we thus jjet m values, viz. 

* 



/(»)-/(«)+/»— .'iV(«).^\a)- {/-(a) F{an+iui. 

Addhia: up atl these equations, and recollecting by flu- proper- 
ties of the roots of unity that tlieir miui, or the sum of any of 
their [lowers is (». except in the uase of the w/\ 2ot*, &c. [/(jwrrs, 
when the sum is we evidently get for tiie sunt of the functtou 
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of the fli roots precisely the same result as belbre obtained in 
p. 141. 

We see likewise from this, that if there is an equation of « 
dimensioiis, and we transpose the highest power, so as to pat 
the equation under tiie form « = «yP» then applying Lagrange's 
Theorem, to find and multiplyingr the finrt group of n terms by 

1, cot — + tJ — Im — » co» — + iJ — \ an — » «e. 

and the 2^, 3**, &c. grou[)s of « terms respectively by tin- same, 
we shall get a 2^ root of the equation, and multiplying them by 



we shall get a 3*^ root, and so on Ibr all the roots. 

Suppose a series is to be reverted, or an equation solved, such 
as s^=«— aiC^-OtX*, we can eanly express the law of the 
general terra in the value of tiius by Section I. 




. 4ir 
na — » 




therefore the general term of coefficient of - in 




Now 





^coefficient of o- in *"^.e"*'.6"*»**. Ac 



1.2... 



. » 



Hence the general term of ^"sooefficient of l.s...»'l ■ - in the fbl- 



lowing product, vie. 
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i.e. it^S 1'?*"?"^'^ '^ "^"^ sahject to the two conditions 

b^ + bi+ h,, Sic. = 7/, 

Wben to an eqnatkm F(«)aO we add a very small term e,^{^ 
what is the comqMNidiiig oonrectkHi to be a^ied to the root! 
The root of F(«)«0» 

is the coefficient of - in - 1. 

and the root of F{x)+e(p{x) = 0 

is the coeffident of ; in -1. + 
theretCH'e Uie mciement of tlie root 

•ooeffident of - in — 1. + + 1. ~ 

= coefficient of ^ in 1. |l + 

> coefficient of - in *'ti!fl 

when «^{x) is supposed to be very small. 

Cor. When the proposed equation is s^a +/(*)> which by 
adding an additional small term, becomes 

««o+/(t) + e0(a!), 
the correction to be applied to the root is 
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To find the value of the etwr oranniittod when we stop at 
the a*^ term of Lagrange's 

It' we pursue the same method as that used at the beginuiuK 
ot" this Section, we get the required error 

-coefficient of ^ in -=^^^^ — :/'(«+«).F<a+S»*' 

=coefficient of 1 iufia^x) ^{^i^^)" \ -L^ 

^coefficient of ^ io/ (a+jr). jf |(^^^^)"*'.*' 

the integral commencing from A»0. 

But the {tart under the sign of integration may be summed, 
and 

therdore the error = coefficient of aF-^ in 

to be calcttlaled hy I>efinite fotegralfl» in the next Section. 
Fol. IV. ML T 
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SECTION V. 

Let F(a) be any fimcfion of contamii^ oaly mt^per 
powers of positive, or negative ; as 

* ^ \. 

Put e* for 9, multiply then by c* and integnite with respect to B, 
we thus obtein 

Jf^i*'(e').€*= const. +^e' + + -j- + &c. 

+ b.e-ce-'- &C. 

All the terms in this result, except b,0 and the const, are cir- 
Gulatingr or periodical terms; i.e. if we give B the series of iraar- 
ginary valnes comprised in die Ibrmola B -f- »»y^-li$ then for any * 
two values of a, which difler by {ir) a whole circumferenee, 
tfiese terms have precisely the same valne, but the term h.e be- 
comes %9h,J^ between the above limits: thus it appears Aat 
the coefficient of the first negative power of « in 

the integral being taken throogb one entire circulation, i. e. from 
B to B^%wJ~-i. 

Restore now for «* its value x; dien j(F(€*).c* becomes jtF(«) 
which by actual integmtion is 
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And the limitinsr values of x, whirh correspond to the former 
limits of 0 are e", and t***'*^'. both of whii h ;ii< equal. But the 
integi'al does not vanish, thoutrh the niimtrical valiies of the 
limits are equal ; for it has been above shewn to be equal to 
ivb -1, which may be easily explained ; thus, 

As or between limits 

Similariy between limits a«o» &». 

but h\,x between limits-A 1. 1. «• 

though, therefore, the quantity under the transoendent sign of 
log^. is the same, at both the limits of the int^ral: yet, if we 
sappose « to droilate through a series of values, until it again 
arrives at the value from whieh it set out, we must then make 
use of the mnltiplicity of the values of the log. («). (which are all 
included under the form imit»/^ + real log. m) by giving to it» 
at its limit, that value it acquires by one circniatimi, namely 
««'>/^+re8l log. («), 

It is the same, with other transcendent functions arising from 
integration, and possessing the character of having an infinity of 
values in arithmetical progression: as sin~' (x), tan~'(<r), &c.: 
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ike common H^etenee of flutt pt^rotnon to ike giHmlti^ £|f 
wkieh iheif alier tkrot^ one dreuUiHon ; which is tiierefere 



2 IT for sin"' (j) ; «■ loi Uu ' x, and 2ir T for log (x) ; 

if then at the limits of an int^pml, the quantity under any uf 
these signs should be the same ; and if x has been supposed to 
have passed through one circulatioD, from its leaving a certain 
limit, until it has returned to the same, then for the correspond- 
in? pnrt of the definite integral, we evidently must not put 0, 
but the GCNnmon difierenoe of the above-muned progresaimi. 

dx 

Thus, in (indinff the area of a circle f , taken from 

x = l until J" = 1 after one circulation, the value is sin"Ml)- 
sin~'(i), but the former must be manifestly understood to exceed 
the latter by 2ir. 

If this distinction be attended to, there will arise no difficultjr, 
in calculating the values of terms of this nature when they enter 
definite integrals, as they frequently do ; we have also here the 
advantage of seeing the analytical use of the mnlti^icity of the 
values of these kind of functions. 

It has been proved, (p. 146), that the coeiBcient of the first 
negative power of « in F{x) u equal to j(F(t*).«*, taken from 0 to 

» + Stt V' ^ or through one ciieulation. Applying this to the 
theorems given in the former Sectimis, we get the following 

results. 

If <p(i) ^0 he any equation containing only positive and in- 
teger powers of X, then 



Sirv'-lx the least root = - /g eM. {0(e»).c-*? 
iwy/'^x the sum of si least roots B.j^e'Li^lc'). 
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Similarly, av^-l x any fhnction /(«) of the least root is 

and s IT 1 X the sum of that fanction of the m least roots is 

the integrals, in all these cases, being taken from 6 to d + 2w ^ - 1, 
or tlirou^ one circulation of ;r. If the functions /(x) and ^(x) 
contain negative or fractional powers of 9f we must put x^o+k, 
and proceed with » as the unknown quantity. 

In like manner the error made by stopping at the a^ term of 
Lagrange's series given in p. 14&. 

the integral with resix'ct to h commencing when // = 0. 
With one application we shall terminate this Section. 
Let + az + bstO, to find «. 

Sir X root Jt «• 1. («» + « + »«-•) 

Now evidently vanishes between limits; 
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or Sir ^/^T. root 




= + constant. 



and taking these tnuucenUent functioiu) (which enter directly by 
integnttkm) firom 9 to tf+8tr^-l, the expresnons ander them do 
not alter at these limits^ and thei^ore, by the preceding remacfcs, 
the value of 



It need scarcely be added, that this instance is only brought as 
an illustration of the operation. 

The method, here adopted, for finding the coefficient of the 
first negative power of in any fiinction of «; on which the 
value of the root of an equation has been made to depend, way 
chosen, as leading to the preceding remarks on ]>efinite Inte- 
grals: the application of ddier Parseval's Method, or of a theorem 
given in my former paper, en DqfitUe hUegrah ; (Vid. OmMdge 
f\ranaaeikmt Vol. iii. p. 437) to the theorems established in the 
first 4 Sections, would have sufficed to give other analytical ex- 
pressions, for the roots of equations, &c. also, in Definite Integrals. 



the lof^. between limits is Sir«/^ 




of tan'* 
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SECTION VI. 

We shall here add a few theoreiDa» connected wHfa the present 
snltiect 

limits, wiUdb sere ike iwo roots of given equoHom; to Moiker, m 
wkkk the imUs are luunDu ^uuUUies. 

SnpfNMe ^(«) = Ob F(s) ^ o are the two equations, the roots oi 
which, are to be the liraits of 1he^/(«); and lint let us. oonsider 
the value of this hitegral, taken from « to « « die root of the 
equation ^(«) « 0; this value is a certain iunetioa of tiiat roeit'; 

and is therefore, by Section (2), = coefficient of - , in - 1. 

multiplied by the derived function, namely, by /(x); and apply- 
ing^ the theorems given in Section 5, it follows that, is 

the linuts heinip 0 and %w»/^, 

Similariy, /»/(*) from « « o to « « root of <= o 

between same limits. 

Hence, if we subtract, we get X,/{x) between the two pro- 
posed limits, viz. 

r €'.f{€^) , Fie") 50 = 0 

the forms of the functimis beii^f such as ^diose ahwady notieed. 
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In maDjr instances we ha^e had occasion to take the coelficieDt 

of ^ in or which is tiie same, the term independent of x in 

ji/{x), there may easily be olitained several theorems, lur facili- 
tating the research of this quantity, the follow ihl": may perhaps, 
from the elegance of its form, be not deemed unworthy of notice, 
viz. 

The term independent of x \a ^{x 

* being put»l in tiie series. 

For ^(«) may be represented by S^^.x", the symbol z, denoting 
due atom with respect to «» 

Hence ^ (« - ^) = 2a,. - ^ . 

Bnt(*-i}"=(i-iy.(i+*)f; 
the part <tf which, independent of is 

« . M— 1\- 



snpposing « to be pnt^i, after the diflferentiationa are performed. 

Multiply by and take the S with respect to a; observing, 
generally, that 

djr " ' 

and we obtain the proposed theorem. 
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In conduding dieae few obserratioiM od Algiebra, we nay 
observe, that in wbatevo' department of Analysis we seek prin- 
ciples, simple in their announcement, and general in their appli- 
cations; 80 fer as we succeed, someliiing uselnl is acquired for 
analysis, nor can «iy Inandi of Mathematicg» however humble, 
be deemed unworthy of cultivation in this way* and it is with 
diis view that the Author has presented Hm Essay to die 
Society. 

ROBERT MURPHY. 

Caius Collbob, 
liarek, 1831. 
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V. MatheintUical E^vposUion of some of tiie Leading 
Doctrines in Mr. Ricardo*s "Prme^dea ^ PoUticai 
Economy and Taxaium.^ 

By the Hev. W. WHEWELL, A.M. 

[BchI ApiU 18. and Mag 9, IBSl^ 

1. Among a number of those who have recently cultivated 
the study of PditiGal Economy^ an opinion appeais to prevail 
that, by the labours of Mr. Ricaido and his followeni. a lange 
mass of our knowledge on this saltiest has been reduced to the 
form of a series of exact logical deductions iW»m a lew simple 
and evident principles. If Hiis were really Ihe case— if the fon- 
damental principles were completely enumerated and clearly esta- 
blished, and if their consequences were truly and fiilly traced— 
this branch of knowledge might rightly be considered as having 
assumed an exact and scientific character. My present purpose 
is not to examine how far these claims are well founded; but to 
shew in what manner those portions of Ihe speculaiions here re- 
ferred to, which pretend to such a scientific farm, may be ad- 
vantageously submitted to mathenmtical investigation. I have 
already, in a fiyrmer communicalion, observed that when our ob- 
ject is to deduce the results of a few foecise vod univeiwl prin- 
ciple^ mothematica] processes oiler to ns both the readiest and 
safest method; sinee by them we can most easily overcome all the 

u8 
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difficulties and perpledties which may occur in consequence of 
any complexity in the line of deduction, and UFB secuve iVom any 
risk of vitiating the conrse of our reasoning by tacit assumptions 
or unsteady applications of our original principles. Perhaps it 
might not be difficult to shew that in several speculations on these 
subjects, such errofs have not been altogether avoided. And there 
is probably a conndenible class of readers who will find tiie doc- 
trines of Political Economy, when put in a matheniatical shape, 
more dear, compendious, and manageable than in the works to 
which I refer. I may add also, that die mathematical formulae 
which I shall obtain, will be, at the same time, both much more 
exact and mudi more general than tiie numerical examples in 
whidi writCTS on the solgect are in the habit of embodying and 
illostrating thdr Reasonings. 

2. I have said that the doctrines of Political Econumy liave 
been suj^posed to be reduced to a few simple fimdamental prin- 
ciples; and my business will be to state these principles and 
to trace tfieir consequences. The mathematical investigation pro- 
ceeds from these prindples as postulates, and has no concern 
with tiwir truth or lalsehood. To extricate sach principles fiom 
die mass of facts which observation of the world and of oursdves 
teaches us,— to establish the r^ity, number, and limiti of such 
la(W»,— tiieae are offices which belong to a branch of phiiosopliy 
altogetiier different from that with which the mathematidan, in 
the proper sense of the iiauiu, has to deal. Such a task is far 
from beinar either short or easy ; and it would be very liasty to 
take for ^'ranted that it is already completed, or even tliat any 
considerable portion of it is {>erfunued- For my own [r.ut, I do 
not conceive that we are at all justified in asserting the puiici- 
ples wliich form tiie basis of Mr. Ricardo's system, eitlier to be 
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steady and universal in their operation, or to be of such paT»- 
moant and predominant influence, diat other principles, which 
oppose and control them, may be n^ected in comparison. 
Some of them appear to be absolutely folse in general, and others 
to be inapplicable in almost all particular caaeft. Perhaps, how* 
ever, to trace their consequences may be one of the most obviouit 
modes of verifying or correcting them. 

I proceed now to enumerate the Postulates which seem to 
Ibrm die foundations of Mr. Ricardo's doclrines: and 1 shall 
point out at the same time the manner in which they may be 
mathematically expressed and treated. 

I. Poaiulate of Rent. 

3. In the system now before us, agriculture is considered as 
an employment nS capital ; and the former as a person who lives 
on his im»fits, and who can and will remove his capital to another 
employment, if his profits can be so increased, or so prevented 
from foiling. Hence the former will not consent to make less than 
the average rate of profits ; also, competition will not allow him 
to make more: and therefore the excess of the produce of tiie land 
above that amount which is necessary to realize such profits, will 
be transferred to Ae landlord as tent. Hence, on tliese supposi- 
tions, rent is the excess of the produce of c apital employed on 
land, above the produce of flie same capital otht i wise employed. 

It is also supposed that there are soils of dilierent degrees of 
fertility, which form a continuous decreasing series: and that the 
lowest degree of fertility on which the cultivator c^n obtain a 
living profit without paying rent, will be cultivated. 

It is also supposed that there are modes of employing, on the 
f^iiie lan4, snoc^ye quantities on. 4fis^ of capital, and that 



uiyiiizcQ by LiOOQle 



4 



158 PROFBdsoR WuEWELL on the 

each sucoessive dose must univarmlly obtain a propoitioiiaUj 
•vmaller return than the precedinep. 

Of these hypotheses, the first is generally allowed to be ap- 
proximately verified in England: though even here, the rdnctanoe, 
diflicully and loss which accompany the transfer of fenning capi- 
tal to oth«r employments, <he moral and social ties whidi connect 
the landlord and tenant, and the numbers of cases in which the 
cultivator does not live on profits only, very much limit the 
generality, and obstruct and extend Hie manifestation of the naked 
principle thus asserted. And, taking Hie wwld at large, it has 
been diewn, in the admirable work of Mr. Jones, that this view 
and measure of rents is entirely inapplicable, and that none of 
the suppositions on which it proceeds have the slightest resem- 
blance to the actual state of things. It is to be recollected tiiere^ 
lore, that whenever the postulate of rent is introdoced, the appli^ 
cation of our reasonings can only he made to cases farmer's retUt : 
and that all countries in which eerft nuiager, rgot or calHer 
rents, or cnlfiiw^or^profyrwfors prevail, that is 90 hundredths of 
the cultivated globe, are to be excluded irom our conclusions. 

The existence of a limiting soil, or of a soil cultivated but 
paying no rent, is not necessarily implied in the measure of 
rent just mentioned. The tact that there are soils approaching 
nearly to this limit may however be conceded, and will not, in 
most cases, much afiect the conclusion. On this supposition, 
rent is the excess of the produce of the soil over that of an 
equal portion of Ihe limiting soil. 

The third soppositioni that each sucoessive dote of capital 
must procure a proportionally smaller return, appears to be, as 
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Mr. Jones has olworved, an ■ssaniplioii withoat any « pricri 
Aundalion whatever, and not at all oonaislait with the . known 
history of agricultore. 

Let r be the namber of qumien ^eorm, grown on an acre 
of land, p Ike price of a quarter in powMfe, c the capital em- 
ployed on one acre, including wages; d the sum requisite to re- 
place e with tiie osnai profit: then we have, the money rent of 
one acre =pr - d. 

If r. be the produce of llie limiting soil, pr^-d^Q; and 
rent of one aere ^'pr — pr^ 

Since e is the whole capital employed on an acre, it is the 
snm of all the doses up to the last. 

Instead of a quarter, of corn, a jtound, an acre, we may take 
any other unit of produce, price, and land. 

II. Pwhdaie of Wages. 

4. Mr. Ricardo assumes that the natural rate of wages is 
invariable; that is, that the labourer's command of food an<I 
other necessaries is never permanently augmented or diminished. 
Hence, if the price of com (or whatever is the main article «>• 
food) rises or fallf;, a rise or fall in wages shortly follows and 
compensntes this charge. 

This opinion iS' supposed to be e<;tablisljed by the ascertained 
laws of the progress of populaUon. It is conceived that if the 
demand for labOttr>. and consequently the reward of it, is di- 
minished, the encouragement to population being thus weakened 
a retarda^OD in its advnnce will occur, which wiUt after a certain 
period, restore the original standard of wages: and that these 
etfects. inverted will occur in the case of an increase of wages. 
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Tlie trutli of such a pro|K)Sitiou is repealeiily taken for granted 
by Mr. Ricanlo {'id erf. p. 88. 95. 118. 173, &c.). and is employed 
by hiui as a kadinu: stop in several ot" his reasonings. It would 
seem however tliat the assumption of sneh a necessary and uni- 
versal optratiim of wages upon population, is entirely irratnitons 
and unfoundetl, and that we have not tlie slis^litest ground for 
a.s.serting this to Ije the law of such changes, any more than any 
other law arliitrarily assiinK'd 

We might for instance assume that a rise of wag«?, by im- 
proving the chance of the labourer to make '^orne .^ving, will 
increase his prudenee and self-control, and thus diminish the 
rate at which population increases. Without asserting this to l>e 
more certainly true than the opposite po'^tnlate, that a rise of 
waires nrcelei iiTr V the rate of increase, we may with reason main- 
tain it to be as certainly true in some cases: and this is quite 
enough to shew the baselessness of Mr. Ricardo's postulate as a 
general law. 

If the laliourers of any country were jilaced at the bare limit 
of [KJssible sal)si.stence, and under a complete privation of pru- 
dential I i^tnviiit ; — so that nothing; could be taken away from 
their ineans without <lestroyins: them by want, nor any thint? 
added, without beinu: '-[in Hily absorbed ])y an in* i< ;isi <i1 their 
numbers; — on .such a sui)|Misition their condition inejht 1)^ con- 
sidered as fixed ; and tlie postulate might be conceded. And 
sfnne such supiiosition, suggested l)y erroneous views of tlie laws 
of population, appears to have led to the assumption before us. 

Tliis supposition however doe-s not, it is to he hoped, repre- 
sent the condition of any country. It certanily bears no resem- 
blance to that of our own. If we compare the Knglish lalmiirer 
with the labourer of France, Ireland, or India, we readily per- 
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odve how ftr he is above fhe point we have described, to which 
indeed none even of the others can be said to approximate. To 
consider die Englidi labourer as possessed of mere necessaries, in 
die severest sense of the word, woold th«[«fi»re be an obvious 
and glarinir tUsify. . Hence Mr. Ricardo found it convenient to 
tske^ not the necessary, but the haHhuii subsistence of the la- 
bourer as the permanent standard of wages (p. 91. 05). Tlie 
assnmptiott however that the AoWisof the labourers cannot change 
from period to pmod, so as to accommodate themselves to dif- 
ferent amounts of real wages, appears to be quite unsupported 1^ 
reason, and in direct cmtradiction of alt known histoiy. Hie 
habitual necessaries and comforts of the labourer may, and do, 
undeigo changes simultaneous and co-ordinate wifli diose of the 
population. Any attempt therefore to derive the fluctuations of 
the latter, by supposing the former invariable, is utterly visionary 
and nnphilosopbical. 

To obtain such principles as may truly indicate to us the 
manner in whidi alterations of wages do really operate upon the 
halnte and numbers of die labourers, is an olgect of great in- 
terest and hnportanoe, and one in whidi, Ihongh some progress 
has been made, much is yet to be d<me. It se«ns litfle likdy 
that any one general law, free from all control of time, place 
and drcomstance, will be found of any real use or value. 

We may indeed notice, in order to avoid, the propensity of 
the speculative powers of die haman.mind to rush forwards and 
to endeavour to seise on such a general law. The profossedly 
hypodietical stetement <rf a geometrical progression of population, 
and an aridimetical progression of subsistence, made by Mr. Mai- 
thus for the purpose of introducing his views, has been for more 
fieqnendy quoted, than many of the most valuable views of that 

ra. TV. poft I. X 
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eminent philosopher. And if it were to be maintuned, for in- 
gtance, that the rate of increase varies inversely as the existing 
population of a given district, or if any other mathematical law 
were aaiierted; though the probabilities against it would be so 
strong; as only to be surmountable an enormons mass of 
evidence; the law it<«1f might easily be made, to attract notice 
with the pretensions of a discovery. 

The following is the manner in which the Postulate now 
under notice is introduced into calculation. 

Let w be the wages of a labourer for one yeoTt when the priise 
of com is jtr. Let a ftw^aumf of the ]abourer*8 wages be ex- 
pended in com (or other necessary food), and the remaining imo> 
tion 1 -/ in other commodities which do not rise in price with 
com. Now let the price of com become p Then the ex- 

penditure of the labourer will be {\+x)fw for com, and (1— Z)** 
as before^ for other things. Therefore the whole wages are now 

- (1 + x)fw + (1 -/) « = (1 +/*) »• 

m. PotiMe of Ptke, 

6. The exchangeable value of a commodity depends solely 
upon the relative quantity of labour necessary for its production. 
Or, in other words, articles whi^ require for their production 
equal quantities of labour will exchange for eadi other. 

It is not difficult to shew tiiat dl exchangeable value has its 
smiFee in human labour; and that this is true of raw product 
no less dian of manu&ctnred goods. Mr. Ricardo's principle 
goes further, and asserts that the exchangeable value is in pro- 
]>ortion to the quanl^ of the labour necessarily employed, with- 
out any regard to the wages which have been pood; the capital 
by which the labour is aided being however estimated as part of 
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die requisite labour: and the inrofits ui)on fhis ca|iifal lienigr al- 
lowed in tlie oBiial manner 

This measDie of exdiangeable valne is to be vndentood as 
applicabie only in Hie long run, and as ike regulating and limit- 
ing principle of wbat may be called the natural jirtee. Under 
this restriction its trufli depends on the consideration, that if 
this were not the law of «cchange, some labour would be better 
rewarded ^n some other, and hence the equilibrium would be 
restored by a tnuulier of labourers to the fitTOured employment 
The pnndple therefiwe is trne so ftr as the possibility and ope- 
ration of such a transfer «ctends; Hiat is» it is true of prices in 
the same country, and so &r as die labour whicii is embodied 
in die commoditf is, from conditions of time and place, witiiin 
the reach of this competition. 

Tliat some kinds of laboar are more highly paid than others 
does not vitiate this principle; for tliey are so in virtue of the 
education required, die skill of the labonro', or the intflisity ot 
the labour (Ate. p- 11). And the tendencies which distribote die 
numbers and rewards of labourers in di^rent employments, may 
be supposed to have reached dieir eqmUbriumi so ftat a dmnge 
in the quandty of laboor required can atone alfect die price. 

The principle thus enuntiatod k sometimes exprmsed by say- 
ing, that the price must be sudb as to pay the cost of prodncK 
tion with i^fits. 

This noiwial priee may often be difierent from the market 
price, which is aftcted by anodier principle, that wpply and 
dtmoMd, According to the principle of supply and demand, the 
price increases by an increase of Ae demand, or by a diminu- 
tion of the supply, and vioe sersa. Tlie exact law which con- 
nects these dmnges of price widi those of supply and demand, 

zS 
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has not been aaoortained wiA any precUion, and is probably 
very diiferant in diffbvnt cases. When it is neoessaiy to intro- 
duce it into flie calcnlation, I shaJl suppose (as in a former Me- 
moir) that the increase of price is proportionally greater tiian fkt 
diminution of supply. 

The principle of supply and demand effects the mwrkei priee 
immediately and at once. If the maricet price rise, the supply 
is increased, and tiie price thus linn^ht down, and in this man- 
ner the market price gravitates to flie natonl or remuneratiny 
price, which is die standard in the long ron. 

Let a capital e prodnce r onits of a commodity, p being the 
price of one unit Let ft be the return which is annually neoca* 
sBiy to r^lace the ctrculating part of tiie capita) e and the wear 
and tear of the fixed part: and let 7 be the rate of profit. Then 
prs^h+y«, is the equMion which determines 

Also if fhe supply diminish in the ratio 1 : 1— y, the price 
increases in the ratio 1 : 1 -i- «y : (« being greater than 1). 

IV. I^f$tulaie of Bn^. 

6. Profits are entirely regulated by Wages. 

Wages and Price being determined by the two preceding pos- 
tulates, and the power of production of a given capital being given, 
die pn^t left for the capitalist is necessarily determined, being 
Aat portion of the surplus return which is not absorbed by 
wages. In this manner profits appear to be an entirely passive 
portion of the prodnce: and when Ihey ftll, flie capitalist has no 
remedy in any possibility of raising pricey or otherwise compen^ 
sating his loss. 

This is true so hmg as we suppose capital confined to one 
countiy. When, however, profits ftll below a certain point, the 
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capitalut will eidier eeaae to retain bis capital in its office, iand 
will convert a portion of it into expenditure: or he wiH transfer 
it to some other cmintry where profits are higgler. This resoaroe 
is one which, tfaoagh probabty not called into action by a diflfer- 
ence of one or two per cent between domestks and foreign pro- 
fits, will nndonbtedly become very active and inflnential, if the 
diffinence dnnild go mnch fiirflier, and will operate by dimi- 
nbhing flie supply of tiie capital at home, till profits become of 
soch a magnitade as to be a snffidoit indnoonent to the em- 
ployment of capital at home. 

I shall suppose 7 to rt'i)roseiit the profit 011 £l; so tliat if 
protits be 10 per cent, y is or=, li if 15 per cent, 7=»15; 

if M per cent, A The rate of profit will be 100 y per cent. 

V. PMuia^ of Eqm^rmm, 

7. In the reasonings which we have to follow, the principles 
which we have stated are supposed to be carried into complete ojje- 
ration, and commodities to be distributed accurdiug to the laws 
to which those principles give rise. Thus the rate of profits of 
agriculture and of other employments are assumed to be equal, 
it being supposed that eapitiU is tranferred from one employment 
to another, till such an eqnilibrinm is procluccd : though this is 
a process which manifestly would require a considerable time, 
and would never be completely performed. In the same man- 
ner, assuniintr the postulate of wages (which as 1 ijave said is 
perfectly gratuitous) it is clear that the changes of population 
which it supposes would require for their accomplishment a 
considerable course of years, during which new causes and cir- 
cumstances might come into action, so as entirely to modify the 
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ragalt, even if the tendency of Ae original canse had been rigbfly 
Ktated. In libe postolale of price, it lias already been noticed, 
that the market ivrioe, detennined by the immediate action of 
demand and supply, may be veiy different ftom the natnial 
price, determined, according to the postulate, by the cost of pro- 
duction : this latter price being however that under which the eqni- 
librinm obtains, and. to which the other perpetually bends. 

Supponi^ the preceding postulates true, the problems in whidi 
they are applied are much simplified by assuming such an equili- 
brium to obtain : but along with this simplification we incur a ne- 
cessaiy and perpetual, and, it may be, a vety comriderable deviation 
finnn the drcumstanoes of actual fiict. In reality, this equilibrium 
is nev«r attained: probably in most cases it is never approxi- 
mated to. There is a constant tendency towards the state of 
things in which the elements of wealth are in this exact balance, 
but this is a tenden<9 like that which the waters at the souixw 
of a river have to descend towards its month. We cannot ftom 
Midi a tenden<7 infer fliat the whole course of a river is at 
the same level; and just as litde may we flatter onnelves that 
we 'have solved the problem of the oounse and distribution of 
the current of wealth, when we have combined flie laws acoordii^ 
to which an exact balance might be produced. 

We are to recollect therefore, that even if oor prindples 
were exact, deductions from them made according to the meth<id 
we are now fitllowing, would give us only a ftint and distant 
resemblance of the state of tilings prudnced by the perpetual 
struggle and conflict of such prindples with variable drcum- 
stances. Such deductions however would probably have some 
resemblance, in the general outline of thdr result^ to the true 
state «^ tilings. They would offer to us a fim app/n^mailum: 
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and in difficult ixrobleiDs of physi^ it is preoisely by audi a 
aunplification as this, that a first approximation is obtained. 
Thus in the investigatioa of the problem of Ihe tides* we have 
a .veiy oomplex case of flie moHtm of a fluid: but Newton's 
mode iof treating the question was» to consider what would be 
the form of agfatltMini of tibe ocean, acted upon by the forces 
whidi produce the tides: and this solution of the problem, though 
necessarily inexact, was accepted tiie best which could easily 
be obtained* The investigations of Laplace and othen who have 
noce treated the problem on its. true grounds, as a question of 
hydrodynamics, have shewn tiiat Newton's solution expltuns irighfly 
the main features of the pboiomenon. 

In order however that aolntions of tiiis nature may have any 
valnCi it is requisite that the principles, of which we estimate 
tiie operation, should include tfll the predammami causes which 
really influence the result. We necessarily r^eet some of the 
carcumstanoes and tendencies which really exist: but we can do 
this with propriety, only when the eflects of these latter agents 
are, fiwm their small amount or short duration, inconsiderable 
modiflcationB only of the general results. The quantities which 
we neglect must be of an inferior order to those which we take 
into account ; otherwise we obtain no approximation at all. We 
may with some utility make tbe theory of tiie Udea a question 
of eqnililmum, but our labour would be utteriy misspent if 
we riiould attempt to consider on such principles tiie tiieory of 
uMwes. 

It appears to be by no means clear that the irregular fluctu- 
ations and transitory currents by which the elements of wealth 
seek thehf natural level may be neglected in the investigation of 
the primary laws of their 'distribution. It is not diflicult to con- 
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oeive fbat the fnequalities tmd tiansfos produced by ffae tem- 
poniy and incomplete action of 4ie equalizing caoses, may be 
of eqnal magnitude and consequence with these ultimate and 
complete changes by which the general tendency of such caoses 
is manifested. A panic may produce ivsults as wide and as im- 
portant as a general &I1 of profits. 

Of this source of uncertainty in the value of such results as I 
shall have to obtain, I cannot pretend to determine the extent 
But independently of this consideration^ the postulates above 
stated are so fiir ftom being adequate properly to represent die 
genersl Acts, that we can hardly look for any aooordance 
between the calculated and the observed ^cts. To consider, 
for instance, Hhe tendency of mankind to increase their numbers 
as a universal and inevitable law, and to leave out of consider- 
ation tiie co-ordinate and . antagonbt tendency by which, ik^ 
endeavour to preserve and increase thedr comforts, is to. insure a 
total dissimilarity between our theory and the actual state of 
things. 

. The postulate of equilibrium is introduced to our calculations 
by the process of putting the other postulates into the form of 
equoHona. Hie values of die quantities involved are hy this 
means detei-mined accordii^; to the condition of the equilibrium 
of our principles above stated. 

8. I will now mention the sreneral problems which it appears 
to have been the oligect of Mr. Ricardo's work to solve; and I 
will afterwards proceed to obtain mathematical solutions of them 
on liis principles. 

If we suppose the population of a countiy to go on increasing, 
and the powers of agriculture to remain stationary, it will, in order 
that the increased nnmliers may be provided with subsisteaoe, be 
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nedeaaury Utat num and mora capital and labour thonld be ap- 
plied to die tadk of rainng ^lod. If we suppose tbese to be em- 
ployed on new land^ move and more land will be penpetnally 
cuHiTatod : and if we make tiie sappoeition already moationed, 
tiiat Uie land of the country connsto of a ]^!ogre88i«m of soils of 
decrearing fertilityj eacli new soil cultivated, will yield a leas nir- 
plas produce to the labour employed upon it 

This increase of population, and consequent extension of agri- 
cultoral labour to less productive soils* Mr. Rmndo conceived to 
have been the progress of things in fliis country: and apparentiy 
he conceived it also to be the necessary and univosal progress of 
nations. On tiiis supposition his fimt main problem was to trace 
die distribution of the various portions of the produce, as wages, 
rent, and pn^ts, whidi takes place in the course of Ikls progress. 

That this has been the course of e^te in England seems to 
be deaily and demonstrsUy fidse. After Mr. Jones^ reasonings 
(Essay, chap. vii. sect 6.), I do not conceive that any doubt 
can remain on the snlgect. And it is remariuMe that Mr. Ri- 
cardo's error in this iustonoe is not a mistaken assumption of 
principles, but it is a defect in his deduction from his piindples, 
a part of his task which is generally supposed to be unexoep- 
tioimble. The error resides in his having neglected altogether die 
effects of an increase in the power of argricultnre, whidi, in Eng- 
land, has been a change at least as important and as marked, as 
the increase in the population. Tliis being the case, it is evident 
diat the whole of his assumption of die natare of the econo- 
mical progress of this conntiy, and the views of the distribution 
of wealth arising fiom this assumption, must fell to die gnuund. 
it may however still be curious to see the exact consequences of 
the assumptions now referred to; and moreover, our fimnnlie 
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will be applicaUe widi no great modificatioD, to the caae in which 
die po«ren of prodQctioii are nipposed to have increased. 

Mr. Ricardo's iHhisr problenui are these. 

In the coaTM ni the progress of things above described, taxes 
being levied on any portion of ttie wealth of the country (as 
wages, reats» land, profits, kc.) to determine their ultimate md^ 
dence and conseqncDces. 

Mr. Ricardo has also coosidoed some of the questions con- 
nected with the sntgect of foreign trade and the varying value 
of money, which I dwdl afterwards endeavour to state. 

FiiOGR£SSIV£ DISTRIBUTION OF PRODUCE. 

* 

9. Let the following notation be cmfdoyed ; 
r » the produce on one acre, p^lke price of one quarter, c the 
capital on one acre, 7 tbe mte of profit on £l, / the number 
of labouren employed en nmt acre, (including the labour requisite 
Id replace tbe waste of fixed capita]) w tiie wages of labour. 

The value of the vetam on one acre is pr, of whidi the 
labourers' portion is Iw, and the capitalist's is y«i hence by 
Post I. pr-lw-ye is the rent On the limiting soil this gives 
pr^lw+ye. Now suppose prices to rise toff, and cultivation to 
be pushed upon a worse limiting soil, on whidi the produce is f', 
the capital tf, and the labonreis Hence pV^in^+y'^* And 
in this case the rent on one acre of the former limiting soil be- 
comes ffr-M'-y'e, 

The increase of ^oe is supposed to be in proportion to the 
increase labour requisite to prs^ce the same quantity of com 
(see Post III). The whple price pr was» in the firrt instance, 
paid for the result of the labour h the whole price jff is after- 
wards paid for the result of tiie labour /$ tfaerefoie prijff'titii. 
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j»ysstw'+y'€^; whence •y'- ^*^^^*' -* 

or siDce pr'l=prl, yts^ — 

Hence 7'€«(pr-/iiO py. 
Let the price incraue^ so that then (Poet ii.) 

let pr^nlw. Tbed we have» fiur one acre of the fint eoil, 
after the second is ciiltimted» 

Wages +/r) Iw. 

= (»— 1 —/x) Iw ^ , 

These are die amoants in money. The amounts of these 
quantities in com will be found 1^ dividing eaeh by tiie price 

If we suppose the capital on an acre of ffn; new soil to be 
greater in proportion as the labour employed upon it is less, we 
have el' =4/1: and in this case, for one acre. 

Wag«s-a 
Bent ^nxim. 
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T\]v aiiioiait of capital labour whicli will be employed ou 
an acre of the new sud will ilepeud uj>on its agricultural consti- 
tution. The farmer will fix upon such quantities as give him the 
most profitable returns. 



In the case supposed by Mr. Ricardo, p. 115, f=l, & = c. Hence 
the la-st lurniula' aj)ply; aod we have tor the portions of tlie 
value of tiie produce 









at first, piioe^jDv 0 


(ii-l)/«r 


I» 


aAerwapds, price nxiw 




(1 


iractioDS of the whole ^-jp^ 




l+fx 
a(l+«) 


the whole produce is, in the first case, in money pr or nlw, and 


in corn r: in the second case it is in money p'r 


or (l+4r)ji/lP, 


and in com r, as before. 






We bad y-. iELs^: 


similarly y - 


i 




n-l eT 




In the case taken by Hr. Rica 


■do, as before. 


tt^n Also 



therefore V« ^ x ,16-,159. 

From liiese forniula» we may obtain the numerical results 
which Mr. iiicardo ha.s given at p. 115. (See also pp. 7.*>. ps. &c.). 
He supposes r to be 180 and r' to be successively 170, 160, IM, 

140; / is |. A1so» in the examples given, a* 8. If we make, 

fiir instance, r'^ 150, we bave 

180 1 , /, 1 \ 
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and the three fractions of the whole are 1, ^, The whole 

D so so 

beiDg 180« these are 30, 9^ 55 as in Mr. Ricardo'a example. Also 
tbe price is ^» where j»»£4: wbenoe the money value is easily 
calcalaied. 

Since the suras paid as wages and the rate of wages dilfer 
at tiie .two periods, the capital employed will diflfer. If, how- 
ever, we suppose the vidne of die capital the same at tiie two 

n — 1 — 

periods, the rate ot profit is altered in the proportion — • 

If the caintal be supposed to be am u uitural produce and con- 
sequently its value to partake of the increase of ])nces, profits 

woald be diminidied in Ifae pnmortion y *~Ji7/^ Compare 

(« — I) (1 + «) 

Ricardo, p. 116. 

PRICES. 

11. In die above example, Art. 9, the price of com is sop- 
posed to depend entirely on the labour directly employed to 
produce it This is Mr. Ricardo's mode of treating the sub- 
ject. It is, however, somewhat ioaocnrate according to his own 
principles: for in applying die postulate of price, we are to take 
into account the capital employed as well as the labour. 

In consequence of this connderotioo, the prices of commodities 
will be eflfected by the iwvqpiNtion and durability of fixed capital 
requisite for tiidr production. Mr. Ricardo has several impo- 
sitions on tills sulgect which may be included in the following 
focmulse* 

Let / be the number of labouiers who this year woHk by 
BMans of a machine or any other kind of fixed capital: / the 
lumber of laboarers who were employed last year in making 
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this ntaichme: y die rate of pro6t. The machine at the eod of 
last year was worth the wages expended <mi it, together widi 
profits, that is (l+7)irw. It must produoe* this year. Hie ]m>fit 
on what it is worth, and the wages of those who woik it, with 
profits: diat is, it must prodnoe 7(l'l-7)fw+(l4-Y)'w. 

In tiie same manner let a machine have been pvodnoed by 
the labour of f labonrers last year, T in the pveoeding year, r 
m the year brfore that, and so on. And let I men be employed 
in working the machine; Uioi its produce must be worth 
<l (1 +7)V»+ (1 +7)PI'w +4e. 

Let L be the number of men requisite to obtain the same 
produce without the machine. Then Lto is their wages, and (1+7) 
L» the value of the produce, llierefore, if the madiine can be 
employed without loss 

(l + 7)/«r + (l+7)'/'tt? + (l+7)Y'u;+&c= or<(l -i-7)Ip«, 

and /+(l+7)^ + (l +7)V + &c.= or<Z#. 
Hence l-^t -^i' -^tn.KLi 

or, when madiinery is employed, it has always cost len labour 
than wonld obtain die same produce without machineiy, Ric. 
p. 44. 

Let 6 be fhe sum expended upon an average, eveiy year for 
k years, in the constmction of the madiine, u flie value of the 
madiine when constructed. Then 

c = 6 1(1 + 7) + (1 + 7)%.. + (1 + 7)*| = b (^•'•y)**'-^ . 

7 

13» When a madiine, or stock of any kind, is employed in 
piudncticm, a certain sum is annually requisite to replace the 
wear and tear of the capihd so existing. Mr. Bkardo supposes 
thcne annual sums to aocumulate at interest so as to become sn^ 
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lident to pwohase a new machine just when it is wmted. Ltt 
A be tke dumtion of the machine: b the annual reserve for it; 
tiieraibre we moflt have an annuity h ibr k yean, of which tiie 
present vilue is e» Therefore 

As i increases a decrease^ and d increases. For instance, 
7 (1 +yy 

if when rf = |x. and when it=lO, d^6M^ 

Now we have 

pr^ho (1 + 7) + ft + 7c, 
(1+7) + 3 + 7c; 
or if evsilv, 

prsilw {1+7 + ^ + yfi*\- 

Let wages lise to (1 -f- «)«: and let p become in censeqnenoe 
then 

(1 +x) prmlw Ul + 7') (1 +«) + 5 + V*} 
sabtracting, mpr^iw {a(l +7')-(7 W) (1 + »)} ; 

And it is manifost that a being given, and 7' thence deter- 
mined, the value of- m wilt be least in die cases whoe m is the 
greatest; that is, the rise of price is greatest in the cases where 
the proportion of fixed, to moveable capital is greatest. 

The rise of price is here estimated in labour. Bat if we sup- 
pose mon^ to be prodnced always by equal quantity of 
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ttnoaiMfnf labour, we may measara by it tibe TariatkHU of price 
in otber things. 

Let X labowen, unaansted by <»q[»itBl, imdoce /» unitB of 
monqr. Wben wages ris^ the prodnoe of die same labour will 
be of the same value, therefore the unit of money will not alter 
in value. Hence we have 

+7), p-Xlp(l +«)(! +7) 
(l + y)(l+«)-l+7; l+y-Ltj; 

y—y'— hence by what precedes 

■'^ I 1-m * l+u j I+a 

This is always n^ative, and hence we have Mr. Ricardo's as- 
Mition diat cn Aete siqatpow^sns, prices lall by a rise of wages, 
(p. 41). 

The above calculation is inexact, for d would alter when y 
becomes y': but if <! be considemble, tliis error would be in- 
considerable. 

The sup^rition here made, tiiat profits are entirely paB8tve» is 
manifestly inadnusnble; for if profits were 10 per cent., a rise of 
10 per cent, in wages would annihilate profits altogetiier; which 
is absurd. 

TAXES. 

13. The general problem on this sulgect, is to determine Ifae 
ultimate incidence of any given tax* according to the preceding 
postulates. 

(1). Tares on raw ISwhee (Ric. Chap. viii). 
Let a tax which is a portion / of the whole, be imposed on 
the produce. It affects all soils, and therefore the limiting soil. 
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on which the produoe la r. Iiet the price bdore the tax be p 
and after It -{■«); the rest of the notation as before. Hence 
(i-i)(l4>«)pr 18 now the value of the cultivator'a portion of the 
produce, which muit pay wages and profits. Also profits remain 
vnchanged, for if they were to ^I, the cnltivalor would remove 
his capital to othor employments. Hence 

prmfyp + ye, pr{l » ^(1 4- «) » lw(l +/») +.yc 
subtract, and pr{l-t){l + x)-pr=l«.fz: whence 

prl nt 

• " pr (1 -/Iw - • 

If, as before, n^$, /■'^* ^ ^""S* P"'^^ ™® ^ 11: M. 

In these cases prices rise so as to compensate the whole of the 
caltirator's loss and of the increased escpenses of the labourer. 
The whole tax (assuming our Postulates) foils upon the rich 
consumer. 

This is true on the supposition that the consumption is not 
at all affected by the prioo Col. Thompson has properly ol>- 
served that this assumption is by no means correct ; and has 
shewn that if we make the more natural supposition that an in- 
cretL'se of price will diminish the con^nniption, Mr. Kicardo's con- 
clusions are no longer true- Pursuing Col. Thompson's views, I 
have, in a preceding memoir, given formulae expressing the por- 
tions of such a tax which fall respectively in Bent, Profits, and 
Prices, and have shewn that in general tiie former is the largest 
portion. {Comb, Trans. Vol. iii). 

According to the postulate cf wages, no part of such a tax 
could foil on wl^fes. 

VfiL IV. F«trt 1. Z 
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The poBtplate of wages if howerer, aa I bave alnady 
perfectly grataitous; and theM doe* not apfiear to be any good 
reason lor bdieving tiiat a tax npon raw prodjioe, whether fiiod, 
or any other articles, might not &I1 to. a great eictent on the 
wages of the labourer. 

The effect of a change of wages, sadi as is here supposed, 
upon foreign trade, will appear fnm what we aball have to say 
in treating of that part of the solitiect. 

2. Taxes on Rent, (Ricardo, Chap, viii.) 

If r be the prodn(;(; of the limiting soil, and f\ oi any other 
soil, we shall havtj, after the tax as before, pr=lu) + y : and a.s y, 
r, c, I, w, remain the same, }> is not altered. Hence il ;i tux is laid 
on rent to the amount of the fraction t, it will fall wholly on 
rent: which will be reduced from pr^-pr to (1 -/) (pr, -;?r). 

If what is calle<l rent, be in part interest for raj)ital, a tax on 
rent will be governed by diticrent law.s, so far as that portion 
is concerned. 

3. Lnnd Tax, (Ricardo, Chap, x.) 

Let 7' l)e tlie amount of the tax per acre. Therefore yj/ 7' 
is the cultivator's portion uf the produce of the limiting soil; 
7 will not be changed ; therefore 

{p'-p)r- r^W-iP) ; prx-- T~lwfx\ x - = ^-prj- ; 

the tax will wh<dly affect the price, and the resnlts will be ex- 
actly the same as in a tax on raw prodnoe. 

4. 3kveff on Ptqfii8» (Ricardo, .€hap. xili.) 

These taxes are supposed to be partial, that is, to be levied 
only on certain anployments of capital. In that case Hiey will 
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not diminish the rate of profits, because if they did, the capital 
wotdd be transferred to other em ploy men ts> 

As before, let r be the number of units produced by a total 
capital c, (fixed and circulating), p the price of each unit. Then 
prsiw+yc profits are ye. If the tax be a fraction /, 7 will 
remain the same after its imposition. Let the price become }>' ; 
therefore 

Hence - = 1 + */7 \.* 

the pmidiictioos of those eraplojnieiits of capitn] in which profits 
were taxed» would rise in price, compared with those in which 
the tex WM not applied. If money be not taxed, tfaje money 
prices of sach commodities wOl rwe. 

It has been seen,' (Art 12.) fliat if a perscm employ a fixed 
capital e—lw, wbicb is replaced in k years, and a drcnlating' 
capital /fp in paying wages, we must ba^e 

prr^lw+b+yc, where 6=Y^^^;^^» 
in this case profits are yc. 

If we now suppose profits to he taxed, and money not to be 
taxed, money prices will rise. Mr. Kicardo supposes that in this 
case the money value of the profits will remain the same as be- 
fore, (p. 272. I st 

Ttierefore j)'r=lw + b+yc+tyc; 

p Itc^b-^yc 

Let the fixed capital be m times the circulating, or e-/«o=m/u); 
bence «»(w+l)lw. Also let & where it is dear that il is 



greater as it: is greater (see Art. 12.), then 

z S 



uiyiiizcQ by LiOOQie 



iflO PkionBioR Whbwbu. oh 

^' = 1 + <7("« + l) 



^ l+2 + (»+l)7 

-1+ ' 



m 

1 + 



Heoce it appears that the increase of price on Hiese sappontions 

will be greater aoootding as 1 +^ is less. 

1 + « 

Therefore {d being > I) the rise of price irotn the tax will be 
greater in commodities, as m is greater, and as d is less; that is, 
as tlic proportion of fixed capital is greater, and as its durOf 
bility is less, (Ricardo, p. 273). 

If we sujipose two (»ses, in one of which »« = 4, in the other 
^ (RicaidOt p. 273.)> and if we n^lect we have, 7 being 



in the first case ^ = 1 + ^ , 

in the second ^ = l + 4 . 

The rise of price is times as great in one case as in the 
other. 

A tex on all profits is an ino(Nne taxj and the efl^ of sncfa 
a tax will thos be nneqnal on the prices of dilfiirent commo- 
dities. 
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The preceding calculation k upon the snppositioo that the 
money metal u produced in tiie country in whida the tax is laid. 
If the precious metals he imported from oAer conntiks, the in- 
vestigation of the consequences will require oonridemtions which 
will hereafter be stated in treating of foreign trade. 

6. Taxet on Wages, (Ric. Chap, xiv.) 

We asmme still the postulate of wages, althou^, as has been 
said, it appears to be unfounded, and consequently the infer- 
ences to which it leads, as to the incidence of taxes, will not be 
verified in foct. But, granting the principle, there appears to be 
some difficnily in tradng its results, and Mr. Ricardo, in attempt- 
ing to do so, has been led into an arithmetical fiilla<^, as was 
pointed out by Col. Thompson, arid as 1 have shewn in a pre- 
ceding Memoir. (Ricardo, pw 301, and CmiA. TVwji*. Vol. iii. 
p. 192). Mr. Ricardo*s opinion was, that taxes upon wages foil 
entirdy on proBts, while other writers maintain that they will tifBeet 
prices and rent. Calculations such as we have already employed 
will enable ns to obtain the true result in this case. 

Let the labourer expend a fraction / of his wages on agricul- 
tural produce (as com), and the rranainder l-/on mannfoctnred 
gcods. And by the postulate of wages, let his real oonsnmptioii. 
remun the same after the imposition of the tax, as it was before. 
If prices rise, the rise may be diflfermt in com and in goods, 
according to the proportion of fixed and circulating capital in 
the two cases. 

Suppose that for com the fixed capital «-^w»si/tp: fi>r goods in 
the same manner let be tiie fixed capital: and let tiie wear 
and tear of the fixed capital be included in the circulating capital. 
Also suppose that after the imposition of the tax, the price of 
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corn rises in tlie proportion 1 : 1 + ar, the price of goods in the 
proportion 1 : 1 + ^; and that wages rise iu the proportion 1 : l+«. 
Therefore the waj^es of the labourers employed in producing com 
becoruc /«?(!+«); and we have by the condition of reniuuerating- 
price, 

pr^lwH + 7) + ymlw; 
(l + ^e)pr—lw(l + u)(l + y') + y'mltci whence 

l+7+7«l 

Kow by supposition flie labourer^ mnsamption of com and 
goods is the snine as belbre; and therefore the expense of coin, 
which wm/w, becomes /(I Similarly the expense iu goods, 
which was (!-/)«, becomes and these |M>rtions 

together with tiie tax make np the whole of the wages (l+»)w. 
Let the tax be a portion i of the whole. Then 

/(n-«)+(i-/)(i+a+m+«>-i+«. or 

I+7 + 7W l+7 + 7(ui ^ 

From this equation y' bemg known, u is kno^vn, or vice verm. 

It appears ftom the result that the problem of the incidence 
of a tax on wages, under the conditions here supposed, is inde* 
terminate. A part falls on the consumer in raised prices, a part 
on tiie capitalist in diminished profits; and tiie principles hitherto 
assumed do not enable ns to determine the respective amount of 
diese portions. In ihct we suppose both the consumer and 
the capitalist to be entirely passiye, so as to have no power of 
tiirowing their loss on any other person, and on this supposition 
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it is manifest, Uiat Hiere is notiiing to distnrb the equilibriom, 

whatever be die amount of this loss in either case. 

It will be seen however, that the result which Mr. Ricardo 

appears to have interied, viz. that the whole tax in each case 
would Ije taken tVoia profits, caunot possibly be true. For in 
such a case it would differently affert jjrofits in different employ- 
meats, according to tlie projMirtiDu of fixed rapital: and hence 
some surceedinar adjust n it m must nece^arily take place, in order 
to biing back profits to an equality. 

1. Let it be supposed that profits are unaltered by the tax. 
Therefore 

/ . . (l + 7)« 

j.„ (l+7)« K_ CH-7)« 

Also /(I +«) + (!-/) (H-^ + ^(l + «) = l+«. 
gives <«a-<)«-/»-Ci-/)f 

whence « is known. 

If, as an extreme case, we suppose no fixed riijutal in agri- 
culture, and no circulating capital in munuiactures, m=o, M~«Of 
whence* 

If I - we have A tax of ^ on wages would 

raise the price of agricnltaral produce while manuftctares re- 
mained unaltered; and would raise wages in the same proportion. 
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2. Let it be supposed that prices in any particular employ- 
ment, as manufactures, are not efiected by the tax; dHHsfbK 

^=0. Therefore 

<l+«) (1+7') + 7'm = 1+7 + 7m; hence 

Hence, sabstitutuig, » » (1^7-^7^) " 

And the equation/(l +x) +(!-/) + 
ibis case, /s+t+iu^u, whence 

or 1-^1 -I - (^;i+«)<i;y+<y,,)j 

whence » may be determined by a qimdratic, and hence y'. 

3. Let the ptoportkm of fixed to circulatinff eapital be, on 
the menage, w, so that 

Then /(l +*)+(! -/)(! +« 

• or / + <u + ar = M 

If ive soppose, moreover, that prices remain the same after 
the tax. 
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Also «(l+7')-(« + l)(7-7)«0; y- 




If i=-~, «f = i; a tax of ^ raises wages |. 
Also for the effect on the rate of jirofit, we have 

, «(l+7) 



m + l+u 



profits are less afiected, as (m) the proportioD of fixed capital, is 
gfcoier. 



14. We now come to a part of the salgei^ altogether distinct 
ttcm that which we have been considering; a part both of great 
intaest and great difiicnltj : I refer to the doctrines concerning 
foreign trade ; and, as connected with these, the laws of the in- 
flux and efflux of the precious nieta1s> and the influence npon, 
prices exercised by their abandance or scarcity. This is a por- 
tion of Pditical Economy on which the postulates which have 
liiflierto been the basis of our reasoning have no bearing. The 
proportionality of the exdiangeable value to the cost or labour 
of production no longer obtains, when the labour ni difi^rent 
countries Is concerned. "The produce of the labour of 100 
Ettglishinen may" as Mr. Ricardo says, " be given for the labour 
of 80 Portuguese, 60 Russians, or 120 East Indians." Nor can 
we assume the equality of profits in ditferent countries. The 
difficulty with which labour and cajntal travel from one country 
to another, is a sufficient obstacle in the wiy of the establish- 
ment of such a unifbrmity of the value of labour, and of the rate 
of profits. 

rcLVf.Purth A A 



FOKEIGN TRADE. 
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I shall hwe to state some of the prmmples which are said to 
apply to the questions now before ns; they have been put for- 
wards with great ingenuity by Mr. Ricardo and his followers; and 

several curious speculations have been founded tipon thera, espe- 
cially those connected witlj the influence of the manulacluring 
skill of a country upon the influx of gold into it, and conse- 
quently upon the general scale of prices. 

It will be seen, tliat besides the principles whicli I lionow 
from Mr. Kiairdo, I shall have to make several assumptions tor 
the sake of reducing: the problems before ns tr> calculation. It 
will of course be understood that these assumptions are not in- 
tended to be maintained as exactly, or even as approximately 
true. Their use is to shew how the numerical examples wliich 
serve as d lustrations of the principles, may be properly and con- 
sistently generalized and limited. But though these investi^fations 
cannot pretend at present to much precision, it is honied that 
•they may serve to shew, of what kind and how many are the 
data on which the exact solation of such problems must depend : 
and they may thus be of some use in directing future attentioD 
with regard both to the laws and the quantities involved in these 
difficult questions. 

I suppose the Commerce of different countries to take place 
free from all prohibitions^ duties, drawbacks, &c. This simplifi- 
cation appears to be the easiest mode of undertaking the invea- 
tigation at first. I may, perhaps, on some other oocasmn oim- 
sider similar problems with the additional conditions which such 
restrictions introduce. 

Ob this supposition we shall assume die following principles. 
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FOSTUJUkTES CONCERNING TRADE. 

L The merchant will bay a oommoditar at one pkoe, and 
sdl it at anotiier, if by ao doinpr be can recover the money cost 
witii the profit naual in his own country. The consumer will 
bay a commodity of Ibreign rather than the same commodity of 
domestic production, if by ao doings he can obtain it chei^ier. 

This is the fundamoital primd^ of all foreign trade, all 
restrictions being, as has been said, supposed to be removed. 

II. When a country has as much gold (or any other money- 
metal) as is wanted to circulate her commodities; if an additional 
quantity of gold be imported and retained in the country, the 
circulation of commodities remaining the same, money prices will 

rise. 

Gold being more abundant, will of course become less valu- 
able; that is, commodities will be more valuable^ if compared 
with gold, or gold-prices will rise. 

I shall suppose, in what follows, that prices rise in proportion 
to the increased quantity of gold: that is^ if g be the original 
quantity, and h the quantity imported, prices will rise in the ratio 

g i g+k. If j9 be the price at first, p ^1 + ^) is the price at last. 

If however gold is imported in consequence of a balance of 
exports over imports, it is iHPobaUe that fhe mtmial trade would 
increase, and the drcolation of commodities in the country would 
be greater than when tihere were no exports or imports. Hence 
a greater quantity of gold than g, the oi^nal quantity, would 
now be wanted, and tiie price would not rise so much as has 

just been mentioned. Instead of pfl+x) might become 
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p(l +|) when 18 the quantity of i;o]d requisite for the in- 
ternal circulahon of tlut conntrj' in its new condition. 11 we 
suppose g'^g+mh where « is a fraction; the price at last 

Or ino» generally we may snppose p'^p{i+<p^-), when is 
some quantity depending on -. 

It appears to )>e very difficuk to find any criterion or measure 
of the quantity of ..old r ..n.he for the independent interior ch- 
culation of a country: consequently it is extremdy difficalt to 
ascertam the effect on pnce. produced by the country having 
more than this quantity, which, a. will be seen, is the lesult of 
a superiority in manulacturing skill. 

It is manifest, however, that the quantity of gold requisite for 
circulation in any country is diminished t>y any contrivance wfaidi 
introduces any other circoiating medium, as paper; or which in- 
rreases tf,e velodly and ftdlity of any portion of the cireulation 
The value of tiie paper {if convertible) depends immediately on 
the value of tiie gold; but tiie quaniU, of gold wanted, may 
depend on the use and quantity of paper; and the quantity of 
gold wanted in a countiy is one of the conditions whicli affects 
its value tiiere relatively to tiiat in other countries. 

If a part of the currency of the country be paper, the effect 
on prices produced by the introtluctmn of superfluous gold will 
be more difficult to estimate. For the sake of simplicity how- 
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ever I shall stUI suppose the etteclt pioportioiia] to tfie quantity 
introduced. If gt be the money at one poiod, and gt the sane 
with the addition of the imported gold, I shall suppose that 
prices increase in the ratio gt : gt- 

The preoedinsr considerations may seem to shew how difficult 
and complex must be all calcolations on this subject. 

TIL In the coiKlitioii of equilibrium of a trading; country, 
the annual exports and imports must Im; ecjual in money value. 

We speak here of a condition of things which may continue 
from year to year unaltered. It is clear that in such a condition 
we could not have a resrnlar excess of exjjorted value over im- 
ported, or the reverse. For if we ha<l the former cii.se, tlur 
balance must be brought here in gold, and we shouUl nnjjort 
a fixed quantity of gold every year. But in consequence oi' 
this circumstance, the prices of all our commodities would rise, 
some that had been usually exported would cease to be so from 
their increased price, and this operation would never sfop till 
the export?? had reached a |)oint at which their money value 
was equal to that of tlie imports. 

JLet p be the juice of a unit of any exjiorted article, * the 
number of units exported : similarly let p', p", &c. be other prices, 
e, e", &c. the correspondinif quantities : then ^/i «''/>" + &:c. is 
the value of the whole export. This may be represented thus 
Sep. Tn the same manner if i, r', T, &c. be the quantities im- 
ported of articles of which the prices are *, &c »#+iV+r*" 
+ &c='S>« represents the whole of the imports. Hence we have 
by the principle jurt explained 8«p — Sit, 

IV. Tlie prices supposed here are the remnnemting prices 
in the equilibrium of demand and supply. 
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Let p be the price at whidi doth can be imported into Chili 
fiom England, with Englisb profits. Then it is here auppoeed 
that p 18 tiie price at whieb it is there sold, though it may for 
a time be sold for a higher price firom the demand being active, 
or for ft lower price, the supply being excemive. The gradual 
extension of demand, and the fioctuations and miscaloidations of 
supply, though causes of peipetaal and powerAil operation, are 
left ont of consideration, as not efTecting that condition of equi- 
librium to which our investigations here refer. The estimation of 
these alternations, indeed, appears to be a fitter employment for the 
sagacity of the practical merchant, than for the reasoning of the 
theoretical economist. To apply mathematiQal formulse to them 
would probably not be a more successful undertaking than it 
would be to calculate on mechanical principles, the alternation 
of smaller and laiger suiges in the progress of a rising tide. 

15. I Aall now proceed to determine mathematically the con- 
ditions and consequences of an export and import trade. 

Let p be the pTicG of a unit of a coiiuinMlily inamifaotured 
here and carried into a foreign country, ji the price at wliich 
it could he mamifactiired in tlie foreig'n country: then \( p<p 
the article will be exported. Let e be the quantity exported, 
tlien ep is the value exported of such a cuiuintMlity : and Hep, 
the sum of all sucli jjroducts, is the whole exported value. 

Similarly, if ^ i)e the value of a «'otninodity imported, s the 
price at which it could be mauulacture<l here, it will be im- 
ported if fi<s. And i being the quantity. Sit is the whole im- 
ported value. 

If Sep is not =Sit, the balance Sep- Sit must be imported 
In gold, which will thus be added to the quantity of gold 
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existing in the country. Hence prices will be altered, and with 
them the quantity of exjwrts. 

Let e^.-.e, Ixj the ex[>orts in the 1st, 2U...^'' year, 
/»„ pt'"Ph the con"es[)oii<iuiff prices, 

g„ gi—gu the quantity of gold (or other currency) in the 
country at the betriuuing of these years, (the amount of the cur- 
rency l>eing suppui»ed to change only in consequence of the im- 
portation of gold). 

Also let it be supposed that the increafie of price is in pro- 
portion tp the increase of the quantity of gold, (see Post. II, j} 



We have therefore, since gt^^-^JCt is the gold iiiij)r»i trd m the 
year, which must equal the excess of exports, >Se,p,— iS i4=g,^t—g„ 
or, putting for pt its value. 



If we know the hiw of the diiaiimtion of the annual exfwrts 
Se,, we liave Set iu terms of /, and iience, hy iiite^rratinsr this 
equation of tinite difTereiices, we can easily find in terms of 
t, and hence the quantity of gold in the country after any num- 
ber of yeai^. In practice (on the suppositions already made) g, 
would tend rapidly to a limit, and the quantity of gold afber a 
few yean would receive no sensible increase. If / be the num- 
ber of years which gim the limit with sufficient aocufacy, we 
have 



that is, 



therefore « (1 + ^ Se^g^-Si*„4:i), 
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16. It will be more siinple to snppoee the sncoesrive quanti- 
ties of exports Sci^ Se» Ac to be known. In tlm case Hie 
calculation will stand as follows. 

let ,i^«i+a5,.=a±Mfi. 

^•l gi 

namely, the ratio of the grold orifrinally in the country + the 
value of the exports in the year, to the original gold; the 
ex'|)ort.s l>einK reckoned at the original j)rice. Also, let the ex- 
port<i ~ ngi. Then we have, by equation (1) 

which taaf be easily reduced to calculation when tiie number of 
terms si|, &e. is not large. 

Let the exports and imports reach their equilibrium in three 
years ; we then have the equations 

Hence ^4 * {m,m,m, - (w,», + sh + ^1 ... (8). 

For instance, let the value of the imports be originally | of 
the vidue of the currency of the countiy: and let the exports 
be> in the first year ^ of the same value ; in the two successive 
years let the exports be so diminished in quantity as to be ^ 
and ^ if estimated at the same price: therefore SptCi = Spie, 

n^ro _.^5 7 

acre *• J» "H™j» ■•j^g. 
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Tlmfoie liy (S) 

€± 1 7 ,\1_S16 107 808 52 

" 4~V5 8 ^ ^/e"" 180 ~ 180 " 180 " 45* 

Hence tbe quantity of mOney in the country is increased in tiie 
ratio 45 ; 5S, and thmfore, by Post II, die prices €i all domeatic 
oooAmodities are increased in die same ratio* The prices of im- 
ported commodities are not aftcted by tins change, fitr the 
ftragners will be content with a remunerating jnoncy price, and 
iHU be prevented by their.own competition lirom obtaining move. 
Qy last article, equation (8), 

|»,^<r4=|^<Sw = ~.g^, = — nearly. 

The valae of the ultimate exports and imports, at the crignial 

prices, would V>e nearly ^ and ^ of the original currency, and 

in the equilibrium of exports and imports these values become 
equal, by means of the increased quantity of gold in the country. 
To find the gold in the countiy at the end of each of the three 
years, we have 

**"i5^*' *i"l5«t5 *i"45^»J 
Also for the value of die exports in each year, 

If we suppose the skill of the woriunen of this coontiy to 
increase, so that the commodities whidi we can mamitkctnre 
cheaper than ibreignen become moie numerous, the value of the 
exports (restrictions being supposed absent) wilt increase. In that 
case such an importation of gold, and consequent increase of all 
prices here, will occur, as has been supposed in the last and 
present article. 

r«JL IV. M I. Bb 
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THE RATE OF EXCHANGK 

17. The diffierent tendency of the money metals to flow into 
or out of difierent countries, and the difierent level of prices con- 
seqaent on this, is not at ail indicated by the rate of exchange. 
On the contrary when Ihe equilibrium is attained which such 
tendmcies produce, the exchange is at par. Hie average rate of 
exchange can only be for or against a ooon^ when the 
value of tiie exports is greater or less than that of the imports. 
In that case the fbllowing appear to be the principles upon which, 
in accordance with the views commonly promulgated on this 
sulgect the amount of the rate must be detomined. 

POSTULATES CONCERNING EXCHANGE. 

I. When between two countries A and B, the debts due 
from A to H are of greater money amount that those due from 
B to A, bills in A payable iu JI will be sold for more than 
their nominal value. 

Tlie seller in A of a bill on B, autliorizes a person coming 
from A to make a demand on his correspondent in B. If his cor- 
respondent cannot answer this demand by a bill on A, he must 
pay in coin ; and if there be not, arising firom mercantile trans- 
actions, a sufficiait number of bills on ^ to meet such demands, 
gold must be exported from ^ to B for that puipose. The seller 
of the bill in A will not therefore sell it without providing for 
the foreseen expense of this transfer of goldj and the price of 
the bill will rise above its nominal value, by some prembm 
dependent on tkt amount of sudi expense supposed to be 
necessary. 
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n. The aggregate amount of all the pfemioiiis of bills on 
B tM in A (soppofling them to have Ae aTerage valne) will be 
the expense of the transfer' of so mnch gold as is neoesiaiy to 
restore the eqailibrium. 

If the amount of the premiums were greater, it would be pos- 
sible to make money by tlravvnig bills on Ji, selling them, and 
transferrinir gold from A to meet them. If the amount of the 
premmms were less, the holders of bills would refuse to sell, 
and thosf; who liad debts to discharge in B would have to incur 
the expense of ttatisfenin.r gold: aud, rather than do this, they 
would pay a larger premium. 

m. The premium on all good bills on B sold in A will be 
the same. 

Supposing the market of bills regulated by competition this 
win obviously be trae: for one good bill is on tiie same looting 
as another. 

18. I now proceed to calculate the rate of exchange under 

given conditions of tiie imports and exports. 

I shall suppose that the bills on B negociated in A are drawn 
for the payment of the e\[)(»rts \\um A to B. Let Sep be the 
expdits. and Six rhi- inijiorts, m this case. Then Sep is tiie 
amount of the bills <iia\vii. and Se}>-St{i of the gold whieh it 
will be necessary to transfer, iu order to balance the account. 
Let X be the premium on 1. Therefore xSep is the premium 
on the whole mass of bills. Also, let y be the expense of trans- 
ferring a unit of gold from B to A, Therefore tfiJSep- Sis) is the 
exi)ense of transferring: the balance. Hence, by postulates II 
and III of last artide, we have 

mat 
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whence X the rate of exchange is known. 

19. Id the case assumed in Art. 4|» we may now calculate the 
. rate of exchange during the progress of the alteration. 

Let Xt X, X, be the rates of exchange during the a Hrst years. 



If the expense of transferring gold be 1 per cent, the exchange 

will be, in the Ist, 2nd, 3rd year respectively, ^» and 

afterwards 0. 

30. I will not quit the subject without airiiiii stating that I 
by no means wish to attribute any nuithematical certainty, or any 
extraordinary value, to the precedintr results, considereti with re- 
ference to tlieir application to the real circumstances of human 
affairs. I must liowever observe, that if they are useless and in- 
applicable, the fault resides in the postulates which I have bor- 
rowed from Mr. Hicardo and others, and not in the mode of 
deducing the ooiMequenoes of tiiese principles. If these postulates 
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were universally and strictly true, the results, as above stated, 
would be exactly, and in all eases, verified ; I may add, that if 
we had reached such a point in the progress of this science — if 
it were reduced to a few certain principles, and to a long train 
of deductions from these — (a form which it appeains to have been 
the ol]|iect of Mr. Ricardo and his fbllowerg to give to it—) the 
mathematiGal method would be the one proper for its treatment* 
htmig tbe most certain, tbe shortest, and, with a little prepaia- 
tkm, the nmpl^. Madieinatics is the logic vt quantity, and will 
necessarily, sooner or later, become the instrument of all sciences 
where quantity is <he solgect treated, and deductive reasoning the 
process employed. 

I am however well aware, that the preftensions of Political 
Eo(Miomy to such a scientific character, are as yet entirely inca- 
pable of bdng supported. Any attempt to make this snltfect at 
present a branch of Mathematics, conld only lead to a neglect 
or perversion of fads, and to a course of trifling speculations, 
barren distinctions, and useless logomachies. "Collocatio ^us 
inter matliematica'' as Bacon says of another science, "hunc 
ipsom flefectinn et alios similes peperit; quia a phenomenis praE;- 
mature discessom est." And these defects may be incurred, even 
though common verbal reasoning be substituted for mathematics, 
if the course adopted be that of assuniinsr principles and defini- 
tions, aiul iiiakiug these the origin of a system. The most pro- 
fitiible iiin\ j)hi!osophical speculations of I'uliticul Economy are 
however of a ditiiereiit kind: they are those which are emjiloyfjtl 
Hot in reasoning J'rom principles, but to them: in extracting from 
a wide and patient survey of facts the hiws according to which 
circumstances and conditions determine the protrress of wealth, 
and the fortunes of men. Such laws will necessarily at first, and 
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probably always, be too limited and too dependent on moral and 
social eleBMntB* to become flie bane of maftematiGal cakolation : 
and I am perfectly ready to admit, that the dieeovoy of sodi 
laws, and the investigation of thdr co n neqwen e e^ is an empioy> 
ment of far higher philosophical dignity and importance than any 
office to which the Mathematician can aspire. 



W. WHEWELL. 
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Addition to a Paper *^0n the Nature of the Light in 
the Two Rayt protkteed hy the Double R^raeHon 
of Quartst.'* 

ByG. B. AIRY, M.A.; M.G.S.; 

ULxm fBLMw or mitjvr coiamb; *umum moruMm or AnsoHOKY amp 
KznaraBirrAi» vaiMiorNT in thr trNivKn^^iTv or camdridgk; and nuMt or ti» 

CAMBRIDOB PHILOSOPHICAL BOCIBTV. 

CBcAd April IB, ISSl.] 

Aftir I had made Hie experiments described in a paper which 
was read to this Society on February 11, 1831, I received from 
Mr. Dollond an apparatus constructed under my direction, which 
for convenience and extent of application exceeds any other that 
I have seen. The parallel rays that fall on a piece of plate jsrlass 
blackened at the bade are reflected, all completely polarized, und 
are received on the first lens, which makes them all pass through 
one point: diverging they are received on the second lens, 
whose distance from that point is equal to its focal length, and 
they emerge from it parallel. In this state they are received on 
the analyzing plate (a piece of plate glass blackened behind) and 
all are of course completely analyzed. They are then received 
on the third lens (fixed in a sliding tobe, like the ey^laas of a 
telescope) which makes fliem all pass thnmgfa IJie ^duiie. The 
lenses are of equal fiacal length, and their annngmcnt is pns 
cisely the Bune as tint of the lenses in the old ^bme^km 
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pieoe, measurinff the distance between tlie seooad and third lenses 
alonip the incident and reflected ny. The analyang; plate, with 
the second and third lenses, tarns on a s^dle parallel to the 
rays polarized by the fint plate, whose direction passes throngh 
the centers of the first and second lenses. To see die rings he. 
produced by a crystal, it should be placed at the point where the 
ntys cross between the first and second lens: and a spedmen 
^ inch broad so placed will shew the rings with perfect brilliancy 
and clearaess in tin ii utmost extent. If it is wished to use a 
micrometer, the inicionieter should be |)lace(l between the jjokri- 
ziny plate and the first lens, at a distance from the latter equal 
to its focal len^h, %\l]ere it will be seen distinctly at the same 
time that the rinu^ are seen distinctly. If it is wished to see the 
marled strncture of qiuirtz, aiiu tl]>st. topaz, &c. the crystal is to 
be placed in the situaiioii assigned for the micrometer: then no 
rings will be seen, but on turning: the analyzing apparatus round 
its spindle the different parts will be ditierently coloured. For 
the use of plane-polarized light only, there is no need for a po- 
larizing plate lai^er than the projection of the first lens: and the 
distance between the nearest edge of the polarizing plate and the 
first lens needs not to exceed by a laige quantity the focal length 
of the latter. But as T now consider every apparatus incomplete 
which does not allow of the U5;e of circularly and elliptically 
polarized light, I have had the polarizing plate separated so far 
from the lens that it allows Fresnel's rhomb (mounted as in 
Plate 8, fig. 4) to be placed between them, room being left finr 
the micrometer &c. between the rhomb and the lens: and the 
polarunng plate is made so laige that it will transmit fdane- 
pohirized light to the -end of the rhomb, at whatever angle it is 
placed, while the other end is centrally opposite to the first lens. 
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To use artificial light with iadlity, a lamp is placed in the 
Ibcas of a leos whose diameter is equal to the diameter , of the 
drde descrihed by the point of the ihomb. The board which 
oarries the lamp and lens is cot at snch an angle that on apply- 
ing iti» sloped end to the side of the board carrying the other 
apparatus, the l^ht is reflected 1^ Ihe polarizing plate in Hie 
proper direction without any fiuiher adjustment. 

Tim advantages of this apparatus are, that with a Teiy small 
qtecimen, by day or by night» it will exhibit all the phienomena 
of plane and elliptically polarised light to the greatest aa^lar 
extent that the eye can recetTe* and with conveniences of mea- 
surement that have never before been given : timt thus a macled 
crystal* or a piece of nnannealed glas^ ke, can be as it were 
dissected by successive examination of diflierent small portions: 
that any accidental roughness or inequality of the ciystal pro- 
duces no sensible elfect: and that fay placing the i^iecimen in 
another position, the maded structure can be exhibited with 
singular clearness. 

In tiie examination of the phsenomena which quarts presents 
when eicposed to droulariy polariied light, detailed in my paper 
befim alluded to, I fhund very great diAculty in consequence 
ef the contraction of the field of view when FVesnd's rhomb is 
used with the common polarizing apparatus. In examining the 
two spinds inwn^piimf each other, I could see litde move than 
a smgle line at a time: and it was only by carefiilly turning the 
crystal that I could discover the relation of one Ime to anotiier. 
It was in thct principally to overcome this dilBcnlty that I devised 
the i^paratos here described: with this I can at once see flie 
Iblds of tfie spirals as fiur as tiie colours aie sensible. I have 
mudi mtisfiwtion in seeing ttiat my delineatioii was quite correct 

r«JLlV. Ml. Cc 
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Chi coOBsdering my hypotheses relative to the nature of the 
two rays of quartz, the following method suggested itself m a 
means of verifying ctne part of the hypotheses, and as affording 
a power of measuring the ellipticity of the rays. Suppose (by 
placing Fresnel's rhomb in a position between 0" and 45", or 
between 90" and 135°) elliptically polarized light is made to pass 
through quartz. Whether this be right-handed or lett-handed, 
there is one direction {A) in which one ray of the quartz (sup- 
pose for instiiuce the ordinary) is of just the same kind as the 
incident elliptical \v^ht. Consequently that light funiishes no 
extraordinary ray. Now if we take a direction («) nearer to the 
axis by the smalle5it possible anj?le, and another (i) furtlier from 
the axis by the smallest possible an^^le, than the direction just 
mentioned (A), the same elliptical li<?ht incident in the directions 
(ft) and (ft) will furnish extraordinary rays, but the paths of these 
extraordinary rays will differ (independently of all other causes) by 
half the length of a wave. For the elliptical light which is of 
the Stime kind as the ordinary ray in (.1) is more elliptical than 
the oniniary ray in ia) and less so than that in (b). And there- 
fore when we separate the elliptical lierht into an ordinary and 
an extraordinary ray in (a), it is the defect of its minor axis 
which produces the extraordinary ray: when we do the same 
for ib), it is tlie excem of its n»inor axis which produce s the 
extraordinary ray. The vibration tin itfrm which produces the 
extraordinary ray in (o) being iu liie positive direction, that which 
produces the extraordinary ray in (A) will be in the nei^tive 
direction, or vice r>€rsa. And this amounts to the same as re- 
tardation or acceleration by half the length of a wave. It will 
readily be s«eu that this is independent of the crystalline separa- 
tion of the two rays« and is true however sipall be the angle 
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between tiie directions {a) wad (ft), provided tliat one be nearer to 
tbe ansj and fbe oflier iiirdier from it, than (^}. New it is vreU 
known that Uie order of the rings depends on tiie number of 
lengtiis of wave which Ihe extraoidinaiy ray is in advaaee or 
retavdation ni the ordinary ray. At this place tiie advance or 
retardation is> suddenly altered by half a wave. Conseqoently the 
order of the rings is suddenly altered by half an etrder: the rinp 
becoine iaint, and then lliere is a aoAiw of half an <»der in the 
etdoors. And the directiMi of die ray where this miIChs takes 
jdaoe being ohserred, it gives the direction in which Ae ordinary 
ray has the same eHipticily as the incident light, which is known 
fiom the position of tibe ihonib. 

By this reasoning I bad satisfied myself that the rdation be- 
tween the direction of the ray and its dlipticily could be made 
evident to tho oye. On trying it with the apparRtos just de- 
scribed, I found that die appeanmoe was exactly what I expected. 
On pladng the rhomb in position 815", the spirals are perfect 
On turning it forwards, the intenia] folds break successivdy, (if 
the oyslal be lefMianded) in a line nearly horiagontal^ and the 
vq^per part of each unites itsdf with die lower part of die fold 
next beyond it This continues, the outer folds beii^ broken 
after the inner ones, till when the rhomb has readied if the ap« 
pearance is that of perfect circles. On turning still forwards, die 
succesNve circles break (beginning with the outer ones) in a line 
nearly vertical: and when the riiomb has reached die position 
45*, die qpirals are perfect as beibre, hot twisted 90^. Tbm at 
any position of the rhomb intemie^ate to if, 48", ftc one' or 
more of die inner circles are complete, but distorted, and tbe ex- 
Unwr cindes are changed to two inwrapping qmals. It is plain 
that the points where the spirals begin toe the points where the 

ccS 
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elliptifial ligbt supplies ooly the ordinaiy ray, as the colours one 
quarter of an order wttbin these porots, and ooe quarter of an 
iMPder beyond them, are the same. 

- The tsonclusion, that the inner rings will he dreles, and the 
outer ones two spirals, follows easily finom this consideration. 
The intromitted elliptical light has a smaller minor axis than the 
ordinaiy ray (which is the only one that it resembles) in the 
directions nearest to the axis of the ciystal, and tiierefore it will 
produce curves analogous to those produced by plane-polarized 
light; that is, analogous to circles. But it has a larger minor 
axis than the ordinary ray, in the directions far fiom the axis of 
tfie crystal, and therefore it will produce curves analogous to 
those produced by drcnlarly-polarized %ht; that is, analogous 
to two spirals infolding each other. There is no difficulty in 
makii^ a more accurate investigation, on the principles described 
in my former Paper: but I have not done it for a reason that 
will shortly appear. 

I have not yet had the opportunity of making measures which 
are sufficient to point out the law that connects the elliptidly of 
the rays with the angle that they make with the axis. The fol- 
lowing points however are made out. One of the rays certainly 
is right-handed elliptical, and the other certainly left-handed 
elliptical (or so nearly, that no difierence is distinguishable). 
The m^or axis of one is certainly perpendiodar to the principal 
plane (if the crystal, and the m^ior axis ni Ae ofiier is certainly 
in tiiat plane. 

In some trials of measuring the ellipticities of the rays, I 
seem to have arrived at the following conclusion. The propor> 
tion of the axes of the ordinary ray is more nearly one of 
equality than flie importion of the axes of the extraordinary 
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my. For iDstance, with a riglit-handed plate of tliickiwas 0,38 
inch, and osing a red glas8» the first red ring was rendered am- 
biguoQS (if I may use that term to denote the state when the 
ring is broken hi such a manner, that it is difficult lo say 
whether the part on one side is most nearly connected with die 
exterior or interior part on the other side) by supplying an or- 
dinary ray only, with elliptical light, whose 

miTior axis 

= tan IT. IS^; 

major axis 

or by supplying an extraordinaiy ray only with light, whose 

minoraxis ^ g> 
nuuor axis 

With a left-handed plate of thickness 0,16 indi, the first red ring 
was rendered ambiguous by supplying an ordinaiy ray only with 
elliptiGal light, whose 

minor axis . 

Z ^ ^i^ ^-U ""tan S> . 9, 
mi^or axis 

or by supplying an extraordinary ray only with light whose 

ininor axis ^ ^n S*. iW. 
mtyor axis 

The first result is the mean of S measdres of each, and the 
second tiie mean of 4 measnres*. The zero points of the rhomb- 
ipradnation were determined by observing when the rings of calc 
qiar were not broken. This determination is veiy accurate ; but 
if it were llmlty, the effect of any error in the aero point, as 
well as of any imperfection in the construction of the rhomb 



* lo the flnt of then chmi, Qby a roqgh nwaMN), the ttjt mtde vith the vtk 
«r the ajMit die gft. 4S' m «jr: end in «iw letter IP. SSt vt dr. 
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(sQch as I believe to exist in it) would operate in dilfeieiit ways 
with right-banded and lefl-handed plates: and it is on this ws- 
connt Aat I have given botii. No error is to be apprehended 
tiie jogging of the circle carrying the rhomb, as it is pro- 
vided with fyar Temiere» at 9<f apart, all which were read. If 
this point shoald be made out* it may be only a consequence erf* 
the separatioa of the lays within &e qaarta: or it may be 
another anomaly to be added to the already saffideatly compli- 
cated ph»nomena of quartz. At all events, regarding the perfect 
equality of the ellipticities as doubtfiil, I have carried no fivtber 
the investigations made on that supposition : though the diflin«- 
ence of the ellipticities is so small, Aat tteir error would be 
insensible. 

To any one who wishes to proceed with diese experiments, 
the following faints may be of some use. 

It is convenient to have a wire carried by the ihomb, parallel 
or perpendicular to tiie plmie of rellectioa within tiie rbomb» and 
in the place which I have mentioned as the position for a mi- 
crometer: as the observer will then see that a line from the 
center of the rings to the pwnt where the ambiguity takes place, 
is dther paralld or perpendicular to the wire. 

The elliptically polarised light is of Ae same kind (always 
right-handed) when the position of the rhomb is between 0 und 
M*, or between ISQP and 970*: and of the same kind (ahvnyi 
lelt-handed) when the position of the rhomb is between 9Xf and 
180*, or between 970* and 860*. 

The proportion of the axes is the tangent of the reading of 
the rhoml>-position. The m^or axis is parallel to tiiat edge of 
the end of the rhomb whidi makes the greatest angle witii the 
plane of refection at the pohuiziug plate. 
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When tbe amtn^hy takes place near the right or l«ft hand. 
of the center, it tbe ordinary ray only iriiick is fiimiahed. 
When it takes place nearly above or belovr the center, it u the 
extraordinaiy ray only whidi is fnmished. 



The following conjecture may, perhaps, without impropriety, 
be attached to this Pai>er. It is the suggestion of an explanation 
of the unequal refrangibility of difierently coloured rays. 

To account for the difference of refrangibility, we must sup- 
pose that the velocity of waves of different lengths is different 
either in air, or in the refracting medium, or in both. If it were 
different in air, it would affect the aberration of stars by a quan- 
tity that might be sensible: there is no reason to think that this 
is true. It is probable therefore that the difference is wholly 
within the refracting medium. Now it is particularly to hv r< - 
marked, that the difference of velocity does not depend on the 
magnitude of vibration of each particle, for it is the aame, 
whether the light be feeble or intense, that is, whether the vi- 
bration be small or great. Nor does it depend on the relative 
vibration of two contiguons particlea, as that varies in the same 
proportion as the last, witii a variation of the intensity. The 
only element which, in conjunction with either of these, will 
define the undulation, is the time of vibration : and it is in fact 
the time of vibration which distinguishes t]ie different kinds of 
light. It would seem natural therefore to seek for an explanation 
of the difference of velocities in something which depends; not 
on .space, but on time. Now we have every reason to think 
that a port of the velocity of sound depends on this circumstance : 
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tbat fironi the fluddeonm of 1h» oondenaatkm of the air, tfie hett 
evolved By that condensation has not time to escape, and the 
elasticity is therefore greater than if it had been slowly con- 
densed: that, in foct, the law of elasticity is altered. Now the 
ooiOectare which I have to ofier that perhaps there may be 
in refinctinf media something depending on time which alters 
their elasticity, in the same manner in which heat ahers the 
elasticity of the air: diat as in air die elasticity is greater with 
a quick vibration of particles than it would be if the vibration 
were exceedmgly slow, so also in the refincting media, the elas- 
ticity may be greater with a quick vibration, than with one some- 
what slower. Or perhaps the contrary eifect may follow: if the 
vibration be quick, the latent heat (or whatever it is) may not 
have time to come f» the mrctse of its influence on the elas- 
ticity. In the latter case the elasticity, and consequently the ve- 
locity of tmnsmission, would be greatest for Ihe dowMt vibrar 
tions (that is for ^ red rsys) and therefore diey wonld be tibe 
least refraicted. I am not prepared to say whether the geneml 
law of soperpositioo of small vibrations wonld hold on this sup- 
position. 
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VI. Descrqaion of CMoiogna^hm Grantu, a new 
Liucanideous Insect forming the type of an tmde- 
scribed Genus ^ together tvith some brief Remarks 
tqHm its Structure and Affinities. In a Letter ad- 
dressed to one of the Secretaries, 

Bv J. F. STEPHENS, Esq. F.L.S. 

My Dear Henslow, 

Tna magnificent Beetle snbmitted by yon to my 
iospection prQve» to be, as I anticipated, not only perfectly aovd 
to sdence as a spedes, but forms the type of a genus as in- 
teresting from its structure, as it is remarkable Ibr its spl^our 
and colouring. I shall therefore veiy briefly notice some of its 
peculiarities, thoogh I cannot but regret that from the circum- 
stance of my attention liaTing been chiefly directed to indigenous 
entomology, the task dionld have devolved upon one so little 
conversant with exotic forms, and more especially as Great 
Britain is remarkably deficient in the group to whidi the present 
insect belongs. 

The Lncanidte, to which fiimily Chiasognadins appertains, 
are distinguished amongst other characters by die extraordinaiy 
developement of the mandibles in the males, which in the 
common St8g4»eet]e rarely exceed half the lemrtb of the body, 

TtLVf. Pan II. Db 
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hut ill Chiasotrnathus they ac(|iiire au eloniiuiion exceedinir tl^it 
of tlie body; tliey are extrtinely strong and robust at ihp Imse, and 
tvjdeiitly r;q»;(ble of hitin^ very sliarfdy. towards the middle they 
hocotno flaitem-d, and at tlie ti|>< tlit^y arc incuiTed so as to cross 
(wf.v each other— whencf tlic oriyiii of the name I liave applied 
to the g:enns* — the mtcniral cdsre is irregularly >crrated throughout, 
with a larnf tooth towards the base, and the ujh'x lias an acute 
recurved hook (Plate X. Fifr. 4). In tlie genus Lucanus a small 
tubercle may be observed at tlie outer base of each mandible; 
in the insect now under examination this is arreatly de\ doped, 
an<l forms an acute spinous process about une-thinl tlie length 
of the mandibles, serrate<l within, and i>ointing inwards, su that 
in ftiiu the two cross each other towards the apex similarly to the 
mandibles themselves. 

The upper lip ilabrnm,) is very distinct, being composed of 
a coriaceous plate with a strong rib down the centre. 

The lower jaws [ma.villxe, J*late IX. Ficr. -1.) are stiiall, but the 
apical portion is very lont^ and delicate, and frinijed with \ery 
.slender hairs: — the maxillary palpi are elongate, slender, with the 
ba.sal joint very short, the second nearly as long as the others 
united, stib-clavate, the third half the length of the second, the 
terminal elongate, .somewhat attenuated. 

The lower lip {labium, PI. IX. Fig. 8.) is membranaceous, with 
two, rather broad, flat, elongate, lacinia', the extreme edge of which 
is finely ciliated : — the labial palpi are .short, with the basal joint 
very short, the second rather h)ne?er, the terinioal one nearly as 
long as the other two united, and attenuated. 
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The menhm (PI. IX. Figs. 5. and 70 u transvei'se, semidrcular, 
and notched aDteriorly. 

The AniemuB are remarkable for the extraordinary elongation 
of the faaml joint and the whorl of hairs which ornament its tip ; the 
remaining joints are short, the three first somewhat obconic, the 
two following transverse and prodnoed within, the four terminal 
ones also produced within; the process being longer, and the 
articulations more distinctly laminated. 

The fnrcate anterior portion of the head idjfpeus), and above 
all, the distinct existence of fonr eyes, us well as the great 
strength of the fore legs, are characters of no little importance : 
to which may be added the superb colours with which nearly 
the entire insect is adorned ; the castaneous golden-bronze of the 
elytra, the burnished golden-green of the gibbons centre of the 
thorax, and die iridescent hues of its sides and of its posterior 
spines, form an assemblage of intense tints rarely united into one 
form. In fact every part of this unique insect possesses characters 
of extreme interest, as may be clearly perceived through the 
medium of the acoompanyiog figures, executed by my friend 
Mr. Westwood, who in his delineations observed several peculi- 
arities whidb he kindly pointed out to me. 

The food of the Lucantdse consists of the flowing sap of de- 
caying trees, which in the typical genus is 1api>ed up by the four 
plates or lacinias of the maxillm and lower lip ; but in this insect 
the very arched form of the mandibles appears to form an ofv 
stacle to the application of the laminsB to the tree nnless the 
mandibles be opened to a great extent, as may be readily seen by 
the laterdl view (PI. X. Fig. 3.) given in the accompanying figure. 

Respecting tin* aflinities of this insect, the genus which raake.<t 
the nearest approach to it is evidently Pholidotus, with which it 
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somewhat agrees in the structure of its maxillae and of the in- 
terior portion of the trophi, excepting that the mentum is gl»> 
Imnii; the genus aboye mentioned is manifestly allied to Lam- 
prima, and these two genera with Chiasognathus contain the only 
Lucanideous insects (with the exception of Platycerus) that are 
adorned with metallic (x>lours. In Lamprima the maxillae are 
short; the basal joint of the antenna* shorter than tlie remainder 
taken together; the man<lihl»'s slightly elfn!tr;tte<l ; but in Pho- 
lidotns the maxilla? ar< plon-ated, being: lurnislied with a peni- 
cillilorni proeess as in Lucaini'; tlip three apical jtnnts of the 
clava of the antennsj- are alone en!am> (l, and the b;isai joint is 
longer than th*- remainder, the mandibles are large, clotlml \\\ih 
down on their inner <:urfa('e and tht; niesosternum is sliLjhtly pro- 
duced in front as in Lamprima. Chiasugnathiis therefore, by 
varying from the above allied genera in several of these parti- 
culars, makes a near approach to Lucanns, which is the only 
t^tiniis of the group containing species which may vie with it in 
bulk, strength of mandibles, habit, and general conformation ; 
hence it evidently forms a truly beautiful and interesting link 
between the two conterminous genera Lucanus and Pliolidotus, 
or the two families Lucauiditi and J^mprimida', possessing the 
irigantic strncture of the former, and the resplendent hues of the 
latter family. 
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CHIASOGNATHUS. 

' jbOmmm ftaette, trtieulo primo longtsiiinc^ suH-flexuoso^ gncUi, ad 
apieem incraaaato et faaciculo |Hlonim inatraetot dav& pecttnatA, 
aex-Iamellatt, articulb quatuor ultimu aub-aequalibua. 
LtAntm disHnctuin, Bub-ooriaceum, carinatam. 

Mamlibula; longissima?, intus serrat®, apice incima; et dccufis;ita% basi 
incrassattp, subtus processii spinifonni, iiitiis serrato, armata?. 

MaxUIfv processu apicali longissuno, cxserto, gracili, sub^tteiuiatu, 
pilis brpvibiis instruct©. 

Palpi majciUnrex cloiiffati, graciles, articiilo prime brevissimo, secundo 
]on(Tis<;imo, siib-clavato, tcrtio dimidio breviore, ultimo elongate, 
sub-attenuato. 

IdMim naambranaoeam, laciiuia duabiu^ aubslatia, elongatu, annatum. 

UAkdIet brevo^ artieulo prime bvevi, secundo longiore, tertio 
longiaBiiDOy attamuito. 

Xenhm tranavanam, aemicirettlare, natice emarginatuin. 



Corpus deprcsriiuculum, aubJatutn. C^pK/ latum, transversuni, 
8ub>triangulare ; difpeo liireaito emarfpnato^ versus latera utrinque sub- 
qiinoaa Ocuti quatuor^ ocmTeu. Thorax truncato-conicus, antioe in 
medio ratundatus et pone oculos excisus, lateribus dilatatis, deiexis, ad 
angulum posticiim profundi einarginatis, spinis duabijs acutis ar- 
mati«, basi bisinuato. ScuteUum rotundatum. Pedes elongati, fetnoribus 
anticis magnis, sub-cylindiids, subi^labris, intermediis et posticis graci- 
lionbu«» tenu^ pilosis, marginibua antericwibus et poaterioribus d^s^ 
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diktb; anticb ekxigatb oomprcisu, afnee cmaiginatov extend 

MilMoaTens^ intemfr mib-pknis, Tetsiu i^ioein pudd curratis, prope 
nuugineni aiiticuin i^is acuti* mnatia^ extus maltideotitH^ dentw 
duobiu apicalibiM magnb; intermediu et postids 1»eviariliiu» taretilNU, 
apioe mtemo bkalcantOk eztiw aemtis; Uard artiailtt quatuor basdibus 
Aub-asqualibus, ultimo elongato davato, unguiculu duabua eo m p i e Mia , 
acntia> curvatis. 

Sp. 1. Grantii. Sub-ciruli-finreus, citpreo ref'uli^ens, thorace giblm ririt/i 
inien.u; lateribm aiiL^utinquf jxjstici.f vcrxiriJorihux. tlytns sub- 
cattaneo-tlnctis, Jemorihux aureih-riruhhus, tibiis cuf^rcf^ferrui^hiris, 
fftritift nn(enni*que nigris, ahdoinnits scfzincntorntn miii ^riiitliua tes- 
/uceijt, jjcc/ore UtHugine ffriwo tecto. (Longitude corporis 
3 3 inc. 94 Un.). 

In lumoveiii Di Geo. Grant, M.D. hoe vplendidinimuin inwctum 
nominavi. 



Mandiides (of the male) rather more than half the leng:th of 
the body, finely but distantly punctured, with a few lon^tudinal 
wrinkles at the base, the inferior process very glossy and im- 
punctate, colour rich copper, tinted with brilliant shades of a 
golden hue, the base and its appendage rich blue-green and 
iridescent; the curvatures bronzed-black; head bright golden- 
inven, varying in tint with the light, the disc very glossy, re- 
motely, but finely, punctate, bluish; the lateral and postmor 
matins of a variable golden hue, with the spinous processes of 
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die clypens purplish bronse: «yef glaucous: thorax unequal, 
truncate-oonic, with the anterior margin rounded in tlie middle, 
and gmdnally excised on each side behind the eyes, the anterior 
lateral wagliB acute; the lateral margins dilated and deflexed,, 
with a deep impunctate fovea on each, and the hinder angle 
with a prolband circular excision terminating in two spines, of 
which the posterior one is loi^est: the base is laminated; the 
disc gibbous rugose-punctate anteriorly, very glossy and impunctate 
posteriorly, and produced into an abbreviated ridge, composed of 
two lunnles: the colour is intense golden-green, with the ante- 
rior and posterior margins rich purplish-copper, varying in cer- 
tain positions of light to bhie and violet, especially towards the 
posterior angles, and the foverr on the lateral margin are fine 
purplish-green ; scutellum of this last tint, impnnctate, its base 
clothed with short |>ale hairs in tlu- centre : elytra very finely gra- 
nulated throughout, except the humeral elevation, whicli is 
smooth, of a greentsh-chesnnt, with a coppery or golden hue, the 
suture, apex, and a narrow indeterminate streak towards the 
lateral margin somewliat t'erniginous, the lateral margin itself and 
the refiexed portion of the elytra bright green with iridescent tinges. 
Beneath : the sides of the head are bright p:rfen, slightly iride- 
scent, and regulose-punctate, the palpi and throat black, the 
latter impunctate, the mentum deep violet; hreast purplish- 
copper, sliirhtly pnnctatc on the side?;, with a few transverse 
wrinkles between the anterior legs: abdomen, anteriorly, or 
rather post-pcctm. Am^^o\y clothed with jmle lutescent hairs, the 
remaining porlioii bluisli-green, sliijlitly i)ilo5;e, \\ ith the margins 
of the segments pale testaceous: femora finely pubescent above, 
glabrous beneath, the f'rMu- hinder ones produeini; a dense fiinge 
of pale hairs anteriorly and posteriorly, all of a bright bluish- 
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Kieeii, tinted with coji|M;ry iihove: fihirr- coppery-jrreen . 

with a teiulency to castane«*ii . Im matJi t usi>- -nut. tlnir«-fi in 
certain Hirpftions of li^ht with i:ieenisli ; the serratiou>, liibeieular 
processes, and s|»in ^ at the apev purplish-black: tarsi brown- 
hlack ; antenna' thi luie; with the singular fascicle of hair at 
tho apex of th> basal joint pale griseous. At the ba>» of the 
mandibles exteriorl) , and on the sides of the thorax are a few 
I'ery .short pale .scattered hairs, and on the ridge which divides 
the eyes is a long delicate fringe of similarly colourwl ones; 
the anterior and |>osterior maifrins of the thorax both above and 
below are also densely ciliated with .short pale hairs. 

'i'he teiualc is unknown, but in all probability, when disco- 
vered, the mandibles will be found to be abbreviated, and the 
fonn of the dypeus and thorax slightly different from those of 
the male. 

I am, Your's, &c. 

J. F. STEPHENS. 



P. S. Dr. GsAHTt the gendemm who pmehted this interasting age-. 
dmen to the Sode^, -wn suigeon on board H.H.8. Forte, when she 
returned to England in the summer of 1830, from the South Ameriesn 
■tation. The Insect was btought to him in January by a native* who 
stated that he bad found it on a lennous shruhby plant in the Island 
of Cbiloe, wbieh it separated from the Main Land at Valparsiso by a 
veiy narrow channel* — It appesred to have been a recent capture. 
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EXPLANATION OF THB PLATES. 



Pill* Fiir> 

IX. 1.1 Chia«ooiiathc8 Grantii, under side. 
3.1 

} MaxiUce with lacinia and palpus. 

A. Jf<nAMt> proeeMCs of labhmi and jH^p<» undor view. 
Bmp vS anterior Itnora. 

7. Mentuni, labium, &c. upper view. 

8. Labium with prooeiws and palpi, lateral view. 

X. 1. CHiABottWAnnrs Okaxtii* upper view. 
4. Manitbktt heady tioraat, ht. 

8. Lateral view ot ditto. 

4. Apex of mandibles. 

5. AntennK. 

6. Tatwa. 
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VI 1. // C(ise of Human Monstrosity^ with a Commenlary. 



Bt W. OLARK, M.D. &c. &c. 

I 

LATI rBLLOW or TBIWITY COLLBOB, AMD PBOrsaWft Of AMATOKy III «■£ 
DKITKUITY OF CAttWIDVB* 



Of late years no Mjbject has itioi* iiu < -^s;iiitl y occupied tlie 
labours of leariie<l ci>iitinental An.itornist-s, than lli*.' ii)vestigatiou 
of tlie steps Ijy whicli the rudimentary ors^ans of embryos advance 
to tljeir jMjrfect form. Nor has any provtil laoit: fertile in results 
the most valuable. It was observed that in all vertebral ani- 
mals at least, that i)rocess is etJected according to a i>lan whicli 
is uniform for all: that in the lower orders, the full development 
of this plan is arrested in its progress; whilst in the higher, ac- 
cording to their place in the scale, it is constantly advanced to 
a still increasing degree of perfection. By a skilfiil application of 
this general principle it was, that Guvier and Cteoffiroy St. Hilaire 
were so saocessAil in explaining the osseous aystem in tlie crania 
of reptiles, fidies, and liircls— which, up to Aeir day, had been 
nearly nnintellig^ble. And thn* also, that Serres and Tiedeniann, 
and Gall and Spunsheim, sooceeded in assigning daeir true import 
to the ditiferent portions of the brain in Irifds and in fishes, by 
shewing to what parts of the rudimentary brain of the higher 
class they are anals^us. The nature of sneh enquiries neoesHrily 
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drew the atteDtioii of tiMMe engaged in tiieai, to the ooiHidemlioD 
of tboto onomiai or imperfect farm of animab which had hitherto 
been cooridered to defy sobsenrienoe to general Uwsp and which 
bad been collected in a heterogeneous mam, as olgects of igno- 
rant curioMty» or as proofr that nature is sometimes capricioas 
and disdains an absolute submission to those forms which she 
herwlf had consecrated. An extended enqniiy soon led to the 
conclusion (bat all the known aberrations from usual standards 
may be referred to one of three orden: according as they are 
characterized by defect, or by excem in th^ development, or by 
the inirerrioii of parts. With respect to anomalies from defect, 
it was further ascertained that those organs in which they occur 
have i)een airested in some one ^ those transient stages throng^ 
which they were pasring to a higher degree <if perfection: and 
that in diese stages they resemble the pennanent conditicm of the 
perfect organ in some lower order of animaU*. The explanation 
of the two other orders has not hitherto l>een so satisfactory. 
With res|>ect to exoem of development, though it has been clearly 
determined, that no organ in an individual of a lower clasSy how- 
rvf'r it may deviate from its perfect type, ever represents the type 
o( A higher dass: yet, the varioas instances of this mode of de- 
viation have Hceinefl so entirely to militate against general roles, 
that some distinguished anatomists have considered each case as 
forming a genns of itself, ami as subject from its earliest period 
to its own peculiar laws. iMay it not be, however, that in the 
production of these unnsaal animal forms, the law appears to be 
peculiar merely because its ordinary exjtression or effect, has 
been disturbed by causes which it is very difficult to assign, and 
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when assigned to estiniate? It is with pleasure that I embrace 
an opportunity of proving, as I hope to do, that, in one instance 
at least, the apparently excessive development is referable to the 
usual laws. 

The monstrous production which I proceed to describe, con- 
sists of the junction of two males by the head, neck, sternum, 
and abdomen of each, as low down as the passage for the common 
umbilical chord. From this point the bodies are separate. The 
external organs of generation are natural, die testes on the point 
of descending into the scrotum, the opening of the rectum, perfect 
in both. There are two arms, and two legs to each fietus, and 
the whole body of each, from the umbilicus downward, is well 
nourished, and very perfectly moulded. 

The connexion is of this kind. The spine of one feetus is to 
the extreme right, of the other to the extreme left. The ribs from 
each spine arch towards a mid plane, and thus Ibim a body with 
breasts on each feont common to the two. The occiput of each 
arches from its spine, upwards, backwards, and then forwards, 
until it meets the corresponding parts from the other spine. And 
then a mixing together of the two heads tekes place. The feces, 
in this operation are not destroyed, for the right portion of the 
fece of one feetus joins with the left portion of the fuse of the 
other, to make up two anomalous countenances^ which look 
forward and backward, Janus-like, in a directiou perpendicular 
to the common plane of the spines. 

One of these faces is more pM-fect than the other. There are 
two ears to each, and a mouth: over the mouth is, in each, an 
eye-ball, sunvunded by four eye-lids, of which the external angles 
' are naturally united, and the internal angles meet in the mid line 
of the face, above and below the eye-ball. In the more perfect 
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face, the eje-ball [nesents two cornete of different sizes: in the 
less iierfect, our huixti transparent disc. Plate 11. 

In the It ss perfect face, below the junction of the < >♦ -brows 
is a very sniail fleshy tnhprrlo, which is the onl.v riulim* iit of 
a nose. In the other face this tubercle is considerably lander: 
is evidently bony from its resistance: is covered by a loose flap 
of skin: and, when llw^ is turned dawn over the eye, the tubercle 
is foinid to present a cell on cither .side, separated by a middle 
septum. Plate 12. Fig. ami F. 

The mouth in the nn)re perfect face is fair!\ i^rined. \N'hen 
the lips are separated, a well d(\rloji*(l tongue is seen. The 
mouth of the less jjerfect is much .saiallei. No lonsrue is here 
visible: but this, as will be allerwards tbund, is only an apj)arent 
defect. This month t>i)eus by an aperture behind, about a line 
in diameter, into another cavity ; into which cavity the mouth of 
the more perfect face also opens. 

With respect to the osseous system, I shall detail only what is 
peculiar and unusual : the bones of the spinal column, of the 
l>elvis and limbs of each fcetus, and the ribs, being normal. 

The bonea of the head, standing upon eai^ veitebcal column, 
unite to form a single cavity for the common brains of the two 
fcetuaes. 

On the top of eidier column is placed an occipital bone to 
which the tempoi-als and parietals are attached in the usual way. 
The parietal bones, corresponding to <me oolnmn» meet those cor- 
re^nding to the other column, at their anterior and superior 
angles which are truncated ; membrane alone uniting die truncated 
angles, and thus forming on the vertex of the common head a 
large fontanelle. Between the truncated and the anterior inferior 
angles of the corresponding opposite parietal bones, are situated Ihe 
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ftonta] bones: that which is above the less perfect ihce being; mach 
smaller flian the other, and formed of one portion only, whereas the 
other, as is more common, is formed of two. Plate 12. Fig. A, C D, 

It is interesting^ to determine in what way the bones of the 
two crania are modified and connected so that two fooes may be 
formed in planes parallel to that of the spines. To this we 
shall be led by a oonsidaration of the common basis of the 
crania. Plate IS. Fig. JT and X.. 

The occipital, basilar, and temporal bones are naturally con- 
nected on either side, and except lhat flie squamous portions 
(tf the latter are very small, and die petrous portions very large* 
present nothing remarkable. The sphenoid is connected by its 
body behind to the basilar bone, by its great alse to the anterior 
edge of the petrose and squamous bones, and by its ingrassial 
processes to the frontal bones in the normal condition. And these 
connexions, of course, prevail here also. But Irom the smallness 
of the squamons bone, the alsB of the sphenoid are thrown into 
a direction mach posterior to what is their usual direction. The 
same disposition occurring with respect to the sphenoid of the other 
fcetus, the bodies and two great alae, on opposite sides, oppose 
each other; a space intervening which is nearly quadrangular. 
This space is occupied by the united ingrassial processes of op- 
posite sphenoids closely compressed, ( aiul therefore united by 
ossific matter) between the riffht great ahe of one, and the \ti\ 
of the other. The great ahe and bwlies are also united behind 
these processes from pressure ; and, the bodies still maintaining 
their natural connexion with the basilar boius, thus .sun<»tui(l 
a central space which is oval in form, is covered by tibioiis 
membrane, and is exactly above that common cavity into which, 
the two mouths open. 



Digitized by Google 



224 



Profbssor Clark <mi « €kue 



The oethmoid bone is entirely wantiner on the side correspondinar 
to the less perfect face, and the frontal hones are there united by 
o«!sifie matter to foriii the roof of the orbit and the forehead of this 
face : the two orbits being necessarily imi>erfect from the absence of 
the iethnioid, and tlu refore fonnin|JC one cavity. On the side cor- 
respondinc: to the nioie perfect face there is a rudiment of the 
tethinoid, wliich is, in lact the prolx -^ 'i-- if'tliis sich-. It ai>pears to 
have been forced downwards and tonvartls )jy tlie lateral |)ressure 
of tlie frontal boues, and is connected to their inner edges by 
ligauictit. 

Thus the smallness of the s<iuamons l)onc, and of the inirrassial 
process, w ith the absence of the tethinoid, renders the position of the 
frontal bone and of the face necessarily lateral in respect of the spine. 

In the less pertcct face, from the total absence of a thmoid 
and nasal bones, and the narrowness of the frontal bone, the 
superior maxillary l>ones are so much compressed laterally that 
their palatine plates form a ridge, rather than a horizontal lamina, 
Hence tlie cavity of the mouth is deep, but very narrow ; so 
narrow that the tongue diough noall cannot project into it, but 
lies in that common cavity which ia between the two moutlis. and 
directlf below the oval opening of the sphencilds. The oHier 
moatb, irom. the width of the frontal bones, &c. is large enough 
to receive a well-formed tongue. The m^brane which lines the 
sides and vault of either mouth, uid admits the parotid, ducts; ' 
presents a small papilla in the situation of the nvnla, on whose 
sides are seen the openings of the eustachian tubes. Behind die 
tongues, which are properly attached to byold bones, and these 
(0 the temporal bones, is the common sac which is the bag of 
the phai-ynx. Into this the two larynges open, covered by their 
epiglottides ; and it terminates in a single asophagus. 
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The structure of the walls of the thorax may be inferred from 
the description of the external appearariK ilready given. There 
are twdve pairs of ribs to each fcetus. The right sternal series 
oir one ftetus, and the left of the ot)ier are received into a common 
stemam : whilst the left series of the first, and right of the 
second are similarly received into the other sternum. 

The cavity of tlie thorax is divided into two portions by a 
membraneous partition proceeding from either vertebral column. 
In each cavity is a perfect heart in its pericardium, with a pair 
of lungs : and between tlie two hearts pass the two tracheae ; and 
the single oesophagus between them. The hearts are entirely un- 
connected. And the lungs have this singularity, that of the pair 
attached to a heart, one i?? the rig-ht lung of one fcetiis, and the 
otiier the left lung of the other foetus. The thorax is closed 
below by a large diaphraerm, witli tour pillars ; two to the lumbar 
region of each foetus, with united tendinous centres. In this 
diaphracrm there are double the number of ordinary foramina, 
one i \cei)ted, since ttiere is but one cpsophagus. 

The (jfsophatrus oi)ens into a stomach (2^ inches long by 1^ in 
width) whicli rather represents a square pouch tlian the ordinary 
curvilinear tonn of that viscus. One extremity may be called the 
cardia, hecmi'^H tlit i> is a spleen closely attached to it. Theie 
is anotliri- splt-en nlsu, but it is attached to the stiiiinirli !)> a 
much wider pt- ntmi' d fold. From the stomach proceeds the 
small intestuje corresponding to the (iiuxlenum ; it is a wide 
straight intestine doubled upon itself, like the beginning of the 
cfjecnm in ruminating animals, and lying across the upper part 
ot tlie common abdominal (?avity. To this duodenum there passes 
the biliaiv duct from a large liver with a gall bladder belonging 
to one foetus, us A : but it is not pervious so far as the intestine. 

Fol.IV. M il. Fv 
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Hien; \n alwo a (jancreas. The leogtb of this portion of intestiBe 

w 9| inches lont^. It ofMrfiH into a sac neariy of the Mune dimen- 
iiioDt and form ax the stomacf), 'situated in the oooummi abdominal 
upoce iinin«diat<:ly over the ombilicuA. 

There in another liver belonging to the fcetns B, with a gall 
bladder and ductn. The wmraon duct Is perforate for a «iy 
flmull simce, and ends in a band of condensed cellular .sul^tance 
covered by peritoneum : which band is connected, by one ex- 
tremity with the second spleen, and by the other with the lower 
jKjrtion <>(' the duodenum alretidy mentioned. To the sides of the 
sac, %vhi( li filled the lower part of the common abdomen above 
the umhilicns, are attached two coils ot" small intestine, each 
closely i»ackcd, and each opening into, or arising from, the sac. 
The coil, peculiar to the t'a'tiis A is \A\ inches lontr, that to the 
foetus 7/11 inches They both terminate in a creriiuj with an 
a(>pen<li\ venniiiirmis 1^ Ion;; in each, i he large intestine from 
the CDfCura to tlie aims, is. for the fcetns A 14 inches long, tor 
B 15 inches. 'J'hc large iateslmes in both have this peculiarity, 
that they are attached to a faii-likc mesentery, .mkI torm coils 
like the .small inteslmes in the natural state. 'I'heir proportional 
length is unusually great. Plate 13. Fig. /. 

The urinary oriraiis in either fcctus are ultogether natural. 

The coniaioii uiubilical chord consists of four arteries, and two 
veins; a vein to each liver, aiul tlic arteries u.s u.sual. 

The urteral and venous systems are similar for each iieart and 
each foetus. 

From the left ventricle arises an aorta whidt, instead of the 
three trunks which usually spring from its arch, sends off only 
4Mie: and this divides almost immtdialiely into the oommon carotids 
for one iace, or <m<Mne correctly) into the right oommoii carotid of 
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one ftetus and the left <^ die other. These arteries present nearly 
the QSiiai sabdivisionsi the rig^t carotid is the largest, has a much 
more oblique course to the head than the dher: it also gives off 
the greater number of branches, the arteries of the tliyioid in a 
lireat measure coming from it alone. It divides as usual at the 
angle of the jaw. The other carotid, also sen& off a thyroid, fiicial, 
internal maxillary, occipital, temporal, &c. but these are small 
branches, and it principally goes to the brain as internal carotid. 

The aorta then arches gently downwards to the spine of the 
foetus B. It then gives off the left subclavian to this foetus next 
the right, and from these the two vertebral arteries, &c. arise. It 
hnally terminates in the two umbilical arteries of this foetus after 
supplyin<>: all the part^ nearly in the usual manner. 

The veins which rctum llie blood from these arteries liave u 
curious destination. The ascending cava enters the right auricle 
of the other heart, and tlie azygos and right subclavian veins 
join tilt lirsd iiilin- cava of that heart also: whilst the veins ae- 
conipanynisi t^l^- arteries which arise from the arch of the aorta, 
ami the left -^uhclavian vein form the (iesceuding cava of the 
same iieart from whence those arteries arose. 

The arterial and v» lums systems of tlu utiier heart are exactly 
similar to what has been »lts< ribed. So that the brain of orif 
foetus derives its internal carotiil on one side and its two basilar 
arteries from one heart, and the other internal carotid from the 
otlier heart. It follows that the faces and eyes, moulded thong^h 
they be from correspondinsr parts of ditterent foetuses, derive their 
blood, ntvertheless, from the same heart. 

The dura mater passin^^ from the occiput and tentorimn of one 
foetus in the usual way, joins that coming similarly from the other, 
to form a common falx. The cerebral lobes are moulded into 
one mass on either side of the falv, and present no appearance 
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of convolutions. Neither is there any sulcus on the upper snrfkce 
of that side of the braiiw which corresponds to the less perfect 
face. On the corresponding surface of the other, howevert is a 
deep oblique fissure, as though the anterior lobes <^ these oppos- 
ing hemispheres had not united tbroughoot. The ventricles on 
other side form a common cavity. 

Tho crura cere])ri of the opposite brains are melted toerether 
over the oval aperture of the united sphenoid bones. From this 
{joint the tidwra annularia diverge separately : and are connected 
to well funned, distinct cereheHa. 'i'he meduilfie oblongatse and 
»pina1es [)roceed from them naturally. 

There ?»; no vestitre of any olfactory nerve. The optic nerves 
are very ^inall. The ritrht optic traetus, of one fcetus, convertres 
to its in'.jfrassial bone ; at which point it meets the left optic tnictiis 
of the other foetus. Here the two unite to form a single optic 
nerve for cither face. 

There is notliin!r remarkable in the other nerves. They have 
their usual apparent nuLiin*, and their usual paiisages throucrh the 
cranial bones. The h it vai^i send a recurrent nerve round the 
aortas: the riirht do not surroinid any artery. Thi-y appear to 
waste Ihernseives ahnost entirely in formincr the iml ninnary and 
card in |ile\iis, anrl thus connect the separate sympathetic systems 
in the neck and thorax. 

Dimensions supposing the more perfect face to look forward : 
JI^* FrntHM. Left Fatiu, 

Total Icngdi fironi vertex to lwd..,..i4.5iiiehe»...*.....*...„iS.9iiKhet. 

From vertex to common iimbiltcus... .*»•»•■ *••••• 6.0 

Shoulder point to shoultkr point 3.5 3.2 

Shoulder point to end of fingers 6.0 6.0 

Baund the dbow £.5 S.S ....... 

Length sf font S.O i.S.....» 
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Orctunfereooe of comnran hemd ^ is indus. 

neck............ • ....... 

thorax 

Diameter from ocriptit to occipal ft.O..... 

eye to eye 4.0 

Such being the structure of this curious production, we are 



naturally led to admire those deviations from the usual disposition 
of essential parts which seem to fit it for an indefiendent existence 
after birth. The respiratory, the circulating, the nutrient, the se^ 
cretory apparatus are perfect, and that it did not live, is to be 
attributed to accidental causes, which are unknown.. Here also 
we have an instance of &ne creature, admirably compacted from 
the parts of two. For the onion of the instruments of intelligence, 
viz. the cerebral lobes, and the nerves which supply the organs 
of sense, constitute it one individual. The spinal chords also are 
intimately united, since the corresponding crura cerebri to which 
they pass, form one and the same mass. Tlie curious disposition 
of the Inn^rs, and the connection of the arterial and venous system 
of either body with dilVerent hearts, are evidently causes which 
tend to the s:»iiip eti'ect. For without this, or something: equivalent, 
the circulation wliicli is now one for the whole mass, would have 
been two, a distinct and independent eircnlation for each body. 

There is a description of a human uionster, iu many respects 
resembling the present, griven by Briicrnoni in the sixth Volume of 
the Memoirs of the Af-ademy of Turin : and anotlier by Ouvernoy 
in the tlnnt Volume of the Commentaries of tlie Petcrsburg^h 
Academy. They had, like ours, the head, neck, and upper part 
of the trunk, snmi-doulde ; four arms and four legs. They were 
both formed of the union of two females. In the Turin paper no 
description is given of the circulation, except that there were two 
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hearts, enclosed in thdr proper pericardia, with tibar veins and 
arteries. In the Petersburgb case, the drcolation entirely dilieved 
from oars, but yet was single ibr the whole mass* There were two 
hearts, one much more perfect than the other: which snpplied the 
greatest number of arteries, as the two aortae, and reoeiTed the 
greatest number of veins. The imperfect heart, after supplying 
a portion of the arteries of the head and longs, and reodving some 
of the veins, anastomosed by its descending aorta, with the prin- 
cipal vessel of the other heart, and by a large venous trunk with the 
descending cava of the same. This case of Duv^moy, as fiur as 
the drculation is concerned, approximates to one lately described 
by Barkow, Chap. ii. No. 6060 of the Berlin Mnsenm : two males, 
with the brains nearly distinct. I know indeed of no recorded in- 
stance of a human monster with a drcnlation nearly similar to 
that which I have described. But I suspect the Turin monster 
to have been such. The drcnlation in a double pig, described 
by Haller, (Jp. Min. Vol. III. Sect. 16, very nearly resembles it 
And that by Antomarchi in a double dieej>, Ann. des Sc. Nat. 
Tom. ziv. is also nearly similar. 

It has long been a question, whether double monsters arise 
from a single germ, or from two germs accidentally united. But 
the question oucrht to be mncb restricteti before an answer oati be 
given to it. Every appearance is uioustruus which is unusual : and 
causes may exist capable of iiroducing, in the uterus, an unnatural 
union of twins, more or less C()iu(>lcte in appearance and yet not 
iuvolving essential pai is ; capaljle tlieretore of producing- a double 
monster. Sucli slight connexions as that of the Sianips<- youths 
may be conceived to have been thus produced, ^^lt!l<vllt dding 
niiu h violeiice to the iuia»ri!ititiua. But to suppose tiial jjressure 
so forcible should have been ap^ilied to twin germs, as to melt 
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tbem partially into one substance, without destroying their vitality: 
and at tiie same time so exactly applied that a single teaophagus 
is neatly compacted from the divided oesophagi of two; a single 
duodenum from two tortuous tubes» of which the oomsponding 
parts were never in the same plane : that the sterna of the germs 
should have been exactly cloven in the mid line, and the divided 
parts then as dextrously united, interchangably, the half of one to 
the half of the other : that the aorta from one heart should, at any 
period of its growth, have been violently torn away, and then 
inserted into the other, tiie same operations being repeated on 
that other: that parts so essential to life should thus be decom- 
posed, and re-united under anotiier shape, seems quite impossible. 
It was in tiiis revolting form that the difRculties of the question 
presented themselves to some of the advocates of that opinion 
which derives the origin of double monsters from an originally 
monstrous germ. But in the present day, when the successive 
steps of development are better, though not perfectly understood, 
they cannot liave the same weight. On tlie contrary the objections 
are refuted by tlirect observation, and tlie <iuppositions on which 
they are built are f^jund to lie entnely erronecms. 

Before eiideavourinpr to explain the anomalies of the present 
case, it is neee^isary that I should refer to what is known of the 
progreas of the embryo from its very earliest moments. And I 
undertake this task the mwe readily because there is no work of 
an Eng-lish autlior which lyrives a detailed and at tin; same time 
uii a< ( urate ai'count of the process: thouf^h very valuable detached 
observations nuiy be collected from tlie admirable works of Harvey, 
Needham, Monro, Hunter, Cniickshanks and Home. Tt is to 
foreigners that we are indebtetl for acctirate explanations of the 
membranes of tiie ovum, of the modes in which the several organs 
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are formef], and of their early connexkms willi eodi oilier. And 
once for all 1 refer below to those aoffident soaroes of iDfor- 
, natioii*. 



An ovum is an organic ptodnctioD of a pecnliar organ, the 
ovary, in the form of a vesicle, containing^ a matter which through 
a series of changes prodaces a new individual capable, when it has 
reached a certain st^e of its existence, of sof^rting an indepen- 
dent life. Thus in all o\ a tliere are three parts, which are the 
product of the ovary itself, viz. a nutrient matter, a membrane to 
invest the whole, and an intermediate nndeus, or center, from 
which the formation proceeds. 

Tile viteilus, or yolk, the earliest part of the egg, is an im- 
mediate secretion fi-oni the ovnr}'. It is contained in the membrane 
of the ovum, which is smooth within and granular externally 
and is called the cortical membrane, or exochoriont. Between 
these two is gradually disposed the third part of the egg. This 
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appears at first as an riggre^tioii of minute globules, which 
arranere tlieraselves on the inner surface of the exochorion. In 
somi uiie part they are accumulated in liirs^er quajitities so as to 
reprrsnif u disc with a nucleus poinliuu towards the center of the 
egg. Fruin tlie interior of the yol!v tlu i r proceeds a minute vesicle 
oontainingr a fluid. It moves tnwauls tiie nucleus, penetrates it, 
and then bursts. The flnid dittuses itself amongst the globules 
of the disc, which then assumes a membranous form, and is called 
the cicatricula, the genninative membrane, or blastoderma of 
Pander. The central vesicle is supposwl to be the maternal por- 
tion of the future 'jferin, anti when this process has taken place 
the ovum is capable of impreffnation. 

It was loni? doubted where the first appearance of the ovum 
in mammalia could be ascertained. The observations of Cruick- 
shanks, of Burns, of Prevost and Dumas, had sufficiently proved 
that it may be perceived before its arrival in the uterus: for they 
discovered it in the Fallopian tubes. But, since it had escaped 
detection in the ovafy, the ovarian vesicle of De Oraaf, in the 
abeence oi any otfao' ascertained radiment, waa. oonsidered to 
afford the elementary flnid from which, at least in part, it is 
aflarwards prodnced. At lengrth the more accnrate obsenratiNnis 
of Von Baer, die ovum itsdf was discovered within this vedcle. 
It first appears as a collection of roinnte grannies on the inner 
surlace of this vesicle, and is an aggregation of the globales of the 
flnid. These globules themselves are not solid, hut are vesicles of 
a second order. Their investing portions coalesce to lorm a con- 
taining membrane, whilst the fluid portioBS become Ae contents 
^ that membrane. 

The ovum presents sii^^ular varieties of sine. In the different 
orden of animals. In the dog it is in diameter not more than 
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fj^eriTal, the Maae of an mnm *et:m'- t.^ he inveneijr jpropMfioMl 
to fill; folnve «^oIijtKKi of th^ ofder. It naj be veniioiMd, as 
Iwarinilf iifK-iTi ihf «>iihje<^t of ttiH IMper, that two o^^ have been 
rK;/^oir*nalty olrsHrytd in one oraflian veMcle» in the doe. TW stae 
«#f t)w; ovum depend** ii{»ori tlie jrolk. who^ mainiitude rarie^ ac> 
rordiiit( at it i«( intended to irapplj nutni»rat Ibr the whole of 
IcBtal lifir or Ibf a portion of it onljr, and diis ^ms to affect the 
extent of the j?ernii native membrane. For in birds the blastoderma 
o^.riilrte^ at first a f>mali jkmIiom only of the surface of the yolk. 
In mammalia, on the eontrary , it ap|iear^ from the be?inning^ to 
iriv« <<t the whole. Thi» at least is Burdacfa's opinion, though not 
Von Baer'«*. 

rv»Tj»stittitefl as afKive de'^b*-*!. the o%um of mammalia escaping 
troni Uie ovfiry, i«« re<"eived into tbt Fallopian tube. In that organ 
it doe<i not re<:eive any new parts. It ab's4)rbs however, as it passers, 
tlie fluid of tubes, and sn inrrea«fe« in size. I'lie irreat changes 
♦ which it undergoe.*? are al't< rw ar<ls etfeeted in the ujvtu**. 

Tn the different cla.sf^f* of animal*' the snrre«;siv<- rhantres in the 
ovii are not effected in eorre«i}KMidiiiLr parts of their prudiictive ap- 
panitus. In fli<- lower forms of life the changes of the egt? are 
l»e«rnn and <oinpl» t(«l in the o\ar>. In invertebral animals the 
♦•gg is so far roniph ted ifi (fi« ovary, that it receives only its ex- 
ternal slull ill the oviduct. In oviparou.s vertebral animals, in 
insimmalia. the yolk and the two membranes are alone formed in 
tile ovary. Tlicir cixn: liowever receives in the ovidiirt the suc- 
cessive deposits ol' albumen with its membranes, the membrane 
of the shell, and the shell itself: whilst in mammalia llie partK 
analogous to the membrane of tlie shell, and the shell, are com- 
pleted in the uterus. Thus according as the place of the animal 
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is higher in the scale, so does the addition of the acoeHOiy parte 
of its ovum occur in situations more remote from the ovary. 

As the human ovum passes along the tube, the germinative 
membrane is uiort; and more developed : and the activity of the 
nt»^rii*; 'f^ nt the .same time exalted. This organ secretes from its 
entire surlace a .soil nnitter, which is sjmngy, reticulated, filamen- 
tous, about the tenth of an inch iu thickness. The secretion is 
called by Hunter the decidna. It represents, of course, the exact 
sha[>e nt" the uterus, of whicli it is a cast, and closes all tlie open- 
iug.s into that onran. Its attachment to the uterus is in the early 
.stipes very slight, ht inu" here am I iIk i . ( oiniected to its walls by 
a few very delicate bk>od vess< Is It at Hrst uitiely adheres to 
the uterus, as a secretion, and aiteiwards becomes united to it by 
vessels. The ovum passing from the tnl>e which opens obliquely 
into the uterus, meets the obstruction of the (le< i(iua : this, from 
its slig^ht adhesion to the walls of the uterus, it is able to detach 
for a greater or less space, and tlien sinks, l>y its vveiylit, into 
the body of that viscus. Thus as the ovum descends to the more 
central region of the uterus, it carries before it a duplicature of 
the decidua which supports it and keeps it in a near connexion 
with the uterus. The doubled portion is called the decidua re- 
flexA. From this description it follows that at the place where 
the deddua is reflected* the uterus is deprived of ite covering. A 
new secretion from the uterus shortly supplies the deficiency, and 
this is &e seat of the future placenta. The human ovum passes 
into the uterus at the end of the second week after impregnation. 
The reflection of the decidna begins at the end of the ^iid,- 
The reflected portion receives a considerable supply of vessels 
fipom tiie uterus, and soon becomes die thicker of the two. In 
process of time however^ from constant distension by the grado?- 
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ally increasing' ovum, it bfcomes thinner — ^is brongbt in contact 
with its external portion (the ori'^nal decidiia) — and finally, about 
the fourth month of prcj^nanoy, coalesces with it. 

At an early [>eriod affpr the ejjg has passed into the uterus, 
the (Brranular cortical membrane expands — its granules assume an 
arboresent tllanientous form, and thus, p^netpdtina: the reticula- 
tions of the reflected, ti\ it to the pro[>er dwidua and so to tlie 
uterus. Siuce the ovum increases considerably in size, preMuus to 
this attachment, the earliest nutrition of the eud)ryo, is to be at- 
tributed to absorption from the fluids of the tube and of the 
uterus, by the granular txnchonou. The series of chan<res by 
which it is perfected taketii place in the blastoderma. These have 
not been ver>' accurately ascertained, in the earliest stage, in the 
ova of mauiiualia : but there is ever reason to believe that they 
are exactly analoij^oiis to those which have been determiued with 
much care in the hen's esrg'. 

The first change is the gradual separation of the bhistoderma 
in the region of the disc into what now appear to he its compo- 
nent parts, whilst at the same time it recedes a little from the 
yolk. It presents an exteraal serous layer, and an internal ran- 
coos li^er. At die same time the proportional distribation of 
these membranes is diflerent in difi^nt parts of the disc: thus 
in the center the serons portion prevails more than the mucous, 
and in ttie circumference the mucous portion more than the serous. 
Hence the disc presents a pellucid area, surronnded by a broad 
darker ring. Between these two lamina, a third portion of the 
blastoderma gradually becomes evident. It appears as a layer of 
granular matter: and since thn matter is tiie substance fnmi 
which flie blood vessels and tfieir contents are formed, it is called 
by Buider the vascular layer. There are dins diree parte of the 
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genninative membrane essentially different: an«i to each is appro- 
priated the office of laying the groundwork of distinct portions of 
the embryo, and to a certain point, of iierfectin^ these. But no 
part of the embryo is finally completed without at least one of 
the other parts afterwards participating in the work. 

The tirst perceptible iudication of the embryo is a darker line 
in the middle of the transparent area. It is situated on the infe- 
rior surface of the serous membrane, and indicates the future 
spine of the animal. On this .same membrane, ou either side of 
the primitive streak, the dorsal plates are disposed, which uu et in 
such a way as gradually to form a cavity for t ituit sjuiial 
cord and brain ; then, on either side of these, are the ventral 
plates. As the process advancf^s, the ventral plates meet in front 
only, and the head is bent downwards tovvanis tlie y >llv So that 
at this stage of the process, the rudiments of th<- w hole motivtj 
and sentient .systems, are formed on the serous portion of the bla>>« 
toderma; whilst its mncou.-. pijrtion. lying l>elow the serous, is the 
open aiKioiuinal .space, ami rests iinmcdiately on the yolk. 

In the mean time? the <jrranules of the intervenini; vascular 
layer are more developed. 'J'liey are collected together more 
closely in the dark border, and in smaller streaks near the pel- 
lucid area. As they come in mntual contact, a change takes 
{dace in their component parts. Their external portions coalesce 
to form canals wliich include the more fluid parts: thns, gradu- 
a11y« Mie Ibrmed on tbe vascnlar m«nlnwi« a number of small 
veins which anastamose and sepamte to form a fine net work, 
and then finally open into the lai^e external circular vein formed 
similarly in the dark border, and called tbe 'terminal vein.' The 
drde is not completed at that part which is above the anterior 
extremity of the embiyo, but either limb of the arc terminates 
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in a vessel which bends downwards aod inwards to join the 
heart. 

J'lie formation of flu; lieart is absolntely similar to that of 
these vessels of tlic an nla, and taUcs place before the fluids in the 
latter ran 1»h seen to mow. By the bendinj? of the ends nt' the 
dorsal lannna', tin; hlasUtderina is drawn down at an antrle tVoni 
its sreneral direction nj)on the yolk, and forms a foKI inider the 
head of the embiyti, in which fold its serous and m neons portions 
are considerably separated. This is a most important inovenn nt, 
for a triangular cavity is thus left between them, which is soon 
occupied by a collection of globules from the vascular intervening 
membiwie: and it is from this large collection of globules that 
the heart is fin'med, by a separation of their coniponent parts. 
They become, in tiie same way as the vessels of the areola, a 
longitudinal sac» with two pMterior angles, containing a flnid 
muss. The angles receive the descending vessels from the ter- 
minal vdn of the areola. At the very time that the heart is thus 
formed, the flnid contents of the canal for the spinal cord b^n 
to assume a d^;ree of solidity. The brain now consists of three 
vesicles containing a fluid, which are the rudiments of tiie me- 
dulla oblongata, of the corpora qnadrigemina, and of the oerebmm. 
They lie, in the order mentioned, in a curved line continued from 
the spinal cord: and, with other parts afterwards superadded, 
may be observed before any vestige of a blood vessel can be de- 
tected near them. Thus the focmati<«s of the. heart, and of the 
brain are synchronous, and have no connection as cause and effbct. 

It has been said that as the dorsal laminse are bent the ger- 
minative membrane forms an angle, where it is drawn down by 
the head from the general direction of that membrane. This 
operation does not oocnr ai the head , alone, the same takes place 



at tht^ wh()l«' circuit, of the ( inhryo, wliich now resembles an iuvert- 
ed boat: so tli.it the sei(>ii> iMMtion the germinative inembraue 
seems to project over the (iorsul surface of the (inliryo, in all 
directions, loiiiiuiu,' a duplicatnre vvhieli snrroinuls an oval ^^pat"t■. 
The laminae of the Uuplieaiure continually grow, and advance 
towards the centre of this space. This point they soon attain, and 
then coalesce; and thus is the contiiiuoiis niendirane of the aiauioa 
formed : a serous sac which contains the embryo, and which is 
incomplete only at that part where the ventral plates have not 
yet coalesced, and which is the navel ia niuujuialiu, and the 
{M)int of communication between the yolk and the abdominal 
cavity in other creatures. 

The mucous portion of the bla.stoderma covers the interior, or 
abdominal surface of the embryo next its spine, this disposition 
being a necessary consequence of the early development of its 
body on tlie inferior surface of the serous portion. From ihh 
region it spreads itself over the yolk, between it, and the continu- 
ally spreading vascular layer. The yolk thus covered, by mucous 
and vascular membranes, forms the umbilical veside of mamma- 
lia. It it at this moment in the place of the intestines. As the 
contents of the bag become diminiilied by absorption on the part 
of die embryo, cylindrical jiortions of it are folded in by the 
ventral bands coalesctn^ from befi>re backwards, and from behind 
forwards, the process first beginning towards the head. These 
Oriindrical portions thus form blind diverticula, which adhere 
dosely to the spine at the ends next the head and tail, and more 
loosely in the intermediate region, whei« they open into the um- 
bilical vesicle. As more and more of the vesicle \» drawn in 
and endosed, the length of the tipper and lower bowel encreases : 
and the ventral plates cloiting more and more, the passage between 
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the vesicle and bowel is i:;^r;idtially diDiinished, and the vesicle 
projects in front of the alxlonicn !ike an hernial sac. The passage 
from the vesicle into the bowel, or ductus vifello-intestinalis, is at 
that part which nearly bisects the length ol tlie luture snmll in- 
testine. In man the duct becomes gradually capillary, at length 
ordinarily disappears, and then the only < onnection between the 
vesicle and the embryo is by means of blood vessels hereat^r to 
be described. 

Hence it appears that the ^i-oundwork of the organs of animal 
life ar<' I >iirie<l exclusively oh the serons |jotiion of the germina- 
tive niernhranc, that the system of ui- nnr lite is derived originally 
from the mncous portion, and ihaL Llie giiuudes of the interme- 
diate vascular layer exclusively supply the matter from which the 
blood vessels and their contents originate. It will be seen that these 
separate portions of the blastoderma afterwards combine to form or^ 
gans upon which depends the advancing evolution of the embryo. 

From the anterior portion of die canal of the heart, arise two 
vessels, these proceed forwards, surround the anterior extremity 
of the digestive canal, attain the region of the spine and then 
unite to form the descending aorta. The aorta loses itself in a 
small branch on die lower i>ortion of the spine, whilst iHwt may 
now be more properly considered as its principal oontinuatioa 
leaves the spine at a right angle, reaches the vascular area on 
the yolk, ramifies diere and inoscalates with the veins of that 
membrane and finally enters the terminal vein of die vascular 
area. This is the first circulation: the aorta cannot be yet seen 
to ramify within the body of the emhiyo, and a considerable part 
of ttiat body has as yet no principal trunk distributed to its sub- 
stance. The artery which thus proceeds to the umbilical vesicle 
is tihe omphaloHnesenteric artery.. 
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The heart by its incraaae soon appears to be too long for the 
cavity in the neck that contains it, it becomes bent upon itself. 
The mid portion of the caoal forms a verf acute angfe with the 
posterior portion which received the veins. The angle is the 
future apex of the heart, whilst that part which receives Uie veins, 
afterwards becomes the sac of the auricles. There is a constric- 
tion also near its anterior extremity which denotes the bulb of 
the aorta. 

The two vessels which have been described as arising from 
the bulb of the aorta, are not the only vessels which come from 
it. And here it is necessaiy to record one of the most striking 
anatomical dicoveries of modern times, which was made by 
Ratbke about the year 1823. He found that not only in fishes 
do bnuichial arches and cavities exist, but that these are found 
during some portion of fcetal life, as in the batrachia, so also in 
serpents, lizards, birds> and mammalia including man. His ob- 
servations have been confirmed and illustrated by Burdach and 
Von Baer. In all these animals five pairs of branchial arteries 
arise from the bulb of the aorta: they do not all exist at one 
time, htit appear in suircession from before liackward. They all 
arch round the bet^inniiij!; of the digestive canal, (the anterior ap- 
proximating as nearly as possible to the rudiment of the brain,) 
and coalesce in the resfion of the spine on either side to form a 
trunk, which is a rcwt of the aorta: for the two trunks unite to 
form that vessel. These arches are separated l>y drep fissures in 
the sides of the neck, which ])enetrate even into the cavity of 
the ii»testine. There are four pairs of fissures between the cor- 
r«»si>onding arches, exclusive of one in front of the most anterior 
pair. The four posterior fissui'es on each side are gradually 
obliterated, the anterior tirst disappearing, and the others in 
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sncceasion. The pair of fissures anterior to the first bnmchial arch 
afterwards beoomes the month, whilst the bands which are bounded 
by the first and second fissures afterwards beoomes die lower jaw. 
In man the branchial arches appear in the fifth or sixth week, 
and exist only for a very short time. And here, as in the other 
mammalia, in birds and in the higher amphibia, they undergo no 
further development In fishes, as is well known, they are res- 
piratory organs which serve for the whole life of the individual, 
and are gradually endowed with an apparatus of cartilage and 
bone, admitting of numerous subdivisions on which the ultimate 
branches of the vessels are spread. In batrachia, the vessels are 
sulidivided on membraneous productions of the soft branchial 
plates, and exist only during the larva state, witii the exception 
of tlie Proteus- and Siren where they are permanent. 

With respect to the branchial arteries fiwm the aorta, some 
disappear as far as their stems are concerned, whilst their 
ramifications persist, and others pmst entirdy under certain 
modifications. The fi>11owing is the piocess in the chid& where, 
for obvious reasons, it has been roost accurately obeerved. From 
the simple cavity of the heart, at its anterior extremity which is 
the bulb of the aorta, spring in succession five pairs of branchial 
arteries. They arch round the begiuuing of the digestive cavity, 
to attain the spine, and on either ade of it coalesce to form a 
single stem. The stems are the two roots of the aorta, which 
unite lower down in the spine to form tliat vessel, llie trunks 
of the two first pairs soon disappear; whilst the arteries which 
oriirnally spruntf from them to supply the head are perniaiieiit, 
as well as their jKisterior branches of coinimiuH-ation with the 
juibsequent jwir. When this occurs, tlie blooil rtows from the 
heart, through the third, fourth auii liuU )>uirs, to the roots of 
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tbe aorta, and by the comminiicating bfancb on eifber side, fills the 
arteries of the head. This third pair becomes the arterjr for the 
neck and arm, and its comronnication with the bulb of the aorta 
disappears also : the stream from the aorta then flowing in Ae 
fourth and fifth pairs fimn the heart. The next that disappears 
is the fifth branchial artery on the left side. Whilst this process 
is taking place, the septum of the heart is fi>rming, firom the 
apex upwards: the last part of the septum which is completed 
being tliat immediately under the bulb of die aorta. It is a 
consequence of this formation, that as the heart oonti'actB it 
sends the bkiod into the bulb, in two separate currents. These 
currents surround eadi other in a spiral form as they advance 
into the aorta, whidi arises indifferently from the two cavities of 
the heart. The current from the right cavity, fills the fourth 
branchial artery of the left side, and the fifth of tiie right side, 
and these afterwards become the pulmonaiy arteries, with the 
ezceptifni of small branches of communication with the root of 
the aorta, which are the two ductus arteriosi of birds. From 
the left side of the heart, the current of blood is directed to 
the fourth branchial artery of the rij^ht side, which becomes the 
descending aorta. This metaniorpliosis jirevails in mammalia, 
though with modifications wliicli are not so well understood. 
In the second month of the human embryo according to Bnr- 
dacli, there are tbund two principal arterial stems, an asceiitluig 
stem to the head, a descendin<T: stem to the body. Of these, 
the first api>ears to be the root of the tliird paii of branchial 
arteries, with the snbdivisions of those anterior to it, whose 
roots have disappeared. Its blofnl comes from the left cavity of 
the heart. The descending luanch of the aort.i comes from 
the right cavity, and is composed of the remains of fourth and 

HU2 



Digitized by Google 



244 



Propbssor Clakk on a Vase 



fifth brancbial iwins. The anterior and posterior aortas are still 
connected by a branch of coiniminication, the remains of the 
<Hriginal root of the aorta. When the longs are formed, the 
banning of the descending aorta supplies them wttii blood. 
Its contents are in fact entirely distributed to them, with the 
exception of what still passes through one remaining branch of 
communication with the root of the aorta on the left side, 
which is the ductus arteriosus: so that now the descending 
aorta can only receive ite blood ftom its branch of commu- 
nication with the anterior aorta. Hence the branch of com- 
munication increases, and forms between the anterior and pos- 
terior principal trunks the arch of the descending amta. This 
now derives its blood entirely from the left side of the heart, 
and becomes the common origin of the ascending and descending 
vessels: whilst that which was its original stem, and which arose 
from the rig^t side, now becomes the pulmonary artery. 

Thus the aorta is formed from Ae oonoonrse of brandiial 
arteries which spring from the heart, and whose direction seems 
to be determined by the situation of the central nervous masses, 
for they stretch towards the rudiments of the brain and then 
descend in the neighbourhood of the spinal cord. 

From this i>oint the completion of the embryo requires the 
co-operation of at least two of tlie original elements of the ger- 
minative membrane. 

The liver is formed by two pnMliictioiis of the upper part of 
the intestinal tube. They ]»roceeil trnm the intestine as cylin- 
<lri<;iil [>ro1ongations of the mucous meml)raiie Mu iounded by their 
vascular layer: these subdivide, and form many arborescent hollow 
Blaments. Thus are coiistittited two principal lobes, which 
surround the ascending vein to tlie heart. This vein sends oft' 
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a loop, which ramifies with the sabdivisiona of the tube, and thus 
the gn^nndworic of the liver is formed » to which the pareochyme 
is graduaUy soper-^ded. The raraifyingr vein is the Vena Portee : 
the original venoiis stem, ' as it advances to the heart, receives the 
collection of returning veins from the liver, and is the center to 
which the ascending cava is afterwards directed. 

Before the first eircolation through Uie vascular area is fully 
established, the heart does not pulsate, bat has only a vermicular 
motion from one end to tiie other. The blood in the aorta un- 
dulates, as in the dorsal vemel of insects, and has a difi^nt 
direction in di&rent parts of tiie tube. In Ais way it seems 
gradnaliy to ovMCome the obstructions to its direct course, and 
the first circulation is established. Numerous veins of the vascular 
area soon collect around the subdivisions of the omphalo-mesen- 
teric artery: they form a trunk which returns to the 1>ody, in 
company with that artery. They separate on reaching the intes* 
tine, nnJ tlie vein turns upwards, to become a principal TOC»t of 
the Veua Portvp. n»is ouiplialo-niesenteric vein is considered by 
many as the first vessel which ramifies within the body of the 
embryo. 

'Vhe first circulation having been established, the arteries sub- 
divide in the soft substance of the body. For instance — the 
contents of the posterior extremity of tlie aorta have an undn- 
latini;- motion until the artery returns upon itself and forms a 
loop: tlie advancing- jjart of the loop is an artery, the returning 
part a vein. From the convexity of the looj) anotlier loop is 
gradually formed, and then another. So that one side of the chain 
of loops at length forms a continuous arterial, and the other a 
continuous venal stem ; and the transverse portions of the loops 
are anastomosing branches. It seems that the smaller veins are 
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tittracted by tbe laiyer oiieii» and when Hm^ cone inlo tiwir 
netirhtiourhood coaleMie with llieiii. Hence the Teias which 
accompany the «ubdivMioD» of tbe aotcriar acita, and the ia- 
t«rcoeta1 arteriet are foided by tfiew revels direcdy to the 
venouK iHic of the heart, whilst the same sac of the heart is 
the centre of the veins of the abdomen and lower parts of the 
iMdy. The difference \% that these two series <tf veins attain tbe 
heart inont directly, the one by fidlowin^ the coaise of the ar- 
terieSt tbe other by divei^ing in some degree tram that course. 

But to return to the membranes of t}ie ovum, which hitherto 
we have deicribed as an external exochorioo, and an internal 
nerous amnion. 

'VXu allnnto'is is a production firom the posterior part of the 
bowel at its lower extremity. It proceeds from the cloaca, (for 
as yet there is no urinary liladiier,) as a thin transparent whitish 
vesicle, through the unclosed abdomen at tbe part nearest to 
the tail, whilst the umbilical vesicle |)asse8 out nearer to the 
head. It consists of two layers of the blastoderma, the mucons 
and vascular layers. Its existence is later than that of the liver, 
l)nt earlier than the production of the arterifv which form the 
iinibilical cord. It is observed in the human embryo iu the 
tiiird or foiirtl> week, but here it does not nttain any great size, 
and di.sippears in the sixth . whilst in many otlu r mammalia, 
!is idso in birds, it is reflected over the whole auuuou, which with 
the cuibryo it inrbides as a sac doubled on itself, the sac beinir 
somewhat distendtd witli fluid. Wlu-n tlu' urinary organs are 
develojK^d, tlu^ bladdti is (onnetl out "vf (linf portion of the allaii- 
tois withui the alHlomen which is eonnerted witli the intestnie. 
This at first does not increase in size with the rest of the sac, 
but appears rather as a duct connecting Uie bowel and tbe ex- 
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pttnded onter part of the allantoiis. As it expandi* the tenntnatiDg 
branches of the a<Mrta, follow the vaeentar esAarnal li^er, and nrn 
upon its sides, and so pass out of the abdon^. In biids, and 
the higher amphitua, the umbilical arteries ramify most minutely 
on the external vascular layer» particularly on that portion of the 
doubled bladder which is next the exochorion. In man the 
allantois external to the abdomen soon dwindles to a capillary 
tube, its original vascular layer still ocmtinning as a conductor 
of the umbilical arteries. In the other mammalia the allantois 
persists throughout foetal life, and receives duttipi-ous branches 
firom the umbilical iirteries. The veins which return the blood 
are collected into one stem which accompanies the arteries as 
fwt as the navel. There the two orders of vessels separate. The 
veins pass as one large trunk to the general venous center, the 
ascending cava, below the heart. This is the principal stem : 
.subordinate branches are given to the liver as it passes between 
its arreat lobes, and a branch of communication to the Vena Porta?. 

In man tlie lunbilical arteries are immediately surrounded by 
the vascular membrane which ori<rinally be1onc:ed to the allantois. 
^^'lu'ii the cord rearhes the placenta, now beginnini;' to be formed, 
tliat Hieiubrane spreads itseh' over the whole inner .surtaee ot" the 
exochorion, and forms its vascular portion. Thus is the chorion 
tormetl ; it con-^ists of an external villous exochorion. ami an inter- 
nal vascular ern luriifu itm In the case ol twins tlj( Im o embryos 
have usually a common exochorion, with the other membranes 
proper to eacii. i'his is an instance of the law vvtiieh has been 
well elucidated by M. Serres, viz. that in the primitive state of 
embryos when two homogeneous organs are broufjht in contact, 
they coalesce and form one. If the amnion be al.so cotnmon to the 
two, the case, though not uncommon, is pathological, or monstrous. 
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Mm* tii'tin im mUi'it it »» i'MniM icst* t^<:^ uln^j <ie*<nbe4. 

I *M'iflfiill|^ i^/ tnft% *4 tUti *rX'M^t'fnffn filndi aire in tW wt0am 
wlwir*' tU' lUn'SnH M,H% f fUitib^, tly. iuhn fnidaalljr rrvir 
K'HM r m tl«r tliirij immI ftMtth MMotli% of pwgniMry, and tka« 

Mm' fiHiil iita i« HmM/tb mi inn*^ Mirtee nd presents 
ttulttfr'iuit iii»iHH$\UnH oil iUh *-%U:ntii] : which laeqwdities are the 
wfVfrfil V4tiU'*Utnt% td tlMs pr*Atm%*vA and Mibdivided viUi of the 

i'MM!|i«*r(«Mt Oil fvi-rv otr«T of the villi as a iten, and on all 
Micir MiilHliviMioiiH UN firaiichcfi, are distributed corresponding mh- 
ilivi*iioti«i of Ihi' ijinliili'iil veHMelit which directly anastomose. 

A*i tiw; iiInIoiik.ii (gradually clo<<ieM the only opening left is the 
iiiivrl, whif'h in iirar thf tail end. llie umbilical cord consists 
• \li-niiilly of II iayi-r Croin the amnion, which pa.s»es from the 
nihrh- of till* firtiiN: iM-iieuth this is the vascular sheath orisrinally 
driivrd iVoiii Iht* ullaiitoiN, which on the our- hnnd lost iti the 
ii|HiiM'ur4»HiN of the abdominal muscles, on tli<- other in the endo- 
ehuiiun It iiiiinediutely Hum>uiids the vessels, as \>ell as the layer 
ol' 1 1 Ihthir meudmuie which they ilenv<- from the peritoneum, and 
Mhich with the vessr is contains also u gehitinous fluid •rnulually 
lo Ih' Hhs«»rl»'d l»y the i'trtus, and called the arelntiiu- ot \\ hiirtou 
Thus the oritjfuial rxtermil nieinbnuu- ot" ihv ovnn> tlie exochoriou, 
ii lui time uny direct connection Hith the cord, or with the 
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The lungs in all vertebral nnimak are in didr origin probably 
processes from the macous layer of the abdominal canal* with 
correspondingr accompanying portions of the vascular layer^ and 
are in their earliest stage aoalagous to the swimbladder of fishes, 
and the Inngs of the Proteus and Siren. They are begun in the 
sixth week, and receive their further development in proportion as 
the other respii-atory apparatus disappear. These latter are the 
branchial arches, and endochorion of .the allantob with the pla- 
centa. These three last res])iratory organs do not appear to lie 
intended to perform their functions perfectly at the same time in 
any class of animals. When tlie branchial arches of birds and of 
the .mammalia disappear, then the allantoSs is the active respira- 
tory ovaran : and where the arches are permanent, as in fishes tor 
the whole of life, and in frogs until the lungs are developed, the 
allantdis is not formed at all. 



It is now time that I should «leclare my oj>iiiion respecting 
the mode in which the appeurunees, which tlie suhject of this 
paper presents, have been produced. And this I do with miicli 
diffidence, tliouuli it has not been hastily, nor cai t lf ssly formed. I 
look upon it, then, as a case of twins, whose germs were oriia^nally 
jx-rft'ct ami distinct, notwitlKstandin-Js' ail the difficulties which that 
o|)inioii iiirlinlt's. The two ova I suppose to have been brouu;}it 
into close contact in the Fallopian tube, and that thus their exo- 
chorious, have coalesced, as is usual, to form a common cortical 
membrane . and that, besides this, a coalition has also been etfected 
between corresponding points of the gerunnative membrane, near 
the disc. The nearly perfect symmetry of the two faces, and of 
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tb«r mfyAf: uMUaA portkMM of tbe two 
»n rn ffWI take place it n«t ksie been ia 
T>i^ ff^rt^ I coDclode to hsffie Imcb m fivnt of the 

*^tr*rak* ot th- em>jf7o«. Let us wrm mppam that the 
^arf, ^,fi\,r\<, aylvances, that the dornl ptales and 
an.J %e^Kle« ot the braiD are fonaed m cwrh: aoti] the 
hK-t»e*rn th*- ariterior extretnrtv «>f each ii Oflcqied hf the 
re^rlf of the brain ot" ^ch. These, acoordiiiff to M. Scf 
will now coalesce, and oar dissection «faews that these m Ifce 
only fiarts wlurh ,\x,\ <>^]fr^:^ for the cerebella and corpora qna- 
«ln:^e,,,iiia uere ^.par.te ar.d distinct. Tlie ventral piates of the 

opposite embn.,* rj ^rmly m»^t in tW.nt: and there is an eibrt 

to bend the heal .l .uiiHards to torm the cavitj for the heart. 
This bendins takc> j.lar^ in the direction of the ventral pht fT, 
the effort bein^ resisted m e.ery other. Thus there are cavitiei 
for the hearts projK^rly tormwl an ] - r ey receive their Uood frYMn 
OpiMMite sides of the united va>. uiar areas. Let us now consider 
how the aortas are to U formed. F,re pa.r. of hTanchial arches 
project from each heart on either side of the „eck Tliey arch 
round to the hans of tbe brain to reach the ..tuation of the spinal 
cowl, and there coalesce to form the rtwts of the defending 
aorta. Thas the de«sendtDg aorta in this case, be formed by 
branchial arteries which come from different hearts: thev are the 
root of tbe third pairs, which arches from either l,«.art in a di- 
rection /hm rnrki to left, mOU it gain, the .pine. Thus all the 
art«nee which ari» below the original third branchial artery 
come fM the deecendiap aorta, whilst the arteries of iIh head' 
come from the arch which coaneds the descending aorta to the 
heart And that dirtribotion is exactly the one befo,^ us: the 
aorta has reached the spine to which it does not seem to belong 
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because it ie fimned acowding to the usual laws. Tbe veins also 
follow the usual law;— the superior cava is goided by the aiteiies 
(vid. page 889 of the arch of the aorta to the venous nde <ii die 
heart; and the inftrior veins — (those whidi return the blood of 
the descending aorta of the oiker heart)— to the same cavHgr. It 
must he recoUected that this venous center is determined before 
there are any limbs and before the aorta has subdivided in the 
body, and that it is quite independent of tbe latter vessel. There 
is one apparent difficulty : each fietus receives its right subclavian 
arteiy from one heart, and returns its right subclavian vein to 
the other : whereas the left subclavian artery and van are both 
attached to the same heart. But this also comes under a general 
rule when it is rem^nbered that the subclavian veins join the 
jugulan to fbtm a descending cava, and that the course of the 
jugulars is determined by the carotids, whilst the subclavian 
arteries are originally ftom the extreme appet part of the de- 
scimding aorta. 

Hie sac, by whose intervention the bowels of the two bodies 
are united, appears to me to be the most interesting feature of 
this case. I consider it to have been developed from the umbi- 
lical vesicles of the two embryos, which, according to my hypo- 
thesis, were united at their anterior parts: I believe it, in fact, to 
be the Goqioined vesicles. It will be remembered that the vesicle, 
in the normal condition, at first fills the abdomen: that as the 
bowel is formed at its expense, it g^dtially retreats into the cord, 
being borne onward by the continually increasing loop of in- 
testine, and that at length the duct of communication Iw^tween 
the bowel and vesicle vanishes, and the vesicle itself rests at the 
farther extremity of tlie cord, or between the chorion and amnion 
in front of the placenta. In the united bodies the circumstances 
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are entirely diflferenrt: the vende hat ibur points of attachment 
instead of two, it is pressed by equal forces in opposite directions, 
and is kept at rest. Hence the upper ooils of small intestine 
were found ranch compressed with a veiy short mesentery* and 
closely connected to the walls of the vesicle : whilst the lower 
howels were disproportionately developed, and the mesentery 
much extended between them and the spinal columns. If this 
explanation be accepted it sets the. question at rest concerning: the 
existence of an open duct of communication between die. umbilical 
vesicle and the small intestines in the human embryo, a conimii-' 
nication which has been denied by fl^reat authorities, by Bmmert, 
Hoechstetter, and Cuvier. In a rare case, (Tiedeniann, Anatomic 
der kopfltisen Missgeburten, tab. iv.), there was found a true um- 
bilical vesicle attached to- the intestinal canal. The foetus had 
arrived at the full term, and was in many respects monstrous. 
In Bru^riioni's case it is very remarkable that the single duodenum 
terminated in a vesicle, whilst the lo^\ er ixirtion of the small in- 
testines of each foetus were not connected with it, but commenced 
as blind tubes. 

The upper part of Ihe intestine, that from which the oeso- 
phagus, stomach, and anterior portions of the small intestine are 
afterwards formed, was perhaps probably at its or^n, and from 
the first, a single tube connected to the spine of each embryo. 
That it was formed from the parts appropriated to each I con- 
rliule to be a tact: because I ob<;erve that there are two pairs of 
Itmps with a trachea fnr each, and two livers. The appearance 
also of the stomach and the presence ot' two spleens seems to in- 
ilicate that it has l>een t'ornied from tlie nuiiinents of what ought 
to have been two. The existence and the magnitude of the liver 
on the left side of the drawing PI. 14. shews tliat the uuiutelli- 
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gible mass between it and the spleen was once intended for dno- 
denum, though never matured into that viscus. 

I admit that there are difficulties in the explanation which I 
have thus given ; but I advance it because it is only by a careful 
consideration of individual c^ses that the mystery of these unusual 
productions can be imravelled: and what is yet obscure in oi^nic 
development be satisfactorily exphiined. Such productions as that 
whicli I have described were formerly kept in museums as objects 
of idle wonder. They are now closely investigated as particular 
case« of a general problem : cases in which some of the conditions 
are modified or suppressed, and of which the value and force are 
therefore rendered apparent. And thus do they present ready to 
our hand, means for the solution of what is most difficult — devices 
which no human ingenuity could have contrived. 
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DESCRIPTION OF THE PLATES, 

which «re Mcurate ortho^rapliic projections of the ongiaaU dr«wii with 

Mr. Willis' Machine. 



Plate 11 

Contamt an anterior and a poatcrior vkir of the tuligect, half the real riie. 

Plats 19. 

A. Fhmt view of the cranium and face, where is a rudiment of the aethmoid bone over 

the orbit. Here there are two frontal Imtics. Between the up]>er and lower 
jaws the tongue ib seen. The booes, which make up the orbit in this ftee, are 
lettered in the phm O. 

B. Cnmium and Ukk on the oppoaite fimnt, wliere the frontal bone i« single. The 

bones which imIw up tne aelit aia tattered hi Fig. H. 

C. View of the vertex. 

D. View of the oodput, Ihoa ^ to die rig^t hand, Awe B to the left head. 

£. The proboida with ita ddn projecting ebwe the a»hit» where the eoft paru hare 
sbmofc. 

F. The bone of the proboede tehcre the ikin of the nne n turned down upcn the 
crbk. 

6. «. Frootal. 

6. Sphenoid. 
e. Maxillary. 
d. Mahtf. 

U. Lifttcrii correspond to those of G : the orbitar frontal plate single. 



«if Human Monstrosity, 
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m. View from above of a pRir of united Ingmabl procesMS of oftpoaite sphenoid 
bones, under (m) panes the optie nerve. There is an open ftirare b the 

mid line. 

n. View of the Mine from bdow. 
o. Lateral vkw of die same. 

Plate 18. 

/. View of tlw intestines. 

A'. View of the common basi« of the skull. 

Lu Map of the same. The portions* of the orcipital Iwnes are all yellow: of the 
temporal bones red : of the frontal bones brown : of the sphenoid bone, with 
four great and uniled ingnmial proeesies between two of those alat on 
each side, Mue. 

Plate 14. 

The Circulating System. 

M. Kepre^entB the bodies drawn asunder as fiur as possible, after the diaphragm has 
been nnwved and tlie hearts separated. The bodies are in the plane of the 
papiT, thv head and neck below that plane. <i a, the inferior cava broken 
off near the point of its entrance into the heart, as is the azygos of this body— 
the Aorta this body is from tlie other heart, kc vid. page 9. The (E»io~ 
phagus, and the trachea of the lungs attaclied 10 the lower heart, are seen 
passing in the space between the two liearts. 

N. Shews the Arteries firom the arch of the Aorta on one side the TCins, whieh form 
the dcMending cava — portions of the ascending cava;, and of the descending 
aortip. The two hearts are seen, and portions of the lung between them. This 
is the same view as would he presented if the upper heart in Fig. Jf, were 
turned down, to its proper posidon, and the head and necli raised 



Digitized by Google 



Google 



Google 



VIII. On the JEjpammaHon of a H^irid DigUaHs* 

By thb Rev. J. 8. HENSLOW, M. A. 

PBOFBaflOJI OF BOTANY, AND SSCBBTARY TO THB CUIBBIDOB 

Miii4M»aiOAi. uomvtt, 
[RMd Nov. 1«, ittiO 

Although the propsgatioa of bybrid plants has been mudi 
attended to of late years by several Horticnltarists in England, 
their experimmtsy for llie most part, seem to have been nnder- 
taken for the sole otgect of encreasing the forms of beantifiil 
flowers, or of modifying the flavonr of delidous froits. Bat the 
more' carious and important physiological lacts elicited by the 
phenomenon of hybrid productions do not appear to have receiTcd 
a proportionate d€|free of attention ftom those who have been 
ensued in these experiments. Chance having favoured me with 
a hybrid Digitalis daring the past summer (1831), in my own 
garden, I employed myself, whilst it oontinned to flower, which 
was from June 19 to July 22, in daily exanmui^ its diaracters 
and anatomizing its parts of fructification. I was carefiil to com- 
pare my observations, with as much patience and accnraqr as 
I can command, with die structure of its two parents. It senned 
to me not unlikely that something interesting might result from 
a rigorous examination of this kind, or at least that its recorded 
details might serve as a point of departure for future observa- 
tions. 

Fai.IV. Mil. Kx 
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The plant in question was undoubtedly a seedling from a 
i$peciiueu of D. lutea. I have this species and D. purpurea 
alone of the genus cultivated in my garden, where several 
plants of each had been allowed to flcatter their seed, and the 
seedlings to gnm wimewx they chanoed to come np. I had 
alieody remarked a «iDgu1ari^ in the general appearance of one 
of theBe» and was watching the expannon of its flowers, when 
I was agreeably surprized to find it to be a decided hybrid, 
obviondy having most of its characters exactly intermediate be- 
tween those of purpurea and Intea. T had no donbt whatever 
of its being a seedling of lutea, from the position whid> it 
occupied in the gardoi: in coming np amidst sevend plants of 
this species in a spot whote an old plant had grown the year 
belbre; neither had any plant of purpurea grown in the same 
bonier. Besides which, my plant exBcQy agrees in most pai^ 
ticnlars with a hybrid procured by Kodrenter in 1706 from seeds 
of Intea fertilised by the pollen of purpurea*. His account is ac- 
companied by a rude and inaccurate figure whkHi by no means 
tallies with his own description of the plant. In general habit, this 
hybrid approaches much nearer lutea than pnrpnrea, Plate xv. 
Fig. 1. It is however deddedly taller and more robust than any 
specimens of the former species which my garden ever produced. 
Koelreuter indeed asserts that the specimens raised by him were 
taller than either of their parents, but he assigns a lower limit 
to the height of purpurea than that to which many plants of 
this species have attained with me. Notwithstanding its more 
robust character and somewhat darker hue, the eye would 
scarcely have recognized, upon a mere casual observation and 



* Ada AewL F«tnpd. Anno 1777- 
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befiue its flowering, any pecoliarity aufliciently striking to dass 
it apart ftom wane of the vati^es of lutea, but a litde doaer 
inspection immediatdy detected certain decided points of dif- 
fevenee. The whole plant is not so smooth as Intea, having a 
dedded tendency to become downy, and being completdy so 
on under sorfiuse of tiie leaves, Plate zv. Fig. 8. The gla- 
brous sniftce of lutea is one great characteristic of tiie species; 
thoi^, if the D. rigida of Lindley* is to be considered as a 
variety of it, which he seems to think probable, even this character 
fidls. A few hairs are always indeed distributed here and there 
in die ordinary state of this plant, and seem to indicate the 
possibili^ of a transition firom the one condition to the other, 
dependant probably on certain circumstances of soil or situation. 
Fnnn the ordinary ccmdition of the leaves of lutea, however, 
those of the hybrid differ in a marked manner. Th^ are even 
nearly as woolly on tiie under snr&ce as the leaves of purpurea. 

JSmmtiMfisii itfikt extenuU duaraeUn of the Hphnd* 

I shall firet describe the extenml characters of its several 
organs, comparing them with those of the parent plants. In 
Plate XVI, the corresj)onding parts in tlie fructification of the 
parents uml of their hybrid are nrr^inu* i1 in three folumns, those 
of the latter occupying the middle oolunni. A --iiiuk glance of 
the eye will thus be sufficient to sliew how * \uctly intermediate 
most of its organs are both in size and form, and in some .cases 
aLso in color, to those of the two parents. There are however 
s(ji[ie remarkable deviations from this coaditiou, which will be 
presently noticed. 

* VaBktf Dighdran Homgnq^ JbL Lund. iStl. 
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Comparative view of fA« external t^araciere of the three pkmts 
represented in Platbs XV. and XVI. 





JQlMit (futyttrvMlutai*). 




BSmuU. 

3 5 feet. 

ij^ — 3 feet. 
ItH wouncl, and 
lixer. 


Plate XV. 

Soot. Peramial, accoidiDg to KvdKuter, 

and apparently so in the present instance, 
the plant having thrown out oetmi offl^. 

Stem. About sjf feet. 

Raoemo. About i^lbet 

aeennd, dme^ nodding above. 


2 — 3 feet. 
1 — 1^ feet, 
dnter* 


woolly, 
very soft. 

cmiato-denttite. 

petiolAte, oblong. 


Lea veil. Nearly smooth aboVBi qttite IraaOy 
below. Somewlut soft. 

Dentate. 

. radic4ilf 8ub«pettolMie» broadly -lanceolate, 
Fig.*. 


glabrous. 

firmer. 

dentate. 

aomewlMt nor- 
tower. 


bnMderand aliorter. 

longer than the 

quentty than 

Am bnctMA. 

bige^ cemuoofc 


Bradtaot Lucwitote. 

Pedicels About the length of the Calyx, 
and and somewhat shorter than the brae- 

FkHDtUt audiam dae, wwrljr hotiaootal. 
Plate XVI. 


mnowerlilOBgBr. 

shorter than the 
Calyx and mucb 
dkortar tbn the 
bracteas. 

small, more 
drooping. 


I. 


II. 


HI 


more spreading, 
broadar. 


1. Caiyx, modecatdy spreading in flower, 
■ftcnmda connhoit. 

a. 9epaU, ovatoJuMolalc^ tfw odd on* Budi 
Barrower. 


le&s spreading, at 
lengdi more 

tifttfid, 



* If a general rule for naming Hjbnds ahould be thought advisable, perhape it wilt 
b* found conmikBt alwan to vnSck tbe bum of die plant which mav/&n the poUen to 
Ibat wbkb AmudkM the 
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more haiiy^ 
purple. 

spots more nume- 
rous, deep purple, 
and rings pabr. 

less hairy. 

the upper cnuttw 

ginate. 

lialf the length, 
convergent. 



fleeper orange-yel- 
low, with uume- 
nnu mMrts often 
confluent. 

muchmoreoblique. 



few hilrs. 

much more acute, 
more ovate and 



Jl^ltftfi (^iii]hiiw4i(m>) 



b. hairy on the margins. 

2. Corolla, Yellow grouiui tinted with red. 

A few dark purplish-rcd Rpots surrounded 
bj a paikr ring in tlie Uuoat and tube. 

Smooth, with hairs in the month. 

Dktinctly 4 lobed, the lobes blunt, the 
upperoMMt notebcd. 

s n StfrtntM length of the tube^ nearly' 

paruliel. 



h, r : Anthers yellow inclining to onwge, with 
a few Hmall t»cattered purple spots. 



Oblique to the filament, converpng above. 

d, e: Pollen White, elliptic when dry, aod 
sperieal when nraift. Some of the grains 
obscurely three-cornered, many are abortive, 
but those perfected are of exactly the same 
■tie and as in purpurea and lute«> 
being aomewbnt leaa than |^ of an inch in 
diameter. 

4. a. Putiif covered below with soiall glandu- 
lar burs. 

style eylindtical, with « iew bain on i3m 
lower part. 

6. stigma cloren, very obtuse. 

c. ovarium tMiong, pubescent. 

d. OMfte numerous, and exacdy of die aame 

shape and size as tfaoia of poipuKa 

and lutca. 



less hairy, 
yellow. 

DO spots. 

more hairy. 

* lobes deeper, 
acute, the upper 
deeply notchad. 

somewhat more » v. 
teudcd and diver- 
gent, according 
to Koel router ; 
but I could see 
no very apprec^ 
able difference. 

lighter yellow, no 
spots. 



luir reaches higher 

up. 

more acute, 
more acute and 



much less ntune- 
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CSraiiMtilaiy cn aome purU of the preeetKmg eomptBrkon. 

Raceme. AltlMmuli out' of the characters of lutea lies in the 
very decidedly Nccuml position of the tioweis, some plants have 
them disposed in a smianose manner round the axis. 

1. Cah/.r. About one half the number of the flowers of the 
hybrid had tive sepals and the other half six, (Plate xvi. II. 1. c.) 
and the sections g^ven (from d. to /.) represent the diflferent modes 
of their anangemeiit. Figs. d. and K however appear to be 
their noimal eonditkm in ttativatkm, Ifae ofher modificatioiis hftviiig 
probably resulted from inequalities introdnoed during the expan- 
sion of the flower. The occasional development of a sixth sepal 
seems to be no uncommon oocurrenoe in tibis genus, and I imve 
met with it several times in specimens of Intea and fermginea. 

2. Cerotta, In Hhe colored copies of Professor Undicgr's mono- 
graph, there are two varieties of lutea (see his Plates xxu and xxw) 
in which the corolla is tinged with red. One of these (Plato xxir) 
he considers to be a hybrid plant In diape and size it ap- 
proadies very nearly to the snlgeGt of the pramnt paper, bat 
Ae olher (Plate xzv) more closdy resembres lutea. In his figure 
of lutea also, (Plato mil) tfiere is a litde tinge of red in tte 
moodi of the tube, on each side the base of the lip. I have 
never myself found the slightest tinge of red in any specimen 
of lutea, though the yellow is deeper and more indining to 
orange in the parts above mentioned. If however it diould be 
quite certain tiiat genuine specimens of lutea do occur with a 
tinge of red in any part of their corolla. Ibis circumstance must 
considerably modify our speculations as to how ftr the present 
hybrid may have derived this color from the male parent. 
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Plower"? of lutea are not infrequent with the lo\^ er lip notclied 
(Fig. 7), which indicates the presence of a supernumerars ]!( tal 
blraded into the tube of the corolla. In abont Ijalf a dozen 
instances I even found this petal quite free, (Fig. fi) and I be- 
lieve occupying" the same ])osition as the sixth sepal in the 
anomalous ease<; ju*;t n^ferred to. In D. ferruginea, however, I 
have MMuetiiiies tmuid a .sixth sepal and a notched lip in the 
same riuwer. These anomalies may therefore be considered ana- 
logous phenomena among the sui>er()unit'rary developments of 
the two organs. 

3. Pollen. In comparing the action of tlie three pollens when 
immersed in water, I observed all (he ])henomena n.snally at- 
tendant on this ex]>eriment, to take place in those of purpurea and 
lutea: their grains quickly swelled and their granules were ex- 
jdmled in the form of a dense cloud (Fig. 1' and Two kinds 
of granules were also observed, flie smallest and most numerous 
of which were too miniite for me to be able to ascertain their 
precise shape and diiiMBABioiis by the highot powers of my in- 
stniments; the others, nmch fewer in number, were considerably 
larger, and lay dispersed among the smaller like pellndd spots 
on a darker ground; and these might even be distiDgaished 
through the coats of the grains before their expulsion had takoi 
place. Some pollen of purpurea taken from a withering stigma 
exhibited very distinctly the presence of the Aierted 
btanous tubes {hoyamx) described 1^ A. Brogniart, Amid, and 
othen, in the Ann. des Sciences, (Fig. G). Some of the granules 
also were marked on the sur&oe by three blotches (Fig. H). 
Grains of pollen taken from the hybrid readily swelled upon 
immersion in water, though most of them appeared to be void 
of granules. Some few however certainly contained the laiger 
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kind of granules, and I coald see tbeir explosion acoomiMiiied 

by successive and sudden contractions and dilatations of the 
grains themselves. But I could never detect any cloud of smaller 
gnmnles similar to that which was exploded from the pollen of 
the parents, and which always proceeds from the grain a 
continuous and slow emission, whereas the lai'ger granules in 
the hybrid were discharged at intenals, and by sf parato efforts, 
and lay scattered at a distance from each other over the field of 
view (Fiir. ./') 

Koelieuter lias given it as his decided opinion, derived froni 
his numerous exfK'rinients. that true hybrids never reproduce their 
kind. Later experimenters have doubted this tart, and some seem 
to consifler tlie <)uostion as <|uite settled to the contrary, at least 
with respect to tlie possibility of fertibziug a hybrid by the polieu 
of one or other of the i)arent species. But in pros* < unn^ this en- 
quiry we must be very cautious to keep in view tiit perJett 
distinct ness of the two questions, whether it be probable and 
whether it be possible that hybrids shouhl reproduce their kind. 
If it be possible that a true hybrid may do so, ii may still l>e 
very improbuble, from some deficiency in that connection of cir- 
cumstances, of whatever description it be, which is e.s.sential 
to secure the icriili/,aiiou of the ovule. We might imagine* for 
instance, so great a discreimncy to exist bet^veen the respective 
circumstances suited to the healthy action of its vegetative and 
reprodudive lundioiui, that altiioiigh one cUmale may be adopted 
for aecnring tiie former, an<^er might be required for obtaining 



• Thii h_vpothps!s U thrown out wmtIv in die wny of illustradnn, and iM* as likely to 
«lfurd wiy lolution ot' the cause of inferttiity ob«ervable in Hybrids, at least in most of 

rtiam. 
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the latter, and thus the plant might oontanue to graw aad floarisb 
in one latitude, and- yet be incapacitated, for riperiin^ its pollen 
or perfecting its ovules nnlen it could also thrive upon vonoval to 
another. There are certain plants, emisidered- to he hybrids, which 
undoubtedly reproduce their kind freely enough ; but some of 
these, at least, if not all of them, are mere varieties of the same 
f^ecies. Thus Koelreuter ascertained that all the plants raised 
between D. purpurea and D. thapsi, by lertilimng 'the ovules of 
either by the pollen of the other, were constantly prolific, but 
tlien he also ascertained that D. thapsi itself when cultivated by 
him, after five generations a!;5;umed all the characters of purpurea. 
He consequently rightly inferred that f}, thapsi was to be con- 
sidered no otherwise than as ft Spanish variety of the more 
common form of the species. If, again, it were possible for a 
true hybrid to be fertilized by the pollen of either .of its parents, 
though it could produce no fertile pollen for itself, it would 
then evidently be. in much the same condition as the female 
plant of any dioecious species, and his fertility might be secured 
by the instrumentality of insect^;, &c. In the present plant I 
repeatedly observetl that the blossom always fell before the an- 
thers on the shorter stamens had burst ; and in order that this 
sliould not ojierate in diminishing the chance of impregnation, 1 
touched some of the stigmas with the pollen extracted from 
these anthers, but without any success. Possibly however the 
|K>llen was not sufiiciently ripened. I also touched other stigmas 
with the pollen of purpurea, and others again with that of lutea; 
but all these experiments failed in fertilizing any of the ovules. 
Koelreuter was equally unsuccessful in his attempts to fertilize 
this hybrid, I must here record what has appeared to me 
a remarkable circumstance, brought before my notice during 

Vol. IV. Fart II, Ll 
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&e m oM CR tioif of these enqpiries. There were three or four 
ptaate of latea in my gBiden which were qaite deficient in 
ponen, and which neveidielefls prodoced perfect seeds. I was 
onable to detect even a single grain of pollcD cither heal^ 

or abortive in their anthers, though these latter organs appeared 
lo be well formed and perfected. The ovaria of these plants 
indeed contained plenty of ovules, most of which I afterwards 

observed had been ferti1ize<l, since th^r seeds ripened. These 
plants most therefore have been fertilized by the pollen of other 
specimens in their neighbourhood ; at least according to all our 
present notions on tliis subject. But then the ovules of the 
hybrid were also similarly circumstanced, and if they had been 
capable of receiving the same influence from other plants, there is 
no apparent reason wliy tlmy sliauld not have proved fertile also. 

4. Ovules. In the part iil ]ilants, the ovules begin to grow 
and develnj) themselves immediately after the fall of the corolla, 
whilst in the hybrid they soon wither away It is remarkable 
however, that all symptoms of decny in the ov;iriiun are strictly 
limite<l to the ovules themselves, for even the little protuberances 
npon which tbey are seated on the placenta remain succulent, 
as do tin: vujious parts of the pericarp, including also the l>ase 
of the style: all which continue healthy and attain theit perfect 
dimensions, the valves alone slightly coliapsum fiorn tlit- dt ticienry 
of the ovules in the enlarged cells. Plate xvii Fig. 4. But the 
stigmatic tissue dries up, and a cavity i< tlius left througli the 
upper part of the dissepiment, formnig an opening between the 
two cells, Fig- 6. e. The same effect sooner or later takes place 
also in the seed vessels of the parents. 

Recapitulation. In reflecting upon the [loiuts of resemblance and 
of disagreem^t in the organs of fructification of these three plants, 
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the most striking circuuistMioe which we hawe hifherto noticed in 
their external dmracteKf is the perfeet identity in si«e «nd diape 
hcth of their pollen and of Ihar ovules. As the reqiedive oignns 
whidi contain these hodiei^ vizL the anfhen and die ovaria, are 
each iMopodionalie to. the different sises of die thiee flowen thev^ 
selves, it is evident that a Aower of lafea most have nmch test 
pollen and many fewer ovules than one of pwinifea, wUeh in 
Act the most easoal (^MervatiMi is ei^Bdent to diew* The ovnka 
of the hybrid also are about mtermediate in niunher Id thoae 
ptodnced by the parents. It will be a snioeot wcrtiiy of fiitare 
i nv estigation, to determine whedier one oondttion neoeaeary fer 
seeming tiie hyhridity of two speciee, require their pollen and 
ovules to be of the same, or of nearly tiie same dimensions. Bxv 
cept in the above instance*, and in the very peculiar shape of 
die stig^nai all the other external diaracters of the hybrid ap-» 
pear to be precisely intermediate between dioae of its parents. 
The chiefs idiysiologioal difference observable in the external 
economy of the organs of fractification seems to reside in the 
fall of the corolla, which in the pai-ents does not take place 
till after the anthers have discharged their pollen and become 
perfecdy withered, whereas in the hybrid the corolla falls b^ne 
the anthers on the Sorter stamens have burst, and when even 
those on the longer pair, aldiough opened, have hardly parted 
with their pollen, and have not aa yet become in the least withered. 
The style and stigma of all three appeared to cooBpcrt themselvei 
alike;, that is to say, they all began to wither soon a$er the All 
of the corolla. 
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. ExamituUiott of the internal structure of the Organs 

of Fruet^fieatioH* 

Before I iMgin the detail of lliia examinatioQ, I may at once 
itate,'that so -fitr as I have hitherto been enabled to purme 
I lunre not 'perceived the slightest difTerence between the internal 
structare;: of the three plants; and as their oi^anization is some* 
what different from any of the cases selected by Mens. A> Brogniart 
to illostrate his paper on the formation and developement of the 
embryo, the present attempt may not be without some general 
interest to the physiologist, independent of the objects connected 
#fth the particular enquiiy 'for which it has been undertaken. 
The method which I porsoed was always to examine the varions 
parts dissected, first, in specimens of purpurea, and then to com- 
compare them with the like parts in hybrida, and latea. Though 
it is possible therefore that I may accidentally have overlooked 
some defect and dissiniilarity in tlie internal structure of the 
hybrid during this common and simultaneous examination of aU 
the three, and may have represented in the drawings some ai»- 
pea ranee or other strictly l>elonging: only to the anatomy of pur- 
purea, yet 1 do not tliink such an error could very probably 
have occnrre<l. As the m;iiii object in a lew was the direct 
comi»arison of the three plants, any striking ditference at least 
would liave been noticed, and the siil^ect have been submitted 
to a rigorous re-exaniination. 

Vessels of the Pistil. Plnte xvii. Fig-. 1. represt^tits a longi- 
tudinal section of th*' ovariuui j)* t[)endicular to the dissepiment, 
and consequently passmg^ throuj^h both the cells; and Fig. 2. is 
another lontritudinal section, at right angles to the last, and through 
the plane of the dissepiment, or rather, it represents the surface 
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obtained by tearing the ovarium asunder down the thickness of 
the dissepiment, which is composed of two skins with parenchy- 
matous matter between them. Tlie threads of vascular tissue 
arranged in a circle round the axis of the i>edicel (a), after giving 
off veins to the calyx and corolla (6), and again to the pericarp (c), 
diverge on either side into the placenta {d), a little above its 
lowest |)oint, and then ramify or subdivide through its substance 
into separate fibres (rf") which proceed directly to the bases of 
the ovules. Fig. 3. represents a transverse section of the upper 
part of the ovarium with the lower part of the style ; the valve 
which is nearest the spectator being removed, as also are the 
ovules in this cell. The smaller veins (c'), of which more than 
twenty are seen rising through the i>ericarp, all terminate in the 
base of the style ; but the two larger ones [c], which run along 
the loculicidal edge of the pericarp, rise through the whole 
length of the style. The stigmatic tissue (e), (Fig. 1. 2. 3.) de- 
scends down the middle of the style till it comes into contact 
with the summit of the placenta. When the appearances here 
represented are examined with the highest magnifiers, their more 
intimate structure is exfwsed, as in Plate xviii. where Fig. 1. 
and 2. are two transverse sections of the pistil, of which the 
former coiresponds to one quarter of the circumference of the 
ovarium represented in the lower part of Fig. 3. Plate xvii., 
and the latter ac^rees with the section through the style in the 
up|>er part of the same figure. Plate xviii. Fig. 3, and 4. are 
longitudinal sections of the same organ, the former through the 
stigma, the latter through the summit of the ovarium where the 
stigmatic tissue {e) descends to the placenta, as in Fig. 1. Plate 
-XVII. In these highly magnified sections all the corresponding 
parts are designated by the same letters as in the former figxires. 
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The vviiw («)« {d), Ike. «te in all cms cmpMed of ftniidlet of 
tncfaae, wlncfa id the laiger ream (e> we vefy'miiMroiis. I have 
cfMnted flonetiines betvreen tiiitty and fifty combined in the co»- 
stroetion of a single vein {e), a fact whidi would not be suspected 
npon a casual observation, but which beccHnes eridcnt by d iges ting 
the style in nitric acid, when these elemenlaiy parts aie easQy 
separated . Their terminations are in the form of elongated cones, 
and they all end tt^ether, a short distance helow the stigmu (See 
Plate XVIII. Fig. 3.) The other elementary parts of all these veins 
are certain extremely delicate tohes winch invert the osntral bundle 
of troches, and give it the appearance of being surrounded by 
a mncons or glatinoas substance, but which under the highest 
powers of the microscope may be separated into these tubular 
vessels, whH!»er .sul)divided or not by transverse diaphragms, I 
was unable to satisfy myself. This \ cry delicate tissue has the 
same general appfanmce as the stigmatic tissue, which in these 
plants desct'iuls down the centre of the style, to the summit of 
the placenta. Where this latter tissue terminates in the stig^nia, it is 
indeed evidently composed of distinct cells, easily se^mi^ble from 
each other by nitnc acid, Plate xviii. Fig. 3. ig). Lower down 
however thf ( ( IK ;ir(; uunc t l ungated (r), and lower still, where 
this tissue meets tlie ]>lacenta, I could neither <letect any 
trnn<;verse diaphragms in it, nor even detach its cells (if they 
were such) from each oilier at Ukit extremities by the action 
of nitric acid, thouurh lliey were easily separated longitudinally 
into long filamentuus strings. In this part of its course therefore 
the sti^matic tissue appears rather to be tubular than cellular in 
its structure. Atler this tissue has become divided into two bunds, 
penetrating on either side through the dissepiment into the two 
cells, it seemed to me, upon a most careful examination, to coat 
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ofer the whole mufitce of the plaoaote. It ia very difficnlt bow* 
ever to .be quite certain of this fact, and I may^be wrongr; but 
after auniefoiM dissections made upon the time plants I Ibmid 

I could generally raise, with the point of a very fine needle, a 
tbin gelatinous film of a delicate fibions structure from between 
the ovules Fig. 4. whidi film seemed to be similarly eon- 
stitttted, and also continuous with the stig^atic tissue (e). 

Ceikdar tissue of the Pistil. These cells are for the moat part 
compressed into tolerably regular rhomboidal dodecahedrons, ex- 
cepting in the placenta, where, as the ovarium increases, the vesicles 
assume that irregular character so well described and represented 
by Mens. A. Brogpniart in the parenchyma of the leaf, (Ann. des 
S(\ Vol. XXI.) and they have the same sort of interstices filled with 
air between them as those wlin h occur in t)mt organ. When 
the style is ditrt sfed in nitric acul, the separate vesicles of its 
eellular tissue becoiiie cylindric-oval, Fig. &. {o): and I have repre- 
sented an appearance ip) which was noticed several times upon 
some of th< s<i v( sides, of a faintly marked band running <luwn 
one side. — Further exainiimiion may perliajis tlirow some ad- 
ditional lisrht upon this < ik umstanoe, but at present I know not 
to what canst' it may be aM:ribed. 

Epidermis of the Floral Organs. Plate xvn. Fig. 6, 7. The 
flattened cells are of the same size in the three i)lants, their 
diameter being somewhat more than the thousandth of an inch. 
They vary in shape from hexagonal to quadrangular prisms 
bordered by straight, or waved sides, lliis membrane ia irregu- 
larly supplied with stomata if). When digested in nitric acid^ 
the. cells assume an appearance represented hi Fig. 7., as though 
the granular natter they oontaiaw«w c o ag n lat ed into a nndene, or 
else were endoeed in a separate internal veeide. Whether this 
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appearaooe or^nate in any optical deception, I cooM not 
rofficMOtly satisfy myielf; but if, as I am inclined to think, it 
does not, the fact mnst have been bitberto overlooked from the 
difficulty of detectiog the true plane of janctioo between the 
oontigiMnis cells, owing to the very great transpafcnQT of tbeir 
membrane. Thos, in Fig. 6, where this epidermis is leas mag- 
nified, the celb Appear to be separated from each other by 
anastomosing veins or canals^ whilst in Fig. 7. it is shewn that 
their true planes of junction ran directly along the middle of these 
(canals. 1 am however quite ix)sitive upon another jKjint which 
has been a subject of dispnte among physioloerists ; I mean the 
existencf' of a delicate homogeneous membrane investing tlius 
epidermis. Such a membrane may b-p distinctly s*»pttrate<l by the 
action of nitric acid, from the epidermis of the » <>rolhi filament, 
and style. It is faintly marked by parallel InnuitiKlinal stria- 
Fig. 7, ^fr), and apiiears to <'oat over the whole surface ot Ihest 
organs, but whether it is perlorated by a fissure opposite each 
stoma I did ot ascertain. 

Sh iicfftre of the Filament. Plate xvii. Fig. 8, 9. The cellular 
tissue ot tins orcran consists of elongated rhomboidal dodecahe- 
drons, as th( <liini:attd hexagons seen in its longitudinal section 
sufficiently i xpUiu (Fig. 9.). A single bundle of trachea' runs u|) 
the middle of it, invested by the peculiarly delicate tibrous ti.ssue 
already noticed. 

Structure uj' the Anthers. Plate xvii. Fig. 10 — 12. The tibious 
cells* composing the inner coat of tlie anther, appeared to me 
quite as distinct and perfect in the hybrid as in the parents. 
Nor did I observe the slightest difference i(i the formation and 



* bee Purkmje " De odluU* antherarum bbrosi*, jcc, 4to. Vntislavuc ISSO." 
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condition of any part of this organ in either of the three plants. 
In general, a transverse section shewed the fibrous-cells to be 
ananged in a triple tier (Fig. 10.). These ciirioas vessels seemed 
to be set, as it were^ npon the sides and edges of void 
dodecahedral and other polyhedral spaces, as though certain 
<Miginal cells of these shapes had disappeared and left this frame- 
work of their stnictore alone standing. Hie tiiple tier is not 
distinguishable npon looking directly down upon the inner surface 
of the anther (Fig. bat some of the iibrous-cells may he seen 
standing upon the junction-edges of the cells of the epidermis, 
where this membrane has been partially cleaned of the inner 
coating composed of them. Fig. 18. {h) is the appearance which 
th^ .assume when detached by digestion in nitric acid : (il) being 
the cells of the epidermis, (i) an accidental appearance in a 
'grain of pollen recalling somewhat of the diaracter of the grain 
figured at Plate xvi. Fig. 3. H. 

Struehire ^ ike Ovuieg. Plate xvii. Fig. 13. When the 
corolla is expanded, the ovules are entirely composed of a con- 
geries of laige vesicles, and their suHkee has a very remarkable 
and granulated appearance. At this period of their existence 
I was unable to detect any thing veiy precise respecting the 
distinction and distribution of their several parts. The fora- 
men (m) however was evidently seated near the hilum, and a 
darker spot indicated the chalaae (a) to be at the opposite ek> 
tiemity (see also Plate xviii. Figs. 1. and 4.) In the ovules of 
purpurea and lutea, there is no difficulty in tracing the separate 
parts of the ordinary structure, if they be examined shortly after 
their impregnation ; but before their fertility is secured I have not 
hitherto been able to detect in these plants, more than in the 
hybrid, any thing but a homogeneous mass of oellular tissue. 
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Possibly I have not •riven this jiart of the iiivestitration sufficient 
utteiition. When tlie ovules are tlisjested in nitric acid, the de- 
tatrhtd < ells assume an oval shape. I'i'^. 15. (o), and are yellowish. 
But :uin»nir tlitiii 1 several times ulist-rved a lander eel! • p) wliirh 
was iiinre transparent -.ind wliiter, and whirh T fanoie*! might be 
the origin of the efuhiyoiiH' s;u'k. Tliese foiii|>on('nt part*! are 
best exhibited l>y cru.>hiiiu the ovule between two Hut pieres of 
^lass. Fio". 14 rejire<;etits a iii<»ns( r nsjty in which an ovule was 
obseivetl to stand upon a sort of pe«lieel. 

Kecapiiulation. So tar then as these researches have hitherto 
proceeiled in corn paring the internal structure of the (lorul organs 
of the h>l>rid with those of its parents, no appreciable difference 
has been iletected. Hie elementary vesicles of which their cel- 
lular tissue is constructed seem to be all of the same size, and 
consequently it is evident that fewer of these vesicles must be 
employed in the confbmatMm of any of the ports of hybrida, 
and still ^er in tlioM of latea, than in completing the oogres- 
ponding parts of purpurea. But there appears to be nothing 
actually defective in any part of these organs in flie hybrid, 
nothing wanting of whatever is to be found in those of the two 
parents. The nutritive apparatus more especially, so fiir as we 
have examined it, seems to be quite perfect, and as the functions 
performed by it in all three plants are precisely the same up to 
the period when the flower fiills, there seems to be no reason for 
suspecting the hybrid to differ in any particular from its parents 
in the perfection of its conservative organs. Since however the 
Amotions of die reproductive apparatus appear to cease in 
the hybrid before they do in the parents, it should seem that 
there must be some defidency in diis part of its oiganization, 
though it has not yet been noticed. Should the Society con- 
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sider the details of this examination worthy their attention, I 
Impose to myself the further satisfaction of prosecuting it afresh 
next summer, if another opportunity should be permitted me. 
Indeed I oiig:ht to add, that in the present state of this enquiry, 
so little additional light has been thrown upon the great qupstions 
connected with the phenomenon of liybridity, tliat I should hardly 
have felt myself jn>^tified in pres^-Titin-r these remarks to their 
notice, were it not in the hope that they inijrht save some time 
and trouble to wlnuii^.x \ or may be inclined to take up the sub- 
ject, and possess the uieaas of carrying on the investigation of 
it still further. 
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*ft»ntirtvr mt-.jm 'A tb*- *(T!«r F.^ ! I>w;er: >'i:iia] iertiaa of tike (C^ms. aad 

e, Ub* tiM U/^K' v>^f««, '/r bwMiile* tradMK^ vtacli nm ^bnmf^ ibe wbok k^tii of 
liiir al^k; r', l^w. aattmrmtM imrIW vom vlldb UiMaalc is at base: ^. frag. 
MMtt* lif IIk ratcwtBr btmiit» wtiir.^ n*e into thf piactvU and braodi oiT to tbr 
<HrulM ; 0f aUfpnatk tiMue dnccadrnf down the ctatie of the fljie to the •ununit 
<«f titf: fAju-^tm i tlK mnut tiMue eoating ov«r fhe mrfmet of the p lict pta, and 
|>«Mtii(( r<«4ift<l tlnr lwM« tl«e ovule*: m, fi^anMti. and «, chalu«, indicated bv 
«Wk«r afwlvi and Is fif. I. the |wiitiaii of • rqihe i« apfwmic through the ovale, 
hf • hMd cvtaild^ Utm tk Uliai t» (he dMlue: f, TMcle the 

■llf f« lubulir vMidUa of Ike itifHrtk tMO*. 

Fiy. s. 4, VMid« lb* cdlular tiMw of the i^k dctaM bj digestion ia niine 
ui III : p, om Am Mtfkid A tn m mnt hmi, wImb mm mr highly 

laagnUiwl. 
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IX, On a nmarkahlc Modification of Newton's Ringa. 
By 6. B. AIRY, M.A. F.R.Ast.Soc. F.O.S. 

PtMUtM FBOVBiMMi wp Anrmmiiinr amd BxramimMTAi. muuMorMir, 

FBLLOW OF TniNITV COLLKOK, AM> FKLLOV OT TU 
CAMBBIDGK PHtUMOPHICAL flOCIBTV. 

tRMd Nov. 14» 18SI.] 

The following variation of the observation of Newton's coloured 
ringa will it is hoped be oonsidered as conclunve, so fiir as it 
goes, in iavoor of the nndulatoiy theory of light It was sug- 
gested by a ooDsideration of the values assumed in particnkur 
cases by Fresnel's general fbrmnia for the intensily of reflected 
light; experiment has entirely confirmed my anticipations: and 
die foct appears to be perfectly inexplicable on any theory of 
emissions. 

To begin with a case generally known, suppose that a convex 
lens of great focal length is placed on another convex lens, or 
on a plane glass, or on a concave glass where the radios of con- 
cavity is greater than the radius of the convexity which rests 
iqwD itr and suppose common light to foil on it, and to be received 
by the eye after reflection. A set of rings is seen with a remark- 
ably blade spot in the center: considerable pressure behig some- 
times necessary to insure the blackness of the central spot. On 
indinii^ the incident ray, the rings dilate, but the center remains 
perfectly black, and continues so till the direction of the inddent 
light is paralld to the uj^iier snrfoce of the lens. 
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Now instetd of oommon light, rappose that polarised li^^t is 
incideiit. The geneial appearances are not altered; the only 
modification being that, if the plane of polarization is perpen- 
dscnlar to the plane of reflection, when the angle of incidence 
becomes eqnal to the polarising angle the whole of the neflected 
light disappears, and with it the whole system (rf rings. Bnt on 
incieasing the angle of incidence the reflected light again appears, 
and the system of rings is restored, with the center black as 
hefore. It is indiflerent whether the light is polarised before 
incidence, or a polarizing substance (as a plate of tourmaline) is 
placed between the lenses and the eye. 

Instead of placing the lens on a pUite or lens of glass, let 
it be placed on a polished plate of metal. If rommon light is 
used, the rings ara seen as before (thoogh not so black), but the 
central spot is perhaps not qnite so large as before. On increasing 
the angle of incidence np to 90", the rings dilate a.s before, bnt 
the central spot, I think, diminishes a little (at least in proportion 
to that formed when the lens is placed on a glass plate). In 
this case then, the general character of the appearances is almost 
exacOy the same as before. 

If however the lens is placed on a polished plate of metal, 
and if the light is polarised either before or after incidtMice* in 

• I have carcAiU/ wi£ed thw aaaeruon (that it is indiffirent whether the light is j>uUri*eU 
IwfiM, or alter nSeetioii) baeaiue I Aink dirt it leads la inportml theoMtieal coneluMDa. 
If poUruadon were a modification of Kjflit («s Dr. Brewrtcr and others have suppojied). it 
might be coaaaiTed Uut polariaatioo before incidence might destroy its power of producing 
ring, at a otfttiii angle, « "Iglit cliang* Ae data; bnt «Ik» dia Nfloloa is pafftmed. 
and the ritiys are actually visible to the tye with a dark center, it -teems quite inconceiv- 
able that any madificatio» or f4|y<Mw/ change in the light should nudce tliat center appear 
vhiu. The ladafkctory explanadon ia. dut pelarisadan is a raiMm of tbe vlbradow iolo 
two acta at Hgbt angles to each other, performed in such » ni.innrT tli t the t%< sets can 
in Mnnl Im aapantdy eshibitcd» and that io diia instance only one is trammiioed to the eye. 
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a plane perpendicular to tiie plane of inddeace, the phasnoihena 
undergo a remarkable dumepe. When the angle of ineidenofe ife 
small, the central spot is dark, but not black. It continues 
daik and without any sensible alteration of size as the angle 
of incidence approaches to the polarirang angle of the glass. 
The rings become feint (tlie central dark spot retaining the same 
niDcmitnde as long as it is visible) and disappear* when the 
angle of incidence is equal to the polaridng angle. On increas- 
ing the angle of incidence by a veiy small quantity the rings 
are again seen, of the same mi^nitude, hut the central spot 
without any sensible alteration of svee is now wtUe. And the 
intensity and colour of the rings appear to be, in every part, 
complementary to what they were before. This state continues 
with very little alteration in the mag^nitude of the central white 
S|M)t, till the angle of incidence becomes 90°. 

If the light is |>olarized before or after incidence in the plane 
of reflexion, there is no such change of colour*: Tlie magnitude 
of the I ( iiti al spot is altered ; hut through all variations of the 
angle of incidence ttie centr il <;pot still remains darker than the 
ring which immediately incloses it. 

If common ligrht is incident at an angle greater than the 
polarizing angle, and a plate of tourmaline is held bttvvttji the 
glass and tlie eye, the axis of the tonrmaline being in the plane 
of reflection, the central spot is black. On turning it to the right 
or the left, the dark spot dilates and a white spot arises in the 
center, which acquires its maxiinim» diameter when the axis of 
the tourmalme is perpendicular to the plane of reflexion. On 

* This kimple fact (the dimfpematx of dM liqgt wUb fl V--*— *" of light ii n> 
fiectenl from the metal) SMOU to be Mtic&ctory mimtft^ it mf WV WXBto^ 10 (btir 
that the rings are produced by interference only. 
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tamimg iSuther, the white spot contracts and vanishes, and the 
doric spot diminishes till the axis of the toammiiiM is again in 
die -plane of reflexion. 

- The |4ate of metal used in these experiments was a telescope 
apecnXmn, with tolerably bright surface. To guanl against all 
sources of error from want of contact of the lens and the metal, 
a broad flat rinu of thick she«!t hnid was placed on the lens, 
and was sometimes loaf^wl with a weiglit of about six pounds, 
distributed over its circumference. The changes in question 
therefore had im roimexion with the changes of rolour in the 
ffTitral «f>ot when the lens and glass plate are not |)ci-fectly in 
contu( t And it will easily be seen that they have nothing in 
common witli tlie chaime from black to white prodiirp^) in some 
of Sir VV. Herschel's . xji. riments (Phil. Trans. IS(Y7 and 1»()9). 
th« [;itter Ijcing merely a substif ntinri, iiy a kind of slight ot 
band, nt' the rings of transmitted iight for tlu»se of redected light. 

The e\[>lanation of this phaenouienon will be fuiiTul in the 
expression for the intensity of rings produced by the interieiente 
ot two stretims oi retiected light, the quantity of light reflected 
Ijeing e\|n < sst (1 l>y Fresnel's formula. If « be the angle of inci- 
dence witliiu the glass and i the corresponding angle of refraction, 
and if the light be polarise*! in the plane perpendicular to the 
plane of reflexion (that is, il ilic vituuUoiis of the jwrticles of 
ether take place wholly ia the plane of reflexion), and if the 
extent of displacement in the vibrations befora incidence be re- 
Sir 

presented by a.tm — in the vibrations after 
reflexioa from tiie seoond snr&oe of the glass will be 

tan (t -i') . Sir 



I 
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This stream of light inteHm with that icAected lifon the aoefiMit 
of the sBctaUic rsAeclor: in whkih the expsemon for tjie displaee- 

2 IT 

ment is a.A.&in~(v(-x'-B). lu this formula x' differs from ^ 

by the differaioe of. paths described by tlie two rays, or rather by 
the space in air equivalent to that difference ; which, if T be the 
thickness of the plate of air, is A T om t. TUus the displaoement 

by the metallic reflexion is ajt.tia^ (9t-M^iiTecMt*-M), whert 

A and B are prolialily tuiu;ti<ms of i whose form is unknown. 
We can assert however that wlien »' is small, A is jxtsitive and 
n is not great (else, as will be seen from the subsequent ex- 
pressions, there vvuultl be a white spot at llie center) : and the 
irradual changre of appearances, except at the iM)larizing angle, 
makes it probable that B is always small. At any rate there 
is not the slightest reason to believe that A or B, which depend 
only on the properties of the metal, would undergo any .sudden 
change exactly at the polarizing angle of the glass. 

Now the peculiar pheenomenon which is the principal subject 
of this paper is thus explained. The central spot, wher^ 7-0, 
is prodooed by the composition of two ^Ifaplaoemettte 

tan (« — I ) . 2 IT , . - 

and «< ^ . tin (considering 0). 

As t is greater tiian «, the former of these is negative when » 
is small, and the latter is i>ositive. Consequentiy these displace- 
ments partly or entirely destroy each otiier, and the center is 
dark. But at the poUirizing anufle, < + *' (by Brew.ster's law) = 90", 
and tau(f4-<') is iutinite;, the tirst expression vanishes, aod .(he 
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only Kgbt that oono to flw cje k tbat roitctoi Im tlw metal, 



HI > 9Cr, tan (i -r /) ix negatrve, and a '/ — » positive : the two 

tan <i -r c ) 

d^rfacementA have the iam« sign, and th€t«fore are added toge- 
ther, and the r»-ntral spot is therefor*- hriirht. 

To shew distinctly that the character of the rings as well as 
that of the central spot ought to change at thf* same time, it will 
be best to take tbe geoenU expressioa. We have lo add together 

^ tan (.-.-) . 2jr 



The MID is 



S IT 

and a.A .un-^ cos »'- ^ 



in 



— a A . sin — . 2 7' cos t -r JJ . COS — (c/— x). 



If tfaia be put iu die lonn 



/'sin — (C/-X-Q). 



it Ml easily seeo that 




Now represents flie intenrfty of the light in the mixture: 
consequently the last formula will rei>iesent that intensity or 
the intensity of light that comes to the eye. It is easily iieen 
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that if « and *' are small, t bemg.< this i§ mtiitiiiNM 
STcM t-t-B^O, or or «sx, &c. and mastimum when 



when 



886 



5* or &c.: 



and that this continues till » + «'s»90'': but as soon as i +/ exceeds 
90°> the expression is maximum when S T cos i' -t- if » 0* or » X, or 
B SX, &c.> and mutmum when 



If if be small, tiie first of these represents rings similar to 
Newton's refieeted rings, and the second represents rings similar 
to his teuismitfeed rings. 

If the light is polarised in the plane of reflection, the eX" 
pression fivr the displacement In light reflected from the lower 

surface of the glass is a . ^J^Jf — il which does not chantre sign 

nn \« + « ) o o 

iiiie the former: and a similar train of reasoning shews that the 

character of the rings which it produces will not suddenly change. 

If the light is polarized in a plane inclined by the angle 

a to the plane of reflection, we must regard this as consisting 

of two vibrations, one perpendicalar and one parallel to that 

plane, whose proportions are eos « : am «. The original vibration 

perpendicular to that plane must now be taken 



arcosi 1, or &c. 



a . cos a . sin 




and that parallel to the plane 



a* lis fl.iin 
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The intensities of the reflected streams are foand to be: 
For die light polarised in the plane of reflexion, 

IniiMcM) X ■m(i + «)j 

(where ^t^' and If are quantities analogous to A and and 
where it is probable that A is always positive and IT not very 
Sreat). 

For the light polarized perpendicular to the plane of redexion, 

(tan + X tan («+«')/ 

The intensity of the Gomponnd light whidi oomes to die eye is 
the sun of -lhese; The j value of T carae sp o n dmy to the- middle 
of -a bright or dark ring i« detemrined inaking the sum a 
maximam or nunimum with respect to the variation of 7*. This 

« 

gives, 

_ A coa « • cos (.-«')- ^ sin* g . cos (t + /) , * _^ 
~ a: cos* ff.cM \fi-£)^A ain* «.om + i') *~ X («-^ 

If tsa^ (l7*^ is positive, and -«» (••^■V^flgntive; npoii tn. 

creasing a from o to 90" the value of tan^ ^aTcosi' 

increases to inflnity and then becomes negative and decraases: 

that is ^(2rcMi' + ^^) increases; and therefore the diameter 

of the ring increases. Upon increasing a from 90" to tW the op- 
posite change takes place. This represente exactly the to of 
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obtenntion; «iid .it |iM»v«i thenefoie thafc B:w>V*', a oonclnston 
of aone inportanctt, as jibewing: that plan«-pokuriBed light redacted 
at a metallic surfece becomes eUiptically polarised, and aa con- 
nadnif these pluHiotaena with thoae of a v&ry diffinmit kind 
dieoomed by Dr, Brewstat. It appean here^ that the phaeet of 
vibraCiMa in the piaae of foAection are more retafded, than tboee 
perpendionlm' to that plane. 

If CDft (« + (') is |)09itive, (liat is, if the angle of indkicnee^ is leasi 
than the polajrizing angle, it appears that upon increasing o the 
dmmeten of the rings ought to decreaae. But it is easily seen 
that the chtu^ ought to be mudi less than iB«the former case. 

For in the former case, if one value of ^ ^iTcon'+^^^^ is 

Hir+fi, when a»0, then, upon increasing o to 90^, ~ id T cos i + — - — j 
changes through 90* to nir*l9!f-fi» and the whole change is 

therefore 180^-2/3. But in the lifter case (al'cos I' + ^i^j 

changes from iiir+;3 through mr to nir-fi, and the whole change 
is therefore 2/3, which is exactly supplemental to the former whole 
change. Now in Newton's rings formed between two lenses, 0 
is 0; from the gmeral similarity of the rings formed by a metal 
reflector when a = 0, it is certain that /3 is small; consequently 
though the dilatation of the rings in the former case depending 

on the increase lWf-»fi in ^ [s7*oos t' -t- — j is considerable, 

the contraction in the latter case (depending on the decrease ifi) 



* l( B were <B', the rings would contract instead of expanding; and if B were = B", 
tbe Suutan at the ring* would not Acr, Imt thdr intaittt^ would diniiiiiih to 0^ whan 

COS (.+?)' 'VPO^ ehanKlcT would the 
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n maal\. I have mbnitted this to cxpariment, but I have not 
been able to ditoorcr wUh oerteiaif anj allcraiMNi id die floe of 

the ring*. 

The reaiooiiig upon whidi the principal experiment described 
in tbii pttpcr wan antidpetod, may probably be applied in many 
mmilar cases. The followiog is a very femarkable instance. If 
a lens of a low-refracting sobetaace be placed on a pkte of a 
highly-refracting substance, or vice vers4, and if they be iilumi' 
nated with light polarized perpendicular to the plane of incidence, 
I expect that while the angle of incidence is less than the pola- 
rizinf? angle of the low-refractinp" ??iibstance, the central sfK>t will 
be dark r when tlie aiiirle of incidence is grreater than the [Kilarizing: 
angle of tliis substance and less than tliat of the other, the central 
spot will l>e bright; and when the angle of incidence h g^reater 
than the i>o1arizing antrlt^ of the highly-refractinir suli^tnnce. the 
central S|>ot will asram ije dark. I have not yet procured any 
substances proper tor the verification of this conclusion. 

G. B. AIRY, 

Aw SI, IMl. 
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X. A Monograph oh Ae Briiith spedet of Qfdas 

and Pmdium* 



By thb Rb7. liEONARD JENYNS, M.A. F.L.S. 

AMft puunr OP ns eAiiaaiJMa MiiLOMniuuu> moaTT. 

The getuis Cyclas ol Bruguiere was instituted for the reception 
of certain species of "Bivalve Mollusca" inhabiting fresh water, 
uliiolj were associated by the older Linna^an authors, either with 
Cardium or Tellina. Only three of these shells appear to have 
hten distinctly known to Montagu as natives of tliis country, 
who referred them in his " Testacea Britannica" to the former 
of the two genera just mentioned. Other indigenous species have 
]>een discovered in later years, some of which have been de- 
scribed, and from time to time been made known to the public; 
nevertheless, from want of having their characters accurately 
defined, and still more from not being illustrated by figures suf> 
ficiently large to convey a curiect idea of their relative proportions, 
it is not always very easy to identify them, nor to determine 
how far such species are really distinct from one another, or 
from those beloit known. It may be added also, that the syno- 
nyms have been much confused, and the same name has been 
applied in several instances to more than one species. It is on 
these grounds that I have been induced to draw up the following 

Vol. IV. Part II. O o • 
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paper. Having for many yea» paid fxtnaiderable attention to 
tbis femily, daring which time I have not only increased the 
liftt of Britidi species, but have also endeavoured to ascertain the 
extent 4^ variation to which each of them is snlgect; having 
likewise been fortunate in obtaining authentic specimens of many 
of those alluded to by British authors, I thought that it might 
he rendering a service to the oonchologists of this country, if 
I were to th^w together, in the form of a monograph, the 
observations whidi I -had made, and to draw up an amended 
list of all the species hitherto detected in this island, accompanied 
by full descriptions, and illnstrated by magniiied figures. In my 
attempt to do diis, I have not merely considered the general 
characters of the shell, but in determining the species have de- 
rived much assistance from attending to the animal inhabitant. 
The species themsetves are found in rivers, ditches, and streams; 
the smaller ones not unfrequently in the erullies that are cut in 
pastures for the purpose of draining the soil: they all however 
live readily in confinement for several days when kept in water; 
and . under these circumstances their different habits may be con- 
veniently observed. Occasionally it will be found that they be- 
come languid and inert, especially if they have been confined 
a long time; but they may generally be roused into activity by 
the sudden application of cold spring water, and this is by for 
the best method of getting a sight of the siphonal tubes, wbidi 
in some cases afibrd good distinguishing diaractera. Indeed it is 
absolutely requisite to caution oonchologists against drawing any 
conclusions with respect to the specific distinction of these animals 
from a mere inspection of the shell alone. This is so liable to 
vary from age, peculiarity of situation, and probably from other 
causes, that it becomes necessary in some cases to compare a 
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large number of spedmens, collected from different aonroes, in 
order to determine the chaiacten of a nngle species with any 
degree of piedsion. Oocaaionally the shell becomes exceedingly 
ventricose at the expense of its height, which is fherefoy consider- 
ably diminidied; and the valves which perhaps natarally meet 
at an acute angle, under such circumstances meet at an obtuse 
one. This is particnlariy the case with one or two varieties here- 
after to be described. Neither can sculpture be' relied upon, the 
striae varying exceedingly in number and distinctness accoiding 
to tihe natore of the water in which the flhell is found: a drcuoH 
stance of which Dr Leach was not sufficiently aware when he 
tbrmed three species out of JRtsuiiwn omtttcimi. Age likewise 
produces great changes: not only are youngr flhells mndi more 
compressed than adult ones, but in many instances the relative 
proportions of their parts are di^rent. Indeed in the case of 
the minute species, so great and general a similarity prevails 
amongst their yonng, that it is hardly possible to identity them 
in this state without the closest examination. 

After what has been stated, I need hardly add, how cautious 
I hare been in characterizing the minuter species of this group, 
and that it is not till atler repeated observations upon very ex- 
tensive series of eadi, including many varieties from difierent 
localities, that I venture to bring forward the following list of 
such as are found in this country, as one which I trust will 
be found more complete- than any which has appeared hither- 
to. 

It will be observed, that with respect to the arrangement of 
these shells, I have deviated from that of Liimarck and most 
authors iu referring them to two genera. This I ha\t; dom in 
conformity with tlie views of Pfeiffer, who in his excellent work 

oo2 
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on the land and tresli water Slollusca oi" Germany*. 6r^ in5;ti- 
tuted the eenns Puidium for the re^tption of tht»e s|>e<nes which 
nu: characterized l>y j,u ina-quilateral shell, and u i^in^le .«ipli«o 
at the posterior extremity of the cl*»ak. This distioction, foundeil 
upon the structure of the animal as well as that of the shell, 
appears to be perfectly natural ; while diere is little doubt tfMit 
its utility will be looii adcnowledged, wboi increaaed attantioii 
•Inll have been paid to lliis funily. and Ibtoie d i sc oy e ffy iHwe 
•till fiirdier angnenied the MNnlier of ipecieg, wlricb we have 
every reaton to expect will be die case. The laop tie ty , however, 
of Micb a diviaion of the old genos Cgtimt will be beat aecn from 
the Ibllowiiig conpamlive view of the cfaaiaeten «^ diooe adopted 
in this paper. 

Gew. I. CYCLAS, L^m. Pfeiff. 
Animal: Pallium antic^, pro pede exserendo, apcrtinn, postic^ con- 
natum, et in tubum siphonalem longum, duplioem, OMitractilem, exten- 
sum. Pe» ling^ifomnis, valde extensihs. 

2Wto cortimta, suborbicularis, subaequilatenitii. Henliu cardinales 
minuti; in dextrS valvule unicus plus minusve complex; in sinistra 
duo obliqu^ coUocati. Dente* hUeraks Inngitudinales, compreaai, lamel- 
liformes, in valvuU dextr& subduplicatL LigaaietUum exteniuin» poati- 
cum, lateri lon^ori insitum. 

Gen 11. PISIDTTTM, Pfei^. 

Animal: Pallium nntice, pro pede exsereiido, apertuni. postiw ct>n- 
natum, ct in tubnui si|)honak'ni brcvcm, simpllcem, oontractilem, ex- 
tensum. Peg linguiformis, valde extensilis. 

* Sgtkmatmie Amoriiug nmf Bad^nShmg dnUdier Lamimd Wauer-Sdmidcat, »m 
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Tetta oorticata, subovalis, iiueqiulatendM. Denies carcUnalet rainuti; 
in dextii valvule unicus plus minusve oomplex; in unirtrft pleromque 
duo. Denies laterales longitudinales, oompteaa, lamelliformes, in valvula 
dextift duplinti. J^i g a me nimm extomum, poatiaim, lateri bieviori iiw* 
tnm. 



Although Pfeiffer has the merit of having fint <;eparated the 
above gwera, his characters are not clearly defined, from the 
circumstance of his Iiaving confounded the anterior and posterior 
parts of the shell. The extremity from which the siphonal tube 
is protruded, and which strictly speaking is the posterior, he has 
tenned differently in bis descriptions of the two genera. I have 
adopted the views of Blainville widi reference to this point, as 
well as in the selection of terms employed in characterizing the 
^cies, and accordingly it is to his "Manuel de Malacolc^e" 
that I must refer for an explanation of all such as occur in the 
following paper. The best characters for distinguishing the above 
genera are drawn from the structure of the sii)1ionul tube, and the 
position of the hinge considered relatively to the two extremities 
of the shell. In tlie genus Cyclcts, the tnhf is capable of" protru- 
sion to a considerable length, and altll<lll^ll snigle at the base, i.s 
always divided at the apex, the up|»er i)ortion, which is generally 
the shorter of tlie two, acting as tlie anus, whih: the lower, which 
is botli longer and has a lartrer o]h rtur* , ^( r\( s to conduct the 
water to the branchiiTe. In Pisidium, iha, tube is single and un- 
divided throughout its whole length, and although to a certain 
degree admitting of extension and contraction, is never protruded 
to the distance that it is in Cyclas. Indeed in both genera it 
appears to be quite a matter of pleasure whether it be exserted 
at all; the animal being often seeuj both at rest and in motion. 
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with the tube either entirely concealed wtthiD the idiell, or ex- 
tended to its utmost limit. Another obvions distinction between 
ihese two genera, is afforded by the position of the hinge and 
cardinal teeth, with respect to the evtreinities of tlie shell. The 
tefth themselvc*! are similar in the two instances, at least in 
general character; althou2:h snbject to niinnte variation of tbrni, 
more esjieciallv the cardinal tooth in the right valve, even 
among^st individuals of the same species; but the situation of 
the hinge in essentially diti'ereut in Cyclas and Pmdium. In the 
former penus it is nearly central, the post'rior portion of the 
shell beins: only to a slight dtmn Imiytrr than the anterior: in 
the latter, it is placed towards one hihI. and the unierior portion 
is obviously the longest ; and although the excess of len^:th in 
the first section of this genus is not very considerable, yet it will 
always be found in front of the hintje and not l>ehind it. This 
will be made to ajipear more clearly by inspect ins? Plate xix. ui 
which Fi{?. 3. represents the hinge «f Ci/clas cab/culnta, and 
Fig. 4. that of Pisidium amnicum. In each citse the right and 
letl valves are distinguished by the letters A and B respectively, 
whilst a points out the relative {Msition of the cardinal teeth. 

Having made the alwve ob.servations npon the generic 
distinctions afTordecl by these shells, I shall iuav pioceed to 
characterize the s]>e€ies themselves in the order of their respective 
affinities. 

Gen. I. CYCLAS. 
9p. 1. €. rwieolat Leach. 

C. testt ^boflo-orali, TentriaMl, afcrutt; umbonilmi obtiuU} antioi 
ImnilA flftvi impRwl; UgBmeato cudinali eoopiciuK 

Long. 104 lin. Alt S^Un. Cran. €|1ii). 
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Cydtt rivicola, Leaek MSS^Lam. An. mm FeM. 5. 98»^P/ei^. 
Ltmdm»d Wmienekn, 1£1. I 5./. ^^Tmi, Coueh^ BriL S48. 
t. 11. / la^T^rf. Man. <if Brit Lani and Freakw, SMb. 12» 
/ l.—Flm, Brit. An. 45«. 

Tdlina coniea /3, MtU. and Back. Linn. Tram. 8. 59> — Turt. Conch. 
Diet. 180. 

Cydas cornea, Draparn. Hut. des Moll, 128. t, \Q,/. 1 — 8^ — Brard, 
HisL det Coq. 219. /. %,/, 2. 8. 

Jim. C. aequata, iShggi. HSSi Brit. Mms. 

Amnud milii ignotttm. 

TVite globosB, suboTolis, ventikon, sdlidiiueula, d^gantcr et distiiict^ 
striata; liuo»*yirtK!en^ faadis S— 8 aatuntioribus, margine biMili 
luteo; intiu caenikfleens: umbones tomidi, pallidiores, Bneft nigricante 
plerumque drcuniscripti : margo dofgilii antio^ lunula posliofr fittuiA 
distinct^ impressa, utr&que flayeacenti: ligamentum cardioale cou- 
spicuum. 

This species is at once distinguished from the next, and from all 
the other British ones of this family by the superior size of the shell : 
the animal I liavt n swn. It appears to be confintx? to rivers, and is 
found I believe abuiidantlv in the Thames, as well as in some otlier 
parts of the country. The ku-gcst specimens in my posse'^'^ion are from 
the Trent in Nottingham si lire. In its young state, it appears to he 
identical with the C. a-qtiafa of the Rev. R. Shcppard, according to 
specimens so named by that gentleman in the British Museum. 

Sp. 2. C. eMUM, Lamai^. 

C. tiestft 8uborbiciihii» g^obosA, ieOBCtbak atxiati; umboidbiii obtuaia; 

ligamento car^nali inconpicuo. 

Long. 6^1in. Alt 5. lin. Crass. 
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Cycks o-fmc'^ [yin"irrh. 5. 55B. — Pffl/Ter. 120. r 5 / 1, 2. — Xdmrn, 
Hut. Midiu*c. Svec. ^.— Turt. Comek. Brtt. 248. f. 11./ 14/_7W. 
3Xiw. 18./ i.—Firmimg, 452. 

TcOiDB eofiiea, %*f Xat. i. 1120_<^M. S241 — Z^m. 7V«m 
& 59^^iNflSr. Ga£ ^ .SUKi^ 1. UM^Aml Aril. <. 96l 

Tdlim maBi. JfoA Tm. HkL £. iOt. 

Cycks rivalis, Draparn. 129- 10./. 4, 5.~-Branl, 222. /. 8. /. 4, 5. 
Tor. ^. 

Testi subglol>osa, versus marginnn basalem oampbnatft; umboiiibu* 
tatmiHia, pellucidis, valde pronuDentibus. 

Long, 54 Un. alt. 4|. Ciw. 9^ Uu. 

CydM ttignknla, JMb MSS, Brit, Mm. 

TeOiitt stagimsola, Sheppard, Lbm. fVam*. 14. IM. 

Animal album, vivipannii : tubi siyihotialif-* suh-li niriiti. mmeo pallidd 
colorati ;, superiore '^^llx'OIU<;xl, ajxLTltira parx.'. Lij,i;ci_- ])tTforjto ; infs-- 
riore c^'Uiidr tciD, txuncato, apertiira ampUon: pes testam longitudine 
paul5 superans. 

TVriSff globoM, mboriMcularis, ventrioow* teoiui» kvimm^ striate; mmc 
virescenti-fuaci^ aonu 1 — S lutnontibui, quanim 1 pleminqiie mar. 
ginalis latior; nunc omnin6 fuscescens aut lutesoens: iimbones obtua; 
in nur. /3 valde prominuli, quasi inflati, peUuddi : hmula vix ulla : 
mazgo donalis posticd litui n^gneanti duj^id Mpe notatua: liga- 
mentuDi ovdinale inowupicniiiiL 

Thu voy ooDnnon ipcdfit b a genoal inliabitant of riv«n» pond^ 
and ditebe* tiuougiiottt die ooontiy, and qvpeaia to thiive eqnallx well 
both in ninmng and in atagnant water. In oonfinenicnt it will oo* 
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■ » 

casionaUy aaoend the lides of the ve««el in which it i< kept, and 
during looomodon I h«ve obBerved diat the tabes are either partially 
exMrted, or oitirely ooooealed. 

The variety /3 agrees with the series of speomens in the British 
Museum named by Dr Leach C. ttagmee^ I am Indined to believe 
also that it is the same with die T^tina tfggnieela of Mr Sheppard, 
as the xemarks made 1^ this latter gentleman witii respeet to the 
peculiar appiaranoe of the WlAoiiet, apply very exactly; and it is 
particularly stated that he first veceived spedmens tnm Dr Leach 
under the above name. Neverthdess I feel satisfied Aat it is a mere 
varie^ of C. cisrMtt, as tfie atumal is exactly die same in the two in- 
stances; and with regard to the peculiarity of tfie she!], many interme- 
diate specimens may ooearionally be met widi. It is necessary, however, 
to mention, that the name of 4tagnicola appears to have been applied 
by Dr Leach at different times to two distinct species. The series of 
shells at present so named in the British Museum, are certainly the 
variet)' of C. cornea now under consideration ; but I possess two spe- 
ciincns of a shell which came originally from Dr Leach, and whicli 
l.iive the name of stagnicola under them in that gentleman's own hand- 
writing, evidently belonging to the C. calijculata of Drapanuiuil, ( Var. 7. 
of this paper,) and I am inclined to think that it this latter slicll 
which was formerly sent by the Doctor to Lamurck under the above 
name, and considered by that author to be a mere variety, not of 
C. cornea, but of the species last mentioned. 

Other varieties of C. cornea, besides those above-mentioned, are not 
uncommon. Occa.sii>iialiy the shell exhibits gibbosities, and the margin 
becomes very obtuse : at other times the valves are rnucli compressed, 
and their margins meet at an acute angle. In the fens of Cam- 
bridgeshire, a suiall variety is not unfrequent in the turf pits almost 
globular, aTid somewhat similar both in size and shape to a pea. 

Vol. IV. Part II. P r 
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I mav here otiserve that th:>. snd ail the other spedes oi thb 

family breed readily ia ctxdaoew^t, diirii»;r the fprisig' and sommer 
months. They are pn'^jaWy v.v^^riparous ; and the y jxg appear to 
remain for a certain per]'>i w-^thin the folds of the hranciiLi prv\ io^j* To 
their exclusion, mfic^ iiiany u^^y be f'^-^nd of differmt *ize-s witiuu the 
parent at one and the same t:.T:c. They have the lacuity of prodtjcin^ 
iong before thev are arrived at their tell ::Tr>wth. and even sortie indi- 
viduals which arc thcm^^res imcjiture a* to p<'>,>*-!i> hanily anv i f 
the distinguishing characters of the ^-cie->. frt-ijjcrtly contain youne of 
a suffident size to l>e 'cen tVoni ^vithout thn.>iiL:h the transparent vai\e^- 
In Histintnii^hing tins and tht.- Lan ^pecit-*. author* have fretjiientlv 
drawn their essential characters fn^m tlie presence and number of the 
longitudinal, or as they term them traH^cerse grocves, indiciiti%e 
the different stages of growth. But is theM? are ven. uncertain marks, 
depending up-^n age and other circuin>tanceii. I have not thou^t it 
necessary to itutitx' them ai aU. The cokmr is not kss variabie. 

Sp. 3. C cal^culata, Dnipanniid. 

C. testa subrfaombea, compressi, tenui, albo-luteseoiti, dii^huii; m- 
tibuf prominentibus, acutiusciilis, tubeccokms. 

Long. 5^ Hn. Alt. 4| lin. Cnts. nx S fin. 

Cydtt aijeukti, Dh^ptra. 190. /. lOi / \% Ik^Umvdt, 5, SS%. 
^fi^, ISS. #. 5./ ir* I&^ViZMw, 99 — IVrtf. JWm. 14./ 8. 

Cudinm laautn^ Mmkigm, 89. 

Tdliiw lacmtria, Lmm. TWow. & 6D.— TWf. OmdL J3kL IM. 

Cyclas lacustris, Tmrl, CottchyL Brit. 219. /. 11./ 18. 

Tur. /3.— Tab. xix. Fig. 1. 

TestA orbiculaU>.rhombea, minus compressa, siibdiapbana, fusco-ru- 
fescente. 

Long. 44 lin. Alt 4 lin. Cian. 9| lin. 
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TettA wbiculato-rhombeft, miniu otmipreasA, wibdiaphmil, xufeaoente; 
natibus nigricantibui, mini^ pvominulis. 

Cyclas stagnicola. Leach (o^rm.) 

C. calyculat 1. '2). Lamarck, 5. 559. 

Animal {in Vw. /3) album, tub» ciphonalibus concoloribus ; hi vaUe ekm- 
gati, nunc auperiore, nunc infoiore alium longitodin^ aupcnnt^ 
quoad fonnam fei^ ut in specie prsecedenti. 

Tula quam maxim^ variabilis, rhombea, orbicukto-rhombea, sub-ovalis» 
Vel exacts orbicularis; plus minusve compressa, tenuis, diaphana, 
levissimd striata ; plenimqxie canilescenti-alba, zonS marginali lutes- 
cente; — interiluin fusco-rufescciis, minus diaphana, apice nigricanti : 
nates acutitiscuhe, tuberculo&ie, in a et /3 prominentes, interdum eUam 
subinflcxjE: ligamentum inconspicuum. 

I feel satistted that tlie above described shells are only vaneties of 
one species, and all referable to the C. calycukUa of Draparnr»nd One 
of them is the C. lacustris of the British Museum, and also of Mr .Vlder, 
as \ have been cna])lcd to ascertain from specimens kindly forwarded 
to lue by that gentleman. Var. 7. which only differs from the last in 
having the tnhercles on the beaks imi quite so prominent and well 
defined, I bflieve to be the vai-icty, as I have already stated, originally 
sent to LaiiKii ck by Dr Leach under the name of C. .itaghkola. Mr Alder 
was of opiiiioii that his shell was the C. humsfrh of Draparnaud, but 
as Lamarck has referred the variety last niciitiuiied t;>\}iich differs so 
little from it) to the present species, and as he was acquainted with 
both the C. calyculaia and lacustrine, there can he Irttle doubt that this 
last is distinct from either of the above. — Indeed I have never seen 
any ^tisb shell exactly answering to the C. iacuttris of tlie continental 
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awthors. Drapamaud appears to be the first who made a distinction 
between tliis shell and the C. calyculafa, and thb distinction has been 
since acknowledged not only by I.aniarck, but also by Pfciffer and 
Nil^son : but all the JJrttish specimens that have fallen under niy ob- 
servation with the nrittif of ('. UicuMtr'u attached to them, arc in my 
opinion nothing more than mere varieties of Uie species under con- 
sideration. 

A> Miiller has descrilx'd only one of these two species, I amsider 
it doubtful to which liis description applies. 1 have therefore made 
no reference to his work in the present instance. 

C. calyculafa is much less abundant in this country than C. cornea. 
Montagu met with it in Devonshire and Wiltsliire. Mr Alder finds 
it near Newcastle, but says that it is rare; and it has occurred sparuigly 
to myself in two or three parts of Cambridge<?hire. — ^\'^ar. p(, I observtnl 
last summer (IK.'il) in considerable abundance in one pond on Buokham- 
Common in Surrey, and some which I kept by me alive for a few days, 
showed more activity than the last species, readily and frequently as- 
cending the sides of the vessel, and talking, like Phtjm Ili/piiorut/i, 
on the under side of the surface of the water*. Occasionally they re- 
mained in a quiescent state at the bottom with their posterior extremity 
elevated, and the siphonal tubes exserted to a considerable length, often 
nearly equalling that of the shell itself. — Var. 7. I have received from 
the North of England. 

la yoiuig specimens tlie tubercle at the apex of each valve, so charac- 
teristic ot this species, is relaiivelij much larger than in the adult shell. 



* This pbrtMalqiiy is not rtriedj comet, bat ia perhaps aaSdaitly intall^ble. The 

nLtlon Inlrndcd, conai»t8 ill the animal i-xli-mling its foot along the ^iirTaic of the- water 
with its sheil immened, and in an inverted |HMition. In this manner, it contrives to 
tnivene the vasael tctm aMe to side as thongfa it were ciawUng aloi^ a aolitt plane. 
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Gbn. II. PISIDIITM. 

Sp. 1. P. obhmie, Pfeiffien— Tab. xx. Fig. 1-^. 

P. testa globosft, oblique subovali, tenuissim^ stiiatfi; umbcmibus pro- 

minulis, obtusissimis. 

Long. 1| lin. Alt. l|lin. Crass, vix. 1^ lin. 

Fisidtum obtusale, Pfeiffer, 125. t. 5./ 21, ftSt Bnum i» Edinb. 

Jmtnt, Ned. mid Qeag. Seiett. 1. 41S. 
An Cydas obfcuMlis? Lamwdk, 5. 559. 
Pen giUM, Leadk, MSS, Brit, Mus. 
Var. fi. 

Testd ovato-trigona, vetitricosissim4, margine obtusissimo. 

Cydas obtiualis, Niluon, 101. 

Animal aUmm; tabo dplioiiiili abbreviato^ suboonioo; pe^ vald^ ex- 
teiiMli, testft dunidio ei ultii lonipori. 

TVfte glofaoio-ovalit, Tentricoiuntna, onsntudine feri^ altitudinem cquanti, 
nitida, subtiliter striata; plenimque Tiz<e8oenti-4iigra vel ocbraceo* 
nigricans, zonft niaiginali < jtinioribus latissimft) lutesoenti, inteidum 
8ubaunnti&; tariiis omnino lutesoens: umbones tiunidi, obtns^ ro> 
tundatt, paul6 prominentes. 

Var. (3. gaudet testd ventricosiori, margine basali obtusissimo, qu6 minua- 
tur altitudo, et forma magis trigona vel ovato-trigona provenit. 
Hffic Tarietas plcrumque nigricans, ochraceo plus minusve fticata. 

This si>ecies, which is distinj^iiislied from all its congeners by the 
extreme convexity of the shell, is certainly the P. obtusale of Pffiffer. 
and probably the Cjfcku <^ttualu of Lamarck, but from the short de- 
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icription given hy tliin last author, s fittk doubt ttohm itself to the 
latter synonym.— Xlie Tsie^ A aeeoidt exactly with the Cfdm 
9btu»alis of NilMon. Dr IjuA eaUed it Pen gikkm, bat I do unit feel 
certain that all the specimens on the boozd ao nned is tke British 
Museum arc referable to this Tt ocrar« not unfimueBthr in 

Cambridgeshire, inhabiting small splashy po(^ and other "^^y— * wilBi» 
and I have observed thst it is <rften to be found in company with 
the Physa Hypmormm Drap. Tt is by far the nMsH active «m1 livefy 
species that I am acquainted with, bein^ always in motion, and re- 
siding less at the bottom than the rest of thu £uiuly. It transports 
itself rapidly along the under side of the surface of the water, and 
appears to delight much in floating raass^ of confervs and other 
weeds. l)r I^cach's sjKtiiiiens came, I believe, from the neighbotir- 
hood of Eutf rs rt Fields; and 1 have myself also met with it in 
other parts of Surrey. 

06«. — ^The measurements of this specie* are otoallf much k» than 
those above given. 

Sp. 2. P. jmlAiM, Nobuk—TAB. zz. Fig. 4— «. 

P. testft orbiou1at<MyviU, ooiniiraMiiiiculi, lubtiliMaife itriati, vix in« 
squiktenlis umbombui fmikni proaiimilii. 

Long. If lin. iUt. l^lin. Cms. 1 lin. 

Tellina pusilla, Turt. Conch. Diet. 167. 

Cycks pusilla, Turt. Conchyl. Brit. 951. L 11. / 16, 17-— 2W. Mam. 
16./ 7. 

fontinalis, Nilstom^ 101*— Dra^Mnt. 180. L 10./ 8— 11? 

gibba. Alder in Trcau. Nat. Hist. Soe. NewauL I. 41. 

Euglesa Henslowiana, Leadk MSS. Brit. Mm. 

Var. /3. 

Umbooibus magis prominentibus. 
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Flar. y. 

Striis profundHis indsis. 
Ammal album; tubo aphonaU Inevi, nunc i^lindnioeo^ nunc Mibo£ioioQ» 

supenuite. 

ZkiAi vambilii, pleromque orbieulatooTali^ interdum suboblanga mar- 
gine doHili reolbo, -vix inaBguUBteFaUs; pnecedenti multb magia oonw 
preaaa, maiginibtu actttib ; n^na extianeft rabigine obtect«» quft lemotd* 
iqpparent sbam aubtiliarimifi lum nisi oeulo annato emupiciendiei in 
var. 7. nittda* atriia distinetis, pcofundibs indais: umbonea aubdqpreaai, 
parinn pmnindi, interdnm aubacuti. 

This species appears to be the Cyc/4U pusiBa of Turton, whose 
deacription and figure in his "British Bivalves," apply with tolerable 
exactors. Spedmena alao of that sbdl which I received aome time 
rinoe Anm flie Bev. R. T. Lowe» with the aamnanoe that they were 
authentic qpedmena originally from Br Turton himself, agree with mine 
in eveiy eaaential parttcuhr, alihoiigh move compreaaed, and with. the 
umbotiu not quite ao obtoae and prominent Keverthde«t» I am inclined 
to think that thia name haa been oooaabnally applied to more than 
one species, particularly to aome of the varietiea of P. f mfel afl W a» hei«> 
alter to be deacribed, which I have xeeeiTed ftom one or two ooUeetora 
aa the aheU aboTe-mentioned. I likewiae cooaider this species aa ay-^ 
nonymoua with tiie Cffdat J^t^maMt of NQsson, dthougfa I entertam 
aome doubts as to its identity with the CJhm^neMt of other oonti" 
nental authors Diapa m au d especially haa comprised under thia name 
two varietiea differing so materially in sim^ aa to render it hardly pro> 
bafale that tiiey beloi^ to the same spedes. 

PUUSum ptuUkm ia diatanguished Dram P. oMMrfv by the sheU being 
much more compre s sed than in that spades, and 1^ 'the maigina of 
the valyes meeting at an acuter angle: the hinge ia alao nearly central. 
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the anterior extremi^ still being in a alight degree longer than the 
posterior. It is by no means of uncommon occurrence, residing chiefly 
at the bottoms of drains and ditches, where I have oiften found it 
buried at a considerable depth in the soft mud. It appears to be some- 
what amphibioua in its habits. Nilsson obser\'es that it is often to be 
met with between the bark and the wood of decayed dmber in wet 
places, and I have mysdf noticed that in confinement it will frequently 
leave the bottom of the vend, and ascending the aides, tak« up its 
residence immediately above the edge of the water with its shell wholly 
exposed. It is a tranquil ^ecies, seldom moving mudi about, and 
never walking on the under side of the suifiuie of the water. Where 
it occurs at all, it is g^eially in profusion. 

Dr Leach qppears to have nused this species to tiie nuk of a distinct 
genus, under the name of Ei^ksat but it hardly diows sufficient 
peculiarities to warrant this step. The sheU is certunly somewhat in- 
terme^te in form between that ot Cgdat and JKn^Smm. 

Sp. 8. P. mHOmm^ Nobis.— Tab. xx. Fig.7, 8. 

P. testft orhiculato-ovali, nitidisnmft, tenuiter stiiatA; umbonibus obtu^ 
riusculis, striis paucts profundiorilms. 

Long, li^ lin. Alt. vix 1^ Uii. Criu>s. 1 lin. 

Aimud album; sij^one brevi, infimdibuliformi, aperturft patulA, plus 
minitovo margine crensto^ plicatnia 

TWte minimi vtriabQis, orbiculafco^yvalis, parilun inaequilateralis ; prsece- 
denti paulb convncior, et pro ratione longitudinis altior; albO'lutesoens^ 
nitidiarima, rBrt» aut nunquam sorde aut rubigine obteeta, tenuiter 
striata^ striis hie illic, pnedpui S — & umbones tranaeuntibus, dUs- 
tinetijlw indsis: umbones obtusiusenii, donalem marginem paulfr mqpe- 
rantes. 
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I csn no whets find any allttrion to this qpeeiea, whidi though, 
similar to the two last in the general form of the shell, may at onoe 
be distinguished from hoth, if attention he pud to the animal. I have 
examined upwards of an hundred specimens ftom diflferent localities, 
and in every instance it has preserved its characters. Its chief pecu- 
liarity consists in the formation of the siphonal tube, which is regularly 
fimneUshaped, with the aperture very patidousi, somewhat plaited at 
the margin, and more or less erenate;— TImc appearances «re not always 
obvious, unless the dphon b protruded by the animal to its utoiost 
extent: the mouth of the tube, which is rendered very dilatable in 
consequence of the plaits, then becomes fully expanded, and the irregu- 
larity of its partially rcflexcd uiaigm is rendered distinctly visible. — 
The shell also, which Is subject to scarcely any variation, is remarkable 
for its extremely glossy hue and cleanly appearance, rarely presenting 
any of that foulness witlt which the last and following species are so 
often incrusted, although found inhabiting tlie same ditches; from winch 
circumstance it would seem to follow, that in the case of those species, 
this is due to something more tliati a mere extraneous deposit from 
the surrounding soil. It may also be distinguished by a few peculiar 
stria* drawn with great rcgnlarity across the umhoneit near the apex of 
each valve, and cut ratlier more deeply than the rpst. This character, 
however, -will not be seen witliout a close examination. It is most 
visible when the animal is alive and the glossiness of the shell remains 
unimpaired; but even then it is sometimes necessary tliat this should 
be held to the light and turned in different directions, in order that 
the eye may catch the appearance in question. It is, however, more 
or less obvious in every specimen that I have seen. 

This spedea is widely dispersed throughout Cambridgeshire, in- 
habiting various situations, though seemingly partial to clear water. It 
is however seldom found in any great plenty. — I liave also met 

Va. IV. Pmrt II. Q« 
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Hp. 4 I'. jmlchfsUum, Nfit/i«. — Tab. ivi. Yi-i 1 — 5. 

tuiiuiculisy umpljc-itxu. — 1-ig. 1. 

f^ong . vis S Kn. Alt. I| fin. Omi. 1^ lin. 

Plcnimqiur minor, (eMA temiiu* ftmtt; umbooibitt sabaeatii. 

r>mg. 1| lin. Alt 1| lin. Cnw. 1 lin. 
Pmi piilcheilji. £Mdl ifSMr. in BrU. Mm*. 

Cycliw fontinuliii, Brown in Edinb. Journ. Xat. awl Geog. Scien. 1. 
n. PL 1./ 5— Alder in Trana. Nai. HUt. Soe. Newcast. 1. 41. 

Vfir. 7. 

TettA obli4]L"d ovali, tetiuiter striata, compres.«>u, inurginibus acutU. 
Ijong. 1^ lin. Alt. 1^ lin. Cfm«. | lin. 

K«r, j.~Flg. 4, S. 

TeitA suboUongA, ventrioiMi«iini, pfofundiiis itrktA; margine obtu- 
nttiroo. 

Long. 1 4 lin. Alt. 1 ^ lin. Crass. 1^ lin. 

Ammal album, siphone polymorpho; cylindraceo, conico apice truncato, 
vel obconico ; nunc abbreviate, nunc in tubum gradlcm subelougatum 
(pneeipui; in Var. i.) extenso; niargiivt^ hie illic inciso» vel inte- 
gerrimo. 

Testa qnam inaximt" vunabilis, in a, j3, et 7, obli()u6 ovalis. distincte 
ina^quilatcralis, nunc vcntricosior, nunc ciniijn t : sinsrula, plus miiinsve 
prutuiidc striata, iiitida, cinereo-lutescens interdum autem sorde lerru- 
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gincA omidii^ incnuteta: mnibooes nimpllw pngaefciiiA milU* pkcom^ 
que obtudiueuli. 

Vittr. cuboUongii margine domU snfwMto, nuiuas insMiidlitandiii too. 
triftftri^iiaa, wmay n^ buaii obtuoHiniai 

Thl» «|i«d«8 WM <irigiiMdfy diwsvrered bgr Ptafieaaor Houtow, and 
sent by him mmy ytan linee to Dr Leadi, who gave it the ahova 
name. I have rinoe met with it in plenty tiirou^ioiit GmihridgediiN^ 
and likewise in other parts of the county. In foct it is one of the 
most common sfieeies*, inhabiting rivei% ditches^ and likewtse Hie amaUeefc 
streams: it is rathsr active in its habiti^ frequently ascending the sides 
of the vessel in whidi it is oonfined, but I never observed it to walk 
along the under ride of the surfooe of the water. The siphond tube 
assumes a variety of appeannoes even in the same individusH* and it 
is very interesting to watch* under a low power of die mieraseop^ tiie 
strildng and rapid changes of form thtouj^ winch it posses in a short 
thne. It is allogeUier a variable spedcsy and the shdl is of a^veiy 
different diaracter in dilKrent dtuations; yet from the chwttmstrace of 
my possessing many intermediate spedmensi I fed confident ftat tiie 
above are only varieties^Var. is from a pond on Bookbam-Common 
in Surrey; the others are all of frequent oocuxrence^ and are often so 
much incrusted over vrith a kind of ferruginous earth as to be entirely 
concealed, and to present more the appearance of seeds or small lumps 
of dirt tiian that of shells. Whether this is the effect of soil and 
water, as Kcems to me more likely, or has any thing to do with the 
habits of tlie species, is not very obvious. 

* TIm Hmt/my «f dib and wmm otbir atinute tpeciet, wliicb Aou^ of flwqurat 
weumiict mnwMd for • long time unnoticed by Conchologiitf^ wtf be ■ttributed to the 
•w «f B pecnltar net invented by ProfcsMr Hcnslow abiMit the ymr 1816. XJiie ioittu* 
neat hdatg conitructed of the fiAeit wire gauze enjiUet the crilertoir to ttnihi Ae wilir 
more thoiouglily than by any other nicthud previously attempted: and dleNiiy to Mptmte 
iIm vtty anelkit ■beUs from tiie mud in which they «ie immmed. 
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There can Msaicely 1>e ft doubt that this is the mkude Ml tmad 
by Montagu {TeH. Brit. 88.) whidi he ocmfounded with die young of 
P, amnieum. Mr Alder sent me a snudl 'variety of it ftom Newcastle 
as his C^eka JinU«naU»t and I do not feel oertun that it ts not the 
Piudmm JbnUhude of Ffeiffer whose characteta in some mpects aoootd 
better with this species than with P. puMlbm aUready described. 

My lacgest specimens of this shell are ftom the nmghbourhood of 
Battersea Fields. 

Sj». .i. P. llenslowianuni. Nobis. — Tab. xxi. Fig^. 6, 7. 

P. tiM^tu obli(]ii6 ovali, ventricosu, tenuiter striata ; umbonibus sub- 
acutis* projccturil lamelliformi adomatis. 

Long. S^Un. Alt. Slin. Crass. If lin. 
Pera Henslowiana, Leach {dim.) 
TelUna Henslowiana, Shepp. in Unn. Tran*» 14. 150. 

Pera appeiidieulata, Leach MSS. in Brit. Mta. 

Cyclas appendiculata, Turt. Moh. 15. J'. 6. 

Amimal album, tubo siphonali brevi, quoad foirmam pauk» variabili; pie* 
rumque subconico^ apice tnincato. 

TViAi ohliqu^ oralis, ventrioosa, antici pianioscula, distinct^ imequihite^ 
ralis, tenuitdr strimta, nitid^ luteaoenti-«lha, vdi oomea, si^iits partim 
pnccipu^ ad apicem, sorde fcfru|^e(l obtecta: umbones acutiusculi, 
piojccturft parvft lamelliformi adomatis. 

OAs. lu putlis projectura medio inalvulwum inaidet; hinc grodatun 
•ssunHt. accrescente test!,— (Vide Fig. 8, 9.) 

Tlu- il)si\>vory of this very jHvulkir and well marked species is like- 
\vi><.> diu- lo PriittsNor Ilonslow, u|n> tirst foiiiui it in ditches coDi- 
munKuluij!; with tlu- rivor C»uu in the iimiitxiiatc neighbourhood of, aiid 
«}$o a few miles below Cambridge. Dr Leadi uamed it alWr him; 
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but subsequently dmnged the nraie to tbat of Pera t^ppauUaikaa, 
reserving the above specific name for another and laiger shelL This 
httt having however rinoe proved to be a mere variety of the following, 
I have restored the name of HendtnotoHum to the present species, 
whidi has indeed ahready been described under that title by the Rev. 
R. Sheppard in the Linnsean TraiMaetions.— This shell is so strikingly 
distinguished hy the curious eave-like projection upon the nmboiiett that 
it cannot be confounded with any other. In quite young specimens 
this projection is, as it were» a small wing arinng from the middle of the 
valves, but as the growth tbe didl proceeds, this last receiving its 
increase principally at the basal margin, it appears to mount higher up, 
until at length in adult individuals it occupies quite the summit of the 
shell, where it appears like a small ridge or lamina rising up vertically 
on either side of the liingc. — In other respects this species is very similar 
to the last : iicvei tlieless it is always larger. — I have met with it in 
two or tlirce parts of Cambridgeshire, but it does not appear to be of 
very general occurrence. Sheppard found it in Suil'olk. 

Sp. 6. P. auuUeum, Nobis.— Tab. xix. Fig. 2. 

F. testft ovali, ventricosft» profundiiis sulcato^triatft; umbonibus ob- 
tusittscuBs. 

Long. 5^ liii. Alt. 3f lin. Crass. 2| Hn. 
Tellina amnica, MuUer, 2. 205.—Gmeiin, 32*2.— Linu. Trtm*. 8. 60. 
DUlwyH, 1. 105.— ZVtrr. Conek, Diet, 168. 

■ — rivailis, Maton^ in lAmt, IVans. 8. 44. ^ 18. ^7 87t 88. — Dmowut, 
#.64./ 8. 
Cardium amnicum, MwtagUt 86. 

Cyclas palustris, Draparnaud, ISl. t. 10. J". 15, 16. 
Cyclas obliqua, Lamarck^ 5. 659. — NiUtou, 99* 
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Pmdium oUiquum, ^fi^, 1£4. #. 5./ 19* M. 
Cydu untiiei, Titrk Qmeki^ Brit. S50. L II. / IS^Fhwrng, 45S. 
TkrL Mttu. IB./. 5. 

Sulcis profundius exaratis. 

Pera fluviatilis. Leach, in Brit. Mm. 

Striit kviikf impreaaia. 

Pera Heiial0wiaiia» Leadt, MSS. in BrU, Mut. 

Awmti allmin, siphone pauI6 rariabiU; nunc aUmvisto^ autwouicOy apm 
oUiqui trimcato; nunc elongate, cylindraoeov apice plus minCisve 
reeunro. 

Ti'.sla j)aul6 variabilis, ovalis, vel oblique trigona, distinct^ ineequilateralis, 
veiitricosa, antic^ planiiiscula, pulchrd striata hie et illic sulcis pro- 
fundioribus; cinerascfiiti-fusca. maculis ct zona marginal! latS palli- 
dioribus, iiitcrclum nitidc liitesccntibus ; rariiis oiniiino fuscescens aut 
lutescens; intus cicnilcsccns : umbones obtusi, sorde ferrugis'ca ut in 
praeccdcntibus sflepe iiicrustati. 

Tliis species, which was first published as British by Dr Maton 1. c. 
is at once distinguished from all the others in this genus by its very 
superior size. It is not uncommon in rivers and gently running streams, 
residing wholly at the bottom, and being partially buried in the mud, 
but I have not often observed it in perfectly stagnant waters, ^'"ars. 
/3 and 7 were sent to Dr Leach by Professor Hmslow from the 
neighbourhood of Cambridge. The fornuT of tin gentlemen con- 
sidered them as distinct species, and they act tdiiiirly stand in the 
collection at the British Museum, under the above names; but T am 
perfectly satisfied that they are mere varieties, differing in nothing 
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but the depth and number of the longitudinal furrows and striae, than 
wliich no characters can be more variable. Tlie shell of this species, 
like that of the others belonging to this section, is frequently incrusted 
over wiA a kind of ferruginous earth, whicli prevails chiefly at the 
poatenor extremity. Perhaps in the present instance this circumstance 
is connected with the habits of the animal; which usually liaving the 
anterior half of the shell fixed in the mud, the posterior and exposed 
portion receives all those finer particles of the soil which drifting 
downwards with the stream, are thereby depofsitcd on its surface. — 
The young of this species are readily distinguished from the two last^ 
by their more compressed shell, with the umbones scarcely at all promi- 
nent and the striae more distinct. 

Tlie foregoing list includes all the Britisli species Lelongiug 
to the above genera which T liave li- en ahl*' to identify satis- 
factorily. T pos^tj.-vs on<* or two ollit i slitlls which :if)pear dif- 
ferent Iroiii all hitherto described, but not iiaving seen a sn;ti( lent 
number of .siMJcimeus to jink'e of their true characters, 1 sliould 
not feel authorized in admitting them as reall> distinct. — T men- 
tion the circumstance, however, for the sake of exciting further 
enquiry upon tlie subject. 

LKONARD JENYNS. 

SwAfviuM Bvuiea. 

/fiM. Mb 18S1. 
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Plate XIX. 

Fig. 1. Cgelaa rah/nt!atn . Showing the geiiend appcanuioe cf the AM and ftnimal 

inhabitant in that genus. 
Flc. 5i. Pisidium amtiicum. Ditto. 

Fi6. 9. Hinge of Cy^a9 eaijfcuXatm. A* the right, and B, the 1^ velve; o, the 
c«rdin«l teeth. 

Fto. 4. Hinge of Pi/Mhm wimJettm. A, B, and o, as before. 

Plate XX. 

Fig. I. Pisidium obtusate. 

Fig. 2. DUto ; as it appears when walking 'on the under side of the surface of the watar. 

Fte. 9. DiHot vkired ftom one end. 

Fie. 4 and 5. AsWIiim jwriffww. Two eztreme Tarietiea. 

Fio. €. Ditto; viewed from one end. 

Fig. 7- PUidium nitidum. 

Fio. 8. Ditto; viewed finun one end. 

Plate XXI. 

Fig. 1. Pitiditm pulcktUum: and c, different appearaoces of the sipbonal 

tube. 

Fio. 9. DUI9, Var. fi: d» /, diArent appeaianieea of the siphonal tube. 
Fio. S. JMfJvf viewed firom oDe end. 

Fig. 4. Ditto, Var. 5. 

Fir.. Ditto; viewed from one end. 

Fig. 6. Pimdium Hcnstowianum. 

Fig. 7. Ditto; viewed from one end. 

FtO. 8. ZNIAh young. 

Fte. 9. Yotmg; -viewed from one end. 

Oss. All the above iigures are highly uiaguified. 
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XI. On a new Ane^xer, and its Use in Eiperments 

of PolamaUan. 

By G. B. airy, M. A. F. R. Ast Soc. F. G. S. 

LATH rEI l ow nr TniNITY t or, LEGE, AND PLUMIAN PRoPE«;son OV ASTRONOHT AKS 
KXPKBIMKNTAL nilLOSOPIlY IN TUB UKIVERSITY OF CAMBBIDOB. 

[Held Mmdk St 1892.] 

On two occasions I have had the good Ibrtone to lay before 
this Society antidpotions of optical phenomena founded on theo- 
retical considerations, which have been folly Teritied by experi- 
ment. This agreement t consider important, not hedanse the 
phtenomena possess any intrinsic value, but because the precise 
coincidence of observed appearances with theoretical calcniations 
aflbrds the strongest possible proof of the correctness of the 
theory. I have now to ofler another instance of the same kind : 
in which the experiment was suggested solely by th^xetical con- 
siderations, and in which the appearances, so fiir as I can observe, 
s^ree perfectly with those which theory had indicated. Like the 
others, it appears to me to give strong evidence of the correctness 
of all the fundamental assumptions of Fresnel's theory. 

The experiment was first suggested by considerations of the 
most general kind respecting the use of the analyzing plate in the 
common polarizing apparatus. When polarized lijrht (whether 
plane, circular, or elliptical) has i)as.<«ed through a crystalline 
plate, its intensity, by theory as well as by experiment, is the 
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same as l)elonr it entered. The use of tht analyzing: plate is to 
resolve the emergent lii^lit arcordinsr to some ct ii< ral law into 
two parts, of wliich one is totally suppressed aiitl tlie other at 
least a definite part ot" iti is wholly reflected to the eye. As the 
crystalline plate has at incidence resolve<i the incident light into 
two j)arts \\hi< h at emergence it has iiuii'd ywxh different deerees 
of retardation according to the direction lu which tl»e light was 
incident, the nature of the emergent light is dilf'ert;iit according to 
the direction in which it was incident, or (which is the same) 
according to the direction in which it emerges: and when resolved 
aocmdingr to the general law above mentioned, the proportion 
of the reflected part varies according to that direction: and hence 
the varions intensities of the l^ht in difi^«nt parts of the image 
seen with the ordinary apparatus. And this may be considered 
as the general explanation of the use of an analyser, including in 
this tenra4he common analysing plate as well assudi combinations 
as will be hereafter described. 

By the common analysing plate (an unsilvered glam reflector 
at the polarizii^ angle, or a plate of tourmaline, or a doubly re- 
fracting prism considered with reference to one pencil only) the 
emergent light is resolved (according to Fresners theory) into two 
sets of vibrations, one parallel to and the olher perpendicular to 
the plane of polarization of the analysing plate; the fbrmer of 
these is wholly suppressed, and the tatter is wholly transmitted to 
the eye. And this is the only kind of analysation, so fiir as 
I know, that expeiimenters or theorists have ever yet considered. 
But there is not the least need for confining oanelves to this 
method of analysation. There are other methods, quite as simile 
in theory, and neariy as eai^ in practice, which efiSMst a resdntion 
of a very different kind. As the first among these I may mention 
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that it is easy to conceive and to treat theoretically a resolution 
of the light emerging from any point of the crystal into two 
pencils, one circalarly-polarized and right-handed, and the other 
also circalarly-polarized bnt left-handed. To exhibit practically 
the e0bcts of this tt is only necessary to contrive an analyaer 
which shall wholly suppress right-handed drcnlar light and wholly 
transmit left-handed circular light, or vice versA. Another more 
general resolution is into two elliptically-polarnBed pencils, cue 
right-handed and the other left-handed, the axes of the ellipses 
having the same proportion, but the direction of the m^ot axis 
of one coinddittg with that of the minor axis of the other. I am 
not prepared to say whether or no any other resolution will be 
Ibnnd practicable. 

Now conceave the analyzer to be of the first new kind that 
I have mentioned, namely to have the power of wholly suppress- 
ing right-handed circular light and of wholly transmitting left- 
handed circular light, or vice vera&. I shall not consider the case 
of plane-polarised light incident on the crystslline plate, because 
the appearances are almost exactly the same (in theoiy as wdl as 
in experiment) as when circularly polarized light is incident on 
the crystal and the emergent light is analysed by the common 
analyzing plate: which case I have fully conndered in Ibrmer 
memoirs in the Tkunsactions of this Society, as well as in another 
work. But let us consider the case of circularly polarized light 
incident on the cr^^l, and after emogenoe analyzed by our new 
analyzer. The first idea that strikes us in this combination is, 
diat there is nothing, except in the crystal, which has any respect 
to sides. For the only incident light is circularly polariaed: Hie 
only light allowed to emerge is circularly polarized. The ap- 
pearance therefore of the coloured rings, &c. must be such as 
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ooTiv» \ s no trace ot" any plane of iKjIarizatiun : and must uot vary 
as the crystal or the analyzer h turned rouinl. 

In tlie comniun e\liiI>ition of the colouix'd nnirs (the incident 
Itirlit beinsr plane-jwhiri/! 1 1 , tlit analyzer being the eomuion ana- 
lyzing plate, and the inclination of the planes ot polarization 
beinu: any whatever) the i>nnci|ml trace of the planes ot' j>olari- 
zitlion is ia the- unc<tiourt.d brushes. In uniaxal crystals they 
Ibrin an eiorlit-rayed star, coni|Kised of two square crosses inclined 
at an anijle equal to that between the planes of polarization, 
every ray of which separates comi>lementary riniurs. In biaxal 
crystals they compose two pairs of lectancrular hyperbolas, the 
angle between whose asymptotes is the same as that between the 
planes of polarization, and whose branches divide complementary 
rings. The two crosses or the two sets of hyperbolas unite when 
the planes of polarization arc parallel or perfiendicalar. 

The first conclusion then is that, in the case under consider- 
ation, the rings exhibited by crystals will not be traversed by any 
brushes. Plates of Iceland spar, if they ^hibit any variations of 
light at all, will exhibit circular rings witiioot a croas: and plates 
of biaxal crystals will exhibit complete lemnisGates without any 
interruption fh>ni curved brushes. 

The next conclusion is that the brightness of the light at 
the poles of the image will depend only upon this conmderation ; 
whether the direction of the circularly polarized light which is 
incident on the crystal is the same as the direction of that which 
the analyser can transmit to the eye, or is the contrary. If it is 
the same, nnce tiie light which forms the poles of the image is 
that which is not separated into an ordinary and extraordinary 
ray, and therefore passes unaltered through the crystal, then the 
light incident on the analyzer is exactly of the kind which the 
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analyzer can transmit to the eye, and tlierefore the pole is <:een 
\yith full brigbtneas. If it is the contrary, the light incident on 
the analyzer Is exactly of that kind which is totally suppressed 
at the analyzer, and therefore the pole is perfectly black. 

The third conclusion is tliat (supposing, to fix onr ideas, that 
\hi' direction of the lielit incident on tlie crystal is the same as 
tliat wliicli the analy/.er can transmit) tlie inten<!ity of liufht de- 
pend.s oidy on the i^ain or loss of the ordiiKiry or the extraordi- 
nary ray : being at its muximum when that '^aHi or loss is a whole 
multiple of X, and nothing when the gain or loss is an o<ld 

multiple of ^. For the first of these propositions it is only 

necessary to state that the crystalline plate, having resolved the 
incident light into two waves consisting of vibrations of diflerent 
kinds, and havii^ retarded one set more than the frf:her by a whole 
mnltiple of x» nnites the two sets again in exactly the same con- 
dition in which they were at the resolution, and therefore they 
emerge forming a kind of light which is exactly similar to the 
incident light, and which is on that account susceptible of perfect 
transmission by the analyser. This applies to quarte as well as 
to other crystals. For the second proposition we have only to 
remark that when circularly polarized light is incident on Iceland 
spar, nitre, and similar uniaxal and biaxal crystals, whatever be 
the position of the planes of polarization, it is resolved into two 
sets of plane vibrations at right angles to each other, one of which 

is ^ behind the other: and that when the relative path of these 
waves is altered by an odd multiple of ^ , tliat which preceded 
by ^ now Ibllows by ^ (neglecting multiples of X) ; and the direction 
of the circularly-polarized light is thus revcfsed: and the emergent 
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lifflit is therefore exactly of that kind which cannot be transmitted 
by the analyzer, or the corresponding point of the rings is black. 
This evidently will not apply rtrictly to qaartz: but It tnll apply 
with tolerable accorocj wheo the rays make a eoimderable ai^le 
wifli die axis of tiie ciystel. 

. The properties of FresneVs rfaocnb suggest at onoe a mediod of 
oonstmding sack an analyzer as we require. It is well known 
that if drcnlarljr-poiariaed light is incident en Fresnd'e rhomb, 
it emeiges idane^pdariaed, and die position of the plane of po> 
larizatioii at emefgenoe makes an angle of 4> or - 4r with the 
^ane of reflection aooording as die incident lii^it was right- 
handed or Ielt4iaiided. Let the light emerging from die rhomb 
be received on an nnsilvcred glass at the polarimng angle, whose 
plane of reflection makes die angle -f- 45* vrith diat of the ihomb. 
Now it is plain that if the l%ht incident on the rhomb was 
light-handed, it becomes plane-polariaed in die plane of reflection 
of the glass, and thereflwe is wholly reflected: if it was left- 
handed, it becomes plane-polarized in die plane perpendicular to 
the plane 'of r^ection of the glass, and dierefore is wholly sup- 
pressed. This combination therefore (a ihomb and an nosilvered 
glass at + 4F) has the property of wholly transmitting r^^ht-handed 
circular light and of wholly suppressing left-handed circular light: 
and in the same way it would appear that the combination of 
a rhomb and an . unsilvered glass at - 45° has the property of 
wholly suppressing right-handed circular light and wholly trans- 
mitting left-handed circular light Since all polarized light (and 
therefore light in general) may be represented by two pencils of 
opposite circularly-polarized light, it follows that oor oombination 
will have the power of resolving all light into two such pencils 
and suppressing one of them. 
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In practice, the use of Fresnel's rliomb in this part of th« 
apparatus would (on acooont of its length) be attended with some 
inconvenienoe. I have therefore preferred for this purpose a plate 
of mica, of sodi a thickness that die ray polarized in the plane 

IS & 

of one of its principal sections is retarded either ^, ^, or ^ of 

a wave (ancording to the oonvenienoe of s])littiiig:) luoie than that 
poiuiized in the plane of the other. The mica being attached to 
the nnsilvered glass so that its principal section makes an angle 
of with the plane of reflection, an analyzei is produced which 
answers tlie same purposes, in general, as that described above. 
In strictness its effects are not the same, as the order of the 
colours is in some cases sensibly disturbed. 

Upon trying this, when the incident light is circularly polarized, 
the genera] effiscts are pradsdy such as were anticipated. Iceland 
spar exhibits rings without a cross of any kind : nitre, arragonite, 
&G., exhibit the lemniscates nnintenmpted in their whole extent, 
and witiiont any trace of hyperbolic brushes. Unannealed glass 
exhibits dark patches anmmnded by colours of dillbrent orders, 
without any continuous brush. In these and in other cases that 
I have tried, no alteration is produced in the appearances by turn- 
ing the crystal, except that the system of rings, &c. is equally 
turned. 

Perhaps the method of analyntion which I have described 
may, with the applkatioa of circularly-polarised light incident, 
be advantiq;eously used for examining the nature of irregularly 
crystalline bodies. For instance: the appearances presented by 
unannealed glass in the common apparatus are singularly com- 
plicated: but in this they are comparatively simple. In this the 
^e sees at one glance (by the order of colour) how much the 
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ray |>o1arized in one plane is more retarded than the ray polarized 
in the plane at right aisles to it The position of these planes 
however is not defined: that will be hest fornid by observing 
tlie dark brushes in the common apparatas. 

To give a mathematical form to the investigation, let us dn- 
tinguish the two kinds of circularly polarized light by the letters 
A and B. Suppose that light of the kind A is incident, and that 

its vibration is resolved into + a. bin — {vt — x) for the orUiitury 
Sir 

ray, and 4-a.oo6 for the extraocdinary. On emerging 

2 ir 

from the crystal tliey may be represented by+tf.sin ~ {vt - x) 

2 IT 

for the ordinary ray, and -t- a.em — (vf — « + O) for the extraordi- 
nary. These will be separated by the analyzer into two pencils 

of light of the kinds A and ; these will be represented by 

+ p . sin (of — « + 9 ) perpendUeular to the principal plane ^^^^ 



stituting 

+ p {vi'- s + q) parallel to the principal plane j ^'^^'^ ^* 

and 



2 ir 

+ p .sin — (vt — X + q) perpendicular to the principal plane 
^p'.cos ^ — « + ^) paraUd to the prindpal plane 

A 



constituting 
light B, 



Making the vibrations in each plane equal to those at eroeigMice 
from the crystal. 

Hit S it iw 

a.nn — ivt"*) mp,tau {vi - je + q) +j»'.ain-jj- {vt - s + q) 
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Or tnace this must be true for all values of vt - we may expand 
the sines and cosines and equate the coefficients of 

sin -j^ {Di — X) autl vm — {vl - x). 

Thus we have 

a — p.cosq + ])' cos (/ 
0 s= p . sin q + p' sin q' 
— ft sin 6 = — ^ . sin 5 4- // sin q' 

From these, 

and the vibrations are 



constitotitig light A, 



constituting 



«c(w |^*nn — (''^ " psrp>topriac. plane 

« cos ^.ooi ^ — « |] psr. to prime, plane 

«8inj.sm^(r/ — « + SffV + |J perp. to princ. plane 
— a nn ^ .oot — — « + 27<f + -j^ I par. to princ. plane 

If the analyzer is of such a kind that it can transmit light A, 
die intensity of the light that reaches the eye is So'eo^-^: if 

it transmits light B, the intensity of light is S a* sin* . The former 

of ^ese gives light at the place where there is no double re- 
fraction : the latter gives dark at the same place. But in hoth 
cases it is plain diat the brigfalness depends only on e, the 
quantity which one ray has gained or lost on the other, and that 
it does not at all depend on the position of the planes of polari- 
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/ulion : iJiicJ therefore in li<jtli cavn the a{>|»«-arance will be that 
Iff \mU \u's or curves extendini^ f.-ontitiuouiii) through all the (mrts 
where (he %ii\n of one my uiK>n the other is a constant quantity. 

In tlu; lormer part of this pa[jer I have alluded to an analyzer 
iff a more general kind, namely one in which die light is separated 
into two elliptJcally>pohurized niyt. This is oonatmcted by plac- 
ing the plate of mica with ito principal plane inclined to that 
of reflection at the unsilvered glass by an angle diffisrent from 
4.T. Tlie invcNtigation of its effects is not more difficolt than that 
above, but is rather longer* and its lesolts will hardly justify its in- 
sertion. I will only remark that, with the apparatus which I have 
supposed employed Ibr the experiment above, if the FresneVs 
rhomb or mica by which the incident light is made circolariy- 
polarized, and the mica by which the new analyzation is effected, 
ore turned the same way (leaving the glass reflector unmoved) 
the continuity of the rings is not interrupted, but a part of the 
image is seen to grow darker and darker: ahd when both are 
turned 45", this dark part becomes the black brush, litis sup- 
poses the planes of original polarization and of reflection at the 
glass to be at right angles; but if th^ are parallel the change 
is of the opposite kind, and the bright brushes are finally pro- 
duced. 

G. B. AIRY. 

Omibvatmy, 
Jmit. 19. 199i. 
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XII. On the Mechanism of the Larynx. 
By ROBERT WILLIS, M.A. F.R.S. F.6.S. 

FBLLOW OF CAIVS COLLBOS, AUD OF THE PHILCMOPUICAI. 80C18TY. 

It must be a soaroe of great r^^ to those who have made 
themselves acquainted with the present state- of Acoustics* to find 
the various investigations oonceining the mechanism of the hu- 
man voice leading to such unsatisfiictoTy and even contradictoiy 
results. F(Hr from whence may more instructive lessons in that 
science be expected than Irom an apparatus which is capable of 
producing sounds in eveiy variety of pitch, quality, and intensity, 
from the most exquisite music to the most execrable noise ; an 
apparatus of no extraordinary dimensions> and one moreover of 
which the greater part is exposed to our observation daring the 
various changes of form which it insumes whilst in action. Never- 
theless the laws which connect these changes of form with the 
production and variation of the sounds are hitherto obscure. To 
account Ibr this» we are compelled to refer to two oonsiderations ; 
on the one hand, the instrument of the voice is not exclusively 
appropriated to its production, but is also evidently adapted to the 
performance of functions fer ditBerent and more important to the 
animal economy; and, on the other, the explanation of the phe- 
rd. IV. Fwi III. ■* T T 
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nomena, in an orach as dicj are prodooed bjr a part of tfia aannl 
Itame, has been ooimgii«d, widi tliat of hs other fapctioiig. to the 
Anatomitft and PbyiioloyMt, to those vrhose pmUmumtX itiidics 
are completely nooonnected «Hb Aeooftks, a acienoe wUeh in 
all investigatumf of tbi* Icmd mast neoMarily take tfie gi e a t ert 
nbare. 

Acoofdingrly every treatke on Physiology or Anatoaiy contains 
a chapt^ on the organs of voice, in which the parts condadng lo 
its Ibrniation are described; whilst the oontiadictory and some- 
times careless aocoonts which the best anatomical writers give of 
the mechanical action of tibese parts, and of the mode in wbidi 
they perform their fonctiom^ form a vexatious contrast with the 
minute aocnnicy of their anatomjcal descriptions. 

In the present memoir I have attempted n more minute analysts 
of a part of these organs tTian appears to have Ixseo hitherto un> 
dertaken. As, however, I am uritiiiLr for philosophical reader: 
in general, I have purposely divested my i!* '^fTiptions of the tecb- 
nical form as tnoch as possible, and my drawiiisrs are to be regarded 
moK a^ plans or types of the general, stroctore gathered from the 
examination and comparison ni many, than as representations of 
any one individual. 

The vocal mechanism may be considered as 
consisting of laatg* or Bellows, cajmble of trans- 
mitting by means of the connecting Windpipe a 
cnn«nt of air tln ouQ^h an apparatus contained in the 
upper part of the Windpipe^ which is termed the 
Xtfryiw. This apparatus is capable of prodticint? 
various musical notes which are heard after passing 
through a variable cavUift consisting of the pharynx, 
mouth, and nose. 



VaiUbl* 
Larynx. 

5 
t 

Lvngt, or 
Bellowt. 
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Now, if this arrangement be artificially imitated by' cbmbiniirg' 
together pipes and cavities with bellows in' a similar order, and 
substituting for the Larynx any elastic lamina capable of pro- 
ducing musical notes %vlien vibrated by the stream of air, it is 
found that by chan'jring tlic form of tlie cavity above it, the various 
qualities which distinguish the continued notes of the human voice 
in speech, may he so nearly imparted to the sound whidi the 
imitative Larynx is jti Mhicintr, as plainly to shew that tViere is no 
nece&«5ity for seeking any power ol alteruig the quality of the notes 
in the Larynx itself. This then may be considered as merely an 
instrument for proflnciuu' certain musical notes, which are after- 
wards to be converted nito vowels, liquids, &c. by the proper 
changes of form in the superior cavity. 

We may here remark an essential difference between tlie vocal 
iin'cliani<!m and our oidinary musical wind instruments, whieh are 
generally made tip of some vibratory mouth-piece to prenerate the 
note, and au attached cavity, or pipe, to govern and aut^^meut its 
tone, each instrnuient havimr its j)eculiar quality ; wliereas the 
attache<l cavity in the vocal maelmie is capable not only of govern- 
ing and imi>ri)ving the musical quality of the note, h\it aho of 
lui parting to it all manner of various rpud ities, the iiuait r(Mis 
vowels and liquids of speech, and also the [)erfect mimicry of the 
j>eculiai sounds of nearly all animals and musical instruments. 

Of this cavity it is not my present purpose to speak. In- 
deed I doubt whether the science of Acoustics is sufficiently ad- 
vanced to enable us completely to understand its mechanism. I 
shall in this memoir confine myself to the Larynx. 

Tbe precise A>rm of the Laryngeal cavity, and the parts im- 
mediately connected with it, is shewn in 1 and 3. Fig. 2 
is a section made by a plane passing through the nose, raoutli, 

TTS 
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and windpipe, called the mesial plane, dividing the head sym- 
iaetiicaUir, DEFG being the external outliine of the throaty 
and H the bock of the ton^e. Fig. 1 is a section made by 
a plane perpendicular to the former, and passing albi^ the line 

From A f» D (Fig. 2) the windpipe presents a horizontal 
section nearly drcnlar; above D it contracts in the transverse di- 
mension, assaming the fbiin of a narrow slit, termed die ghUh* 
(The line GG (FSg. 1.) paisses through the glottis). Immediately 
above it the windpipe expands into a pair of cavities, termed the 
ventrUtlet of the Larynx, through which the line VV paasei, and 
above these the passage again narrows into another slit indicated 
by the line which has been termied the psevdo gioitis. Above 
this the passage again expands, and finally opens into the pkarymxt 
as the cavity behind the tongue is termed. 

The whole surface of the cavity we have been describing is 
lined with a soft mucous membrane, similar to that which is seen 
on the inside of the mouth, soft palate, &c., with Uie excq[>tion of 
the edges of the glottis, where the lining assumes the iorm of a 
ligament, white, fibrous, and elastic, the outline of which is seen 
in Fig. 2, immediatdy below the opening of the ventricle. The 
edges of the pseudo glottis aro formed merely by a kind of redu- 
plication of the ordinary mucous membrane. It will be seen from 
Fig. 2, that neither the ligiaments nor the ventricles extend entirely 
across tiie passage. 

The most genemily received opinion, and that which appears 
to me to be borne out by a careful investigation of the stmcture 
of the Larynx, is that the current of air from the lungfs excites 
these ligaments to vibration, and so produces the sounds of the 
voice (vide note Hence they are denominated the vocal li^a- 
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meiUs. I shall now proceed to a more minute examination ot" the 
preeise nature of this vil>ration, antl of the mechanism of the Larynx 
generally than appears to have been hitherto attempte<1. Assum- 
inir tlien that the source of the noirs ni' tfie voice is to hf found 
in the vibrations of a pair of membranous < Instic edirev, between 
which a current of air is allowed to [»as.s, 1 shall <^n(1»-uvonr to 
shew under what cond ti u s such elastic edges must be (Jiesented 
to a ciiiTent of air, in order that it may elicit from them the re- 
quired vibrations. 

One of the most commodious ways of iiu esiiirating' this is to 
prepare a ])iece ot wood of the form ABCD (Fisr. 9) and paste 
on one side of it a picr«> of tine kid leather, the upper end of 
which iinn) is cut straii^ht, and a moderate degree of tension given 
to the leather wlien pasted on. 

This arranjrement presents us with an elastic membiain . \\ liosp 
upper edu:< m n is free and the other edL^es confined, and, theretbre, 
with a case aiuilu^ons to that of the vocal liu iments. 

KF (Fig. 10) i.s the plan of a llaL bciard, liavnn^ a rectangular 
opening GH in the middle, and L,M (Fig. 12) is a vertical section 
of this board along the line IK, (Fig. 10,) shewing a pipe iV 
attaclied to the lower side of the l>oard, in order to connect it 
with a pair of oruan bellows, by means of which a current of 
an may be maintained through the rectangular opening at pleasure. 
(In Figs. 14, 16, and 18 are similar .sections). 

Let now an upright board OP, (Fig. 12,) be clamped ii(>on 
LM, so that its face P may coincide with the side of the opening 
throughout its whole length. If tiie leather in its fiame, (Fig. 9,) 
be exposed to the action of the current by placing the lower edge 
BC of its firame in contact with this board and- always parallel 
to the side of the opening, and if then the frame be turned on 
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its lower edge, ao as to place iJie platw of tlie leatlMr «t dtiieieDt 
angles with that of the board, the followiDg pbenomeiia will be 
observed: 

If the leatfier be iDcKned to the board, as in Fig- 12» the coirent 
will merely drive it outwards and fix it with its upper edge con- 
cave to the board, as in Fig. 11, (which is a bird's-eye view of the 

upper edge). 

If tiie leather be inclined from the board, as in Fig. 14, the 
current will draw the upper edge inwards, maiatmning it with 
its upper edge convex to the board, as in Fig. 18. 

I( however, the leather be placed in the intermediate poiitioii 
to diese two, that is, parallel or nearly ao to the board, the current 
will excite and maintain strong vibrations in the upper edge of 
the leather, prodncing a loud musical note, as long as the cuitent 
is kept up. 

If for the board we substitute a similar fiame with leather, 
and apply the two fiames opposite to each other, above the rect- 
angular opening of the board, as in Figs. 16 and 18, we have an 
armngement somewhat resembling the glottis, in possessing a pair 
of edges oppoffite to each other; with this siuiilar phenomena to 
those just described are observable; namely, when the leathers 
are inclined io each other, as in Fig. 16, the canrent maintains their 
upper edges in the position Fig. 15. When diey are inclined from 
each odier, as in Fig. 18, the current fixes them in the position 
Fig. 17, but when nearly parallel puts them into starong vibration. 
The angle at which they may be inclined to each other to make 
vibrations possible varies with the tension of the leather and the 
force of the current. For an examination of the reasmu of these 
phenomena I must refer to Note B : it is sufficient for our present 
purpose to know that it is not merely necessary for tiie vibration 
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of a pair of ligaments, like those oonstitutii^ the glottis, that a 
corrent of air be passed between them, bat that their opposite 
sarfaces mast alao be placed in a given position with respect to 
each other. 

For instance, Fig. 5 is the ordinary i>osition of the ligaments 
OOf in which t)ie breath passing between them could never pro> 
dnce a sound from them, they being inclined from each other. 
Whereas, in Fig. 1, where they are parallel, the breath would 
instantly excite vibntions in them. 

Here we have a solotion of a diiiiculty which never seems to 
have occurred to former writers; that is, why the ligaments are 
silent while the ordinary breath pas.ses between them. It cannot 
be l>ecause their tension is not sufficient, because I shall shew 
that they are always in a state of tension nearly cmresponding 
to the pitch of the speaking voice. 

To shew how the same pair of ligaments may produce various 
notes, h't a wooden pipe be prepared of the form Fig*. 19, having 
a foot V like that of an organ pipe and an upper opening, lon^ 
and narrow as at 1i, with a j»oint A rising at one end of it. It 
n piece of leather, ^or, slill bftttr, of IFunax'k's sluct India rubhtr,) 
be doubled round this y»oint and stxuitul by being bound round 
die pipe at Z> with strong tliread. i^ in Fiu'. 20, it will g-ive ns 
an artiticjal glottis witli its upper edgi s (III, which will vibrate 
or not, at pleasure by inclining the pl im - of the edges, according 
to the previous experiment*;. A nuiilc ot" pieces of cork RF 
may be glued to the corners to make them mor*' manageable. 
From this machine various notes may be obianied ijv siieteliing 
tlie edges in the direction of their length GIf , the notes rising 
in pitch with the increased tension although the length of the 
vibrating edge is increased. It is true tltat a scale of notes of 
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erjual extent to that of the human voice cannot be obtaiued fnm 
etIgeA of leather, but thin scale is much greater in India rubt>er than 
in leather, and the elasticity of them both is so gready inferior to 
that of tlie vocal ligaments, that we may mdily infer that the 
'.Teat icale of the latter \s due to its greater dastic poiren. To 
obtain vaiioas notes from the glottis, therefore, it is only neeessaiy 
to rary its longitudinal tennon after its ligaments have been placed 
in the proj^er position. 

As, however, during breathing the air passes freely in and out 
of the lungs through the identical apparatus by which the notes 
are prodiicwJ, the pa?*«iaj^f* we have !M?en cnn^nderitiir, or glottis, 
must be utpable of assmning: the form of a large and free a|ier- 
ture ; since it is certain, from the t'n edoin with which the air is 
inhaled and exhaled, that it is not compelled to pass through so 
simall a slit as the glottis appears to l>e during vocalisation. 

Thf passage is also caiKilil*' of })eing shut so cl ivr fiy its o«n 
iiiiiull muscles that all the exertions of the jxiweitui abdominal 
musclf's actint? upon the diaphragm to compress the lungs and 
(rondeiLHe the air in the trachea are not capable of forcing it 
open . 

The production of a tniisical note takes place instantaneou.sly , 
at the pleasure of the individual. Tlie breath has been previously 
traversing the ]>aRsage in silence, and at our will some change is 
immediately made in the larynx, uliich produces the note, and 
this certandy dtpmds upon sonietltin'pr niore than the mere closing 
of the fmssage, because wc can make the aperture of the |jassage 
pass til rough all degrees of contraction up to absolute closing 
during the expiration of the breath without producing any .sound, 
except the usual rushing noise of a forcible current of air passing 
through a narrow aperture. 
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The law of vibration which I have above explained renders 
this more intellig:ible ; for since it appears that unless the mem- 
branous edpres of the passage are placed nearly parallel they can- 
not bf mTifl»» to vibrate^ we have only to suppose that the change 
tee feel in the Larynjc is tlie placing? of the ligaments in a parallel 
position, and the whole mystery is explained. If tlierefore I can 
succeed m shewinj? that the arrangement of the cartilages and 
muscles is aclapted for the purpose of placing tlie vocal ligaments 
under the various conditions which have been shewn to be neces- 
sary, I shall have done all that is possible to complete the 
evidence in favour of my explanation. 

For, after all, no explanation of the functions of a machine, 
of which essential parts are concealed while iu action, can be com- 
plete UK I vmcontrovertible : when we have examined the separate 
parts, and iiave enuiiicialcd the functions which observation shews 
the machine to be capable of performing, and by comparing these 
with the different portions here elicited, as we tiatter ourselves, a 
complete allotmeot of each fimction to its appropriate part of the 
stnictare, we have only been id fiict describing a machine of our 
own oontrivaDce, copied in form, and capable perhaps of per* 
forming Ae same fanctioiisj bnt not neceaiarily identioal wifh 
the or^nal, because we cannot certainly know whether it- per- 
fomu the same motions for the same fonctions. Hence we can' 
only establish a probability that the nses of the conespondiny 
parts in the two are the same. Beyond this probability we can 
never get, unless we can succeed in viewing the machine in 
motion. 

This is not entirely the case with the Larynx, because we are 
<mabled to trace the motions of some of the cartilages from without ; 
but the greater part of the machine is, -and always most be, hiddoi 
rW. IV. Part in. U V 
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from our view while living, for we cannot make much use of the 
facts said to have been observed by some Phy?5iolo<xis1s in tlieir 
experiments on living unimals, which are reported by men plainly 
but loosely acquainted witli Acoustics, and which, as they have 
been deduced from a vocal mechanism vastly inferior to the liu- 
man, may very probably mislead as if we attempt to apply theiu 
to the explanation of the 1 alter. 

Having now, in some degree, considered the uses ot tlie Larynx, 
and laid down some princi{>le.>5, we may proceed to examine its 
structure with more minuteness. 

Upon removing the mucous membrane winch lines the whole 
of the interior of the laryngeal cavity, but leavinar the vocal liga- 
ments in their place, we find the latter supi>orted m a curious 
frame of cartilages united by certain Uj^aments and articulations, 
and provided with muscles, by the action of which the cartilages 
may be made to assume various positions with respect to each 
other, and thereby alter the tension ^nd relative position of the 
vocal ligaments. 

Hie windpipe is found to coiubt of a pile of cartilaginons 
ringSj serving to keep the passage from tlie Inngs always open, and 
forming in tkis res|>ect • contrast with the oesophagus, or tube 
leading from the cavity of die pbaiynx to the stomach, which is 
always closed by its muscular contractile structure, exet^n$ at 
the moment of the passi^ of food. In investigatioiM concerning 
the oigans of voice the oeaophi^^is may always be r^rded as 
having no existence. Its place is indicated in Fig. 2 by the 
line IK. 

Above the rings of Ike windpipe, however, is a stout bony 
annulus, denominated the Gricoid cartUi^, whidi serves as die 
foundation of the mechanism we nre about to describe. 
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Fig. 3 is a section of tbe hurynx similar to Fig. 2, but repre- 
sentkig it as stripped of its mucous membrane, &c., leaving the 
bate cartilages «rith the vocal ligament in its proper place, and 
a 1st) the muscles. 

Fig. 4 is an external view of the corresponding half of the 
Larynx, and Fig. 7 a bird's-eye view of the entire Larynx, both 
in the same state of dissection. Fi<?. 8 is an enlarged sketch of 
part of the upper half of Fig. 7. In these foar figures the same 
parts are indicated by the same letters. 

Tlie cricoul cartilatre is seen (Figs. 3, 4, ABC,) surmounting 
the rings of tlie windpipe. The thyroid cartilage ECGII embraces 
the cricoid, and is articulated to its sides by its lower horns at 
C, so that it may be regarded as turning round the point C as 
a fnl(Tum. As this discussion merely regards the motion of the 
cartilages among llieniselves, it is of no consequence whether we 
regard the cricoid or thyroid as hxed, and for convenience I sbull 
as.<«unie the cricoi<l as fixed for the present. 

Upon the ujiper surface of the back part of the cricoid are 
seated two .small cartilages (FF, Figs. 7, 8,) termed the ai v teuoid.s. 
Tliey are placed upon articulating surfaces which are foiiutd on 
the up|)€r outer edge of the cricoid, and which may be considered 
as portions of cylinders, whose axes are inclined, both with respect 
to the horizontal and verticil 1 sections. In the vertical section 
the |)rqjcctioii of this articulatniu axis is in the position BL, Fig. 3, 
and in the horizontal in the line O I*, Fig. 8. The base of each 
arytenoid is spread out, and curved below Q, Fig. 8, so as to 
lie npon this articulating surface, to which however it is so loosely 
adapted as to permit a small degree of sliding motion transverse 
to the axis. The aiytenoids are however firmly tied to the bade 
of the cricoid by a handle of strong ligaments BR BS, Fig. 8, 
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and Bf, Fig* 9, diverging from the point B, Fig. 8, wliich point 
P is as nearly as possible the point where the axis of the articQ* 
lating surface would inters<;ct tlie cricoid. Tlie vocal ligament 
is stretched £rom the thyroid at T to the arytenoid at V, and as 
there is no muscle which can relax the ligament BRS*^ it re- 
ceives and transmits to the point B of the cricoid the tension of 
die vocal ligaments. 

The motion of the arytenoid is therefore compounded of a rots^ 
tion round the axis OP, and of a sliding motion transverse to 
this axis, which is confined by the tension of BUS to a swinging 
round the point B, of wliich we shall presently see the use. 

We have already seen that the thyroid is so united to the 
cricoii'd as to turn round the point C, Figs. 3 and 4, as a fulcrum. 
The effect of tliis rotation is to alter thv. distance between the point 
E of tlie tliyroid, and B of tlie cricoid, and therefore to affect 
the tension of the vocal ligainents. 

If this distance be increased by the thyroid revolving m the 
direction fi-om B to E, the tension of the vocal ligament is in- 
creased, and by its i)nllinir at the arytenoid cartilage th(! tension 
of tin l)tindle of liiraments is increased, If tlic distiinrp KB be 
diuiunshed by tin thyroid turning in the reverse direction, the 
contrary effc i will take place. 

To prmiuce this motion, two pair of muscles are provided, 
one of the external pair (the cricothyroid muscle) is seen at AK, 
Fig. 4t» when this muscle contracts it brings the point K of the 



• Vide Note C. 

t £«ch muicle of this puir ii lometiines seen divided into two, and is described by 
MM writers u sucb. Some of tht fflm are attached so dow to the IUIctiiibi C m to be 

apparently fntcnded to stretch ihc llgaineiitg which bind the homs C of the tfajTMlGll to tlw 
cricoid, and thereby unite more firmly these two cartilage* during voadiMtim. 
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thyroid nearer to tbe point A of the cricoid, and' therefore in- 
creases the distance EB ,\ iki$ pmr of M««elef ikertfare dtretdUt 
ike voeai Ugamente. 

One of tiie internal pair (the thyroarytenoid muscle) is seen 
at Emaef Fig. 3; it is attached to the inside of the Iroiit nf the 
thyroid at £111, and to' the arytenoM at me; when this mascle con- 
tracts it approximates the arytenoid to the point E, and as' the 
aiyteiioid is tied to' the cricoid by the bundle of ligaments at B, 
it of course' draw's the' point B after it, just as if the' muscle were 
attached immediately to B. The effiwls of this muscle is dien 
to decrease the distance^ EB, and therefore to reia»' the vocal 
Ugameni. 

Hence' the thyroai7ten<ried muscle' is Ae antagonist muscle of 
the cricothyroid, and together they govern the piteh of the notes. 

The truth of tikis account of the streldiing and relaicing' of the 
vocal ligaments may easily be vaified, as for as die motion of 
tiie cartilages is concerned, by a method which was first suggested 
by Ferrein*, but appears to have been forgotten or misunderstood 
by succeeding writers. We may readily trace widi the finger on 
the outside of the throat, {vi GFED, Fig. 2,) the thyroid cartilage 
EF, tbe cricoid dsrtilage DM, and a small space ED between them 
(marked mn in Figs. 3 and 4). Now' it is plain that when the 
thyroid revolves upon C in the direction JBE, so as to stretch tlie 
vocal ligaments and raise the pitch of the notes produced, tliat 
this motion approximates the lower edge m of the thyroid to the 
upper edge n of the cricoid, and, therefore, diminishes the aper- 
ture mn, and vice versd, when the ligaments are relaxed, the aperture 
mn is increased. 



• Ac. Par. 1741. 
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But upon singing a scale of iiotf><^ two motions aie to be ob« 
served in these nartilages; one is a general motion upwards, when 
the pitch of the notes rises, and downwards, when it falls; which 
wf h;t\e no couceni with at present, as we are treating only of 
th» itMiil((ii> of the laryngeal cartilages with respect to each other, 
which tiiis does not affect. The other motion consists of flie relative 
motion of the cricoid D and the point E of tlie thynml, and con- 
sequent variation m the distance DE, which is best to be traced 
by lodging the tip of the tinger in the little hollow between the 
cartilages, and so following the general motion up and down. 
By doing this carefully, the size of this aperture will be jitu t ived 
to follow a law exactly oouu iding with the above explanation, 
namely, always increasing with a descending pitch and diminishing 
with a rising one.* 

So lai t[)e arytenoids have merely served as links, connecting the 
vocal ligaments and thyroarytenoid muscles with the cricoid cartilage, 
and the function just described would be just as well performed if 
the vocal ligaments and thyroarytenoid muscles were attached to the 
oicoid at B without their intervention. In fact, were the vocal liga- 
neiita mowly intended to sound wbenever the corrent ear passed 
dnongb Ae larynx Umm cartiliiiet would apparently have no office. 

Bnt it is to be remembered, tiiat to enable the ligaments to 
vibrate they most be made to assume a peculiar position with 
respect to each other, and that for brealhinir, it is necessary that we 
have tibe means of opening the possi^ wkie, also of entirdy dosiftg 
it ; during which it is essential that that peculiar position be avoided, 
for fear <if a sound being produced when not intended. It is in the 
performance of all these motions that the aiytenofds are concerned. 



•VidtNoMi). 
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The articnlatioD of tbe aiytenoSds with the cricoid has been 
already described. fVom the extreouty N, (Fig. 8,) of the ary- 
tenoid arises a moscle, termed the taneaargt^Miidmt poHiem, whidi 
is tamed round the edge of the crio6«l> and affixed to the lower 
part of die bad^ of the latter cartilage. Its nie<^nical a«tHm» 
however, is the same as if it acted on the arm of a short lever Nt 
in the direction NW on tiie plan, that is to say, perpendicohur to 
the axis of motion OP, and Hs effect is to produce rotation about 
this axis, and therefore to separate llie arytenifld cartilages fiom 
each other and open the passage. C^ide Note C.) 

From the arytenoid another mnsde NX arises, and is attached 
to the cricoid at and about the point X; tfiis is termed crisMny- 
teiufideu9 lateraHa, In Fig. 8, the fibres of this muscle may be 
seen arising from X and passing op to the aiytenoy, lying nearly 
parallel to the projection of the axis of motion. 

To understand the action of this musde upon the urytenolid, 
we must remember tiiat tiie latter is attached to the point B by 
ligaments, which radiate from this point, and are united to the 
aiytenoild along its posterior surfiice from S to R, 

The tension <tf tiiis muscle then in the dtrectimi NX will, by 
drawing the cartilage in that direction, stretch the ligament HB, 
and tend to Mug the pointe XNB into the same straight line ; this 
will at the same time approximate the pmnt Fto the medial plane 
aad corresponding point of the other arytenoid, and also, (as it 
appears from Fig. 3 that in the vertical projection, N is above 
tlie line joining BX,) it will depress N and still more F, because 
the caruiage tunts on the articulating surface beneath Q. 

The effect, in short, of the pair of muscles in question is to press 
the points V of the arytenoids together, at the same time depressing 
them. 
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The two arytenoi'l> ar* riiMrt<>\»r uini.rl by a maade, called 
the trangceraun aryltHoidtm, \\h\> \i ari-» ^ rV'-ni Rd of one ar>- 
tenoid, and is united to the other in Uit curr» --jn .iiilmsr points. Its 
lection is seen at s in Figs. 2 and .3. It L<> reiuovcil lu all tin otiu r 
fignres. Its action upon the arytenoids is plainly to ]ti 
the point ,S' and its correspond intr one. Hence, when this uiu&cie 
acts at the same moment with the cricoarytenoldei laterales, which 
ir« have been just considericig, their joint effect will press the whole 
of the adjacent faces of the arytenoids together, depres^dng the 
points V and closing the glottis, and, therefore, antagonizing the 
action of the cricoarytenoideos posticus. (Vide Note E.) 

Indeed, it appears at once from the diagram lliaft the Ibroes NX 
NY of these two muscles must U^ether prodaee a fesnltant in the. 
directioa ncariy of WN, aod tfierefore dinc^jr ojypoaed to Ihe acfiMi 
ofdM CKU»aryttaiilAeaM, idndt it r^nneoted m directioo bj NW. 

Hence, the criopaiytenoidei postiGi open the glottis. The crico- 
aiytenoidei latetales and the aryteooldeos transvenos acting jointly 
dote die glottis. 

The complete closing of Aat portion of the apertnfe which is 
indoded between T and V, (Fig* appeani to be effected jointly 
by the motion of the arytenoid cartilages, which in closing togdiMr 
approach the pcnnt T, from the obliqaiiy frf* their axis of motknij, 
and by the swelling of the mnsde. NX in contractile to bring the 
aiytenoids in contact ; bodi. canses tending to compress die oellolar 
tissue and moscalar fibres which oocvpy the qpace J^NV, and 
therefore to close tightly togedier the sides of tiie passage below 
the vocal ligaments. 

We have now to consider the means by wbidi the vocal ligaments 
are placed in flie. proper relative position fi>r vibration. To explain 
this, let (Fig. 6,) the continued line be the ordinary position of the 
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glottis for breathing, when it is slightly opened. In this position 
the yocal ligaments ab ed diveig« from each other in such a manner 
that» according to our previous experiments, the current of the 
breadi could never excite them to vibration, whatever their longitu^ 
dinal tension might be. If the points ac be carried upwards, at 
the same time approaching each other, so as to acquire the position 
a*e\ it is manifest that this change, by increasing the distances ea, 
y*e, will, by diminishing the convexities eb'afde, draw the passage 
into the form indicated by the dotted lines ebt^ fdif, in which the 
v6ca\ ligaments have assumed the position proper for vibration. 
But the motion of the arytenoid round the axis OP, (Fig. 8,) which 
we have already described, will, in raising the vocal ligaments, 
separate them and take them rather into the position indicated 
by the dotted line ea". 

It only remains tiien to explain how the extremity F, (Fig S,) of 
the arytenoSd may be made to rise and approach the corresponding 
point of the other arytenoid at tlie same time ; for, if this is done, 
the vocal ligaments will necessarily assume the required position. 

This motion is permitted by the sliding of the articulating suHace 
of the arytenoid upon the cricoSd, already described, and is efl^cted 
by the thyroarytenoidei muscles. These muscles we have shewn 
to be only employed during vocalisation, and we shall now see 
that their peculiar structure places at the same time the arytenoids 
in the proper jjosition for vibration. 

The iuterual face of one of these muscles is seen in Fit;. 3 ; 
a l)irci's-eye view of the opposite one is shewn in the lower half 
of Fig. 7 at kVf. 1 hat corresiMjnding to Fig. 3 is removed from 
the upper h:ilf of Fitr- 7. to shew the crieoarytenoideiis lateralis 
A A' more distinctly, for a similar re.asoii the latter muscle is re- 
moved from tlie lower half to display the thyrourytenoiUeus k Vf. 

\oi. IV. Part III. X X 
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In Fiff. 3 tlie ar>teii'iui anil it» attaefiedl vocal ligameot and 
mOMjie are in dit- vii/fatinir pu^itum. V\ L<:u the arytenoid is m 
the portion correspoiHiirig to Fiflr- 6, th*^ point F is cunsiiierably 
below the line E 3- Hencc when th\ roarytenoid muscle 

\% hrtiwAit into a«?tion, its fibres, «liich lit on tbis foce parallel 
Ut tbe vocal li'_'ameiit, ttjul of ronpie to brin? the |K»itits EFH 
into a straig^lit line and hence hum: the poiut lliLs by in- 

durring a rotation round the axb OP, would separate the liga- 
ments were it not counteracted by the direction of the fibres of 
the lower portion of the muscle, which arising from about m, near 
the iBcifiaD filMe are attached to the ary tenoid at a mooh gnsaler 
dtttaiire from it; this may be seen clewly in Fig. 7. They, 
tberefiNe, draw the point N (Fig. 7, 8) of the arytenoid towards 
the median plane prodocing the slidinip motioo to often allnded 
to, whilst at tbe same time the opper fibres of the nnsde, which 
are not parallel to the lower* maintain the upper part of the carti- 
lages in their doe position with ttieir points separated, so as to 
part the upper ligaments of the glottis and keep them out of the 
way of the carrent of air 

This may be elucidated by considering the muscle when in, the 
position corresponding to Fig. 6 as a veiy loosely twisted rope, 
which when brought into action tends by untwisting itaelf to bring 
its fibres into parallelism, and therefore to communicate a rotatory 
motion to the attached arytenoid, which, combined with its articu- 
lation to the criooild, places it in the exact position required for the 
vibration of its vocal ligament, which then assumes the form Fig. 1. 

As the arytenoids are hidden from our sight, and cannot be 
traced externally as the other cartilages can, it is plain that the 
whole account I have given of their motions must be considered 
as depending entirely upon induction. 
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W xih res])ect to tVie scale of notes in the huinaii voice, which is 
termed the falsetto, I shall merely observe that it is at present ex- 
tremely doubtful M hethrr it owes its peculiar quality to sonu' change 
in the l;tn iii^eal nu r|i;inisni, or in the sujierior cavity ; the motion 
of till i ni lilages observed by the fintrer from without shews that 
th^ 1( ii^iuri and consequent diniinution of the api i lu i r ED, Fig. 2, 
goes on ill the proiiiu tion of these notes just as it does in that of 
the natural tones, and is therefore carried so far in tlie hijjher notes 
of the falsetto that the space ED is comi)letely obliterated by the 
upper edge of the cricoid touching the lower border of the thyroid. 

According to M. Magendie* the vocal lijraments of a dog 
vibrate throuarh their whole length while producing deep notes, 
but ill liigh notes the hinder portion only vibrates, the thyroidean 
extremities being closed together so as to shorten the aperture of 
the g^lottis, this diminution of the glottis becoming greater and 
greater as the notes rise in pitch. Should this ever be established 
to be the case in man, I should not be surprised if it were found 
that only during tlie production of the natural scale tbe vocal liga- 
ments vibiate through their whole length, aflar the manner I have 
deseribed already v while for the production of the fiilsetto notes 
the Mlowii^ diai^ipes may be introduced. If the arytoicSds be 
pressed together by the aiytenoXdei transverai and crieoarytenoidei 
lafterales, and at the same time lifted up into the vocal position 
by the thyreoarytenoKdeit. the complete closing of tbe passage 
will be prevented, and notes will be produced by the action of 



• T. I. p. 215. 

t Tbe cricMTjlMMlId*! bmdM pim die fnlntt V together (Fig. 8). at the eme time 

depressing; tht-m ; btit the thjToarytenoTdei spproxirnatp the point* at the same time raising 
th«in, and without bringing tliem into contact, it' both these muscle* act at once the raising 
effect of the latter u greater than tbe depreiaiiig eSect of the fbrmer, because die latter acts 

X x3 
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the CulTent wlm li iltffer eiiUrely in llitu «niality tVoia tfin 

Ibnuer, beatuse tli' Ml>ratmir length of the Ugaiiients w ill Im- <\i- 
minished by the i oiita< t ur' the aryteookls, and they wiU beat 
agaiiiiSt each oth* r during vibration. 

The approacli ui iln- i riooni D to the thyroKl at E. Fia. 2. will 
howtfver t <jiiijne<s tlie « » litilar tissii«^. ivc. and teini jtr- --s toge- 
ther tlif %i>ral lii..tiaent> ami tlie si<lt< ol" the f>a<««iLrf 5>» l'i\v them, 
besrinninsr at the tli\roideau t xtn iuity <»f' tlit glottis, ami tlummsh- 
iiitr the Mltiaiing i)*»rliwa al that txtfriiiitj , and it" the tension of 
the liiraments be incrta-seti this couijii tssiuii will tiiialiy close 
the aperture in the inaniit-r df^cribcd by M. Magendif>. 

I hare been more minute m examining the luechauu al actiun 
ot" the muscles than may at first sisrht have seemed necessary, 
be*.-iiuse foi want of some such examination the greatest confusion 
prevails in all the accounts of them. Thus, while all writers agre«? 
that the ericothyroidei ser^e to approximate the cricoid cartilage 
to the thyroid, either by raising the cricoid or depressing the thyroid, 
none of them have diewn how these caitih^es are to be leparated 
again, neither do they atrree as fo the dIecC this approxima- 
tion Q|Km the glottis. Again^ Cow|>er and Albiniis make the thyro- 
arytenoulei draw the aiytenfiids nearer together; hot Sfimmemng 
and Ilaller make them separate these cartilages; and Meckel aad 
tithm make them draw forward the aiyteneSds. Haller thinks 
that thfy wla\ the TOi^al l^gameits : Bichat that they stretch them. 
The «TiciNii!)'lenoiidei laterates are stated by Cowpo*, Haller, and 



iMt « tai(|r*r Vvm tlkia llw IhnHr: bM. an the odwr haiMl. Ae ncdnoKal KtioB of the 

Amiirr i«i»*cIm t» |*W« thr poiaM t' »trongK into contact, by briii;;ing XS B Into a 
■ir«i|it>( liiMS nNvivw rtty wt«k cfyow t wrn tteuk the latter anudea, vhich hare alicedjr 
(wwtiittt akH hm • iCi«i||lH Un»; dMitfiwe tht j«iut dbct of thcte two fmt orauuda 
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M;il;( ndie, to open tlie glottis by separating tlie arytonouls, but hy 
JSunimeriag and Jiicliat to close it. Other wrilirs follow one or 
other of these opinions, conibinins^ tiie diti'erent nui^i les alter their 
own fashions, wititout atteinftting to snpport their statements by 
mechanical reasoning deduced from the structure and connexion 
of the parts. In the following table I have brought together the 
functions of the muscles according to the views I have taken 
in the preceding page.s. 

I ( Chuothvroidei 8trctch the vocal li^meuu 

Tmyroabytenoiobi relax the vocal ligaments. 

«nd place them in the 
Tooalutng poaition 



Ciovem the pitch 
of the 1 



CsicoARTTSMOtoai ro*Tf ct open the gleiti* ^ 



frunt portion of 
the AiyMMlds.. 

AiivTSNOiDXi numnw 

ET oaLlvDI pffeas together the lan- 

der portion of the 

Arytenoids 



tof»clhfr cloM? 
the glottis. 



Govern the aperture 
of the gloltie. 



Lest it .sliouid appear to .some of 103 k uder.x that I have, in 
.stating the usis and actions of the scvtral parts of the Larynx, 
expressed niy.self more decidedly than I ouglit to have done, 1 
beg to state that this decided style was adopted for the .sake of 
brevity, and that it is with the greatest deference that I have ven- 
tured to offer opinions in many cases so different from those of 
former writens. At the tamt time I have endeavoured to explain 
the mechanical grounds of these opinions as clearly as possible, 
and to distinguish carefully between those portions of my ex^ 
planation that rest on mechanical lacts» and those that are merely 
deduced trom inductive reasoning. 

ROBERT WILLIS. 
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M. SavaBT, wtoee Ubotm in rrery braEch of Acoustjc-s have contri- 
buted so gre»tly to the adrmneement of that se»«.ntv. hif written an ingenious. 
Jfemoir, (Annales de (.Tiimie, t S0>. in which he Li^^ cudeavoureil to shew 
that the Mjuuds of the Larrux are prjducetl, cc: bv tiie vibratiou of the 
vocal ligaments, but in a manner xnaJopou? to those of the little instru- 
ment called a dock whistle, of which he has gircn a thc«j with experiments ; 
this machine eooasts of s mmD dradv bo*, ia Uie eeoten of the flat sides 
of whid) aie two ImIc* ciactly oiqp«ite Id taA odMr. "When m cimat of 
air passes through thoe boles a ttanmi is ppdaced, sad his whde explaiia- 
tioa Ksis ttpott the Midogy between the wettim of the larrnx (Fig. 1.) 
Mi of this iMtnncirtt of which die gjbttis asd peeudo-giottis are su^ 
posed to represent the two holes, and die vntridteo the eafitjr. But his 
nolle of obtaiaii^ the Ana of the kry-ngeal cavitj i* to take a cast of 
it ia . plaster, \j whkh the Tcntiielcs aie of coone disteadcd, and made 
to asstmie a aiagnitade and consequence irfudi they never can poaseas doriag 
UlK but which are essential to his theorr. N«thcr doao it appear to me 
that he has been sncccaalttl in this explanation to the mnsenhr 

stVttMnze of the Laijnx. This instnment had been belbie made nao of 
with gtvAt success h; Kcmpelen fat the enp l an a tion and imitation of the 
whiatlinir and histtnf sounds of the hnman voiee, < Vide Meek, de kt Famfe). 
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Theie ventricles appear to have no use considered as ca\itic-s, but to 
aiiae merely finom the form of the lining of the Larynx, which, after se* 
parating above the glottis to isolate the vocal ligaments, and leave them 
free for vibntaoii, again letuxns to form the pair of folds which constitute 
the pseudo^ottts, and aerve to protect the glottis from the accidental 
intrusion of foreign bodies. 

The most ordinary appeUstion of the vocal ligaments is vocal c/utrth, 
but this term, which implies an isolated vibratiii{» ligament, ought certainly 
to hv abandoned as conveying a most crroncons notion of the structure of 
the parts in question. They have also been termed the lips ^ the giaiti*. 

Note li.—Paffe 328. 

Let CDt AB, Fig. 22, be the longitudinal section of a tube, the trans- 
verse section of which is a parallelogram, %v]ioso longest side is oousidenibly 
greater than its shortest, which is equal to AC. 

Let this tube be terminated on its upper side by an clastie meifibrane 
DJSt attached on three sides to the tube» but having a free edge oi^site B, 
(similar to the membrane in Fig. 9)- 

Suppose the extreme position of this membrane in performing vibrations 
to bo DI'^ and D(r, and let a current of air be passing along the tube 
in the direction of the arrow. Now when a membrane vibrates under these 
circumstances its motion will be influenced by two causes. 

First, — It is well known that wlicn a current of air ]>asscs through a 
diverging tube, such as A(^J}CtB, that, by wli-it is called the lateral com- 
munication of motion, it gratiually communicates its onward motion to the 
particles of air wliich were at rest in KDG, and carries them away with it 
creating a rarefaction in EDG, which occasions a superabundant pressure on 
the outer siuface of DG, by which it will be urged towards L>K. This there- 
fore acts as a retarding force when the membrane is jiassing in the direction 
EGt and as an accelerating force when it is moving in the opposite direction. 
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Second, — In a tube of the form ACDFB the current exerts an out- 
waifl pressure, which will ait on tlie inenibranc accelerating it in its 

pa!>.s;igc from towanls K. and rc taniirifr it diirintr its return to There 
is an intermediate pdsition DII, in which th*. currcut exerts no pressure 
on the sides of the tube, and therefore none on the membrane. 

We may easily conceive then that whcu the turrcut was lirst admitted 
into the tube, it might, from the first cause, occasion a superabundant 
pressure upon the cater siurface of DE, which would set it in motion 
' towards DF: By virtue of this motion it would pass the line of equili- 
brium DHt and would then be aoou brought to r^t by the resistattce 
arinng from the iMond caw «nd tt» own ehstie fiwmu FVom tliis pon- 
tion its elastieity and the ifcesstire of the seeood eaute wonU nteni it, it 
would pass DH, be again brought to rest by die mfatanee of lihe fnt 
cause, again return, and eo on; in this way it would oaeiUate fiir some 
time till the friction and reaifttance of die ur, rigidity of the monhnae^ fte. 
gradually reducing the extent of ita nbrattooa^ would bring it to reat in 
the jKitttion DII, 

Kxporiment shews however on the eontrair that as long as die enrrent 
is maintained the vibrations eonlinne. This nay perhapa he explained by 
a clowir examination of die nature of the ibiee aiiring from the lateral 
cimimunieation of motion. When the membrane is passing fiom DP to. 
wards ilG, and has got into the ponlion DH, we siqppose this phenomenon 
to begin; but a« the rarefiKtion it occasions proeeeds from a motion gm- 
dually impacted to the air. it is plain that it takes Hme to peiftet it, and 
kcmv at any given point K the nrefrction is not so great when the 
HK'mbrnnc passes it in going towards DGr, as it Is when the membrane 
r««iurns from /)f7.« Hence the retarding fiwee at each point JT in going 



tHHtpi U n«j>i«UHl t«Hi bv the cilCWBUMiee that when the membrane it reccdin|^ 
DiHii (tM> mrrrvit, thr t >i t inu:4nitMi'ut ;tir ran WKn cialj nub in to Mppl/ tiw ilifitiiwcj 
lIlMll II t'Ul when til* luriubraiH' w rt-tiimiug. 
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gives 11* a fiwee to bdaiioe l&e loss from fiiction and 
rei^stance* wUeb inll iherefiwe keep tilt memhrtne in motion as long as 
the current is kept up. 

A similar ex^anation will apply to lihe cue of tlie reed of an organ pipe, 
to tile free veada nmr so mndi in vogue, and to every oAer ease in which 
a idbratory motion ia nuinttined by a ennent. For imtmnce, let A BCD 
Fig. 21, be a tmuvene leetioa of the . plate of a fine leed, and let EP be 
tin two extmnne podUona of tfu» vibmting tongue whidi puts thmnig^ 
the apertnre BC of the plate, the dotted line being its position of vest. 
When in tiie portion jP, the ewrent indiested by the inowa xsiiiles the 
air above the tongue by the lateral eomnmnicatimi of motion, vhidi action 
eeases the moment the plate gets to the levd of BC, ivhile a aamilar pvooes* 
eommen^ea at the lower sufiiee of llie tongne^ and eeases when it returns 
to BCi afibvding in both eases a retanBng force in going from BC less 
llHia the aeoderatiiig fivee ia returning to it^ and theidbie maintalnmg 
llie motion aa long as the eunent is kept 19. Here the tongue is first 
started' into motion by die upward j^essure of the ennent; and if the 
position of the tongue lie not accurately adjusted, it is fimnd that it will 
either assume a position of rest a littie above tiiat whidi it takea when 
no current aeta upon it, or else will get very slowly into motion. 

I propose to enter more fidly however into this sulyeet heveafker. 

M. Blot* has attempted to «tpkin the motion of an oigsn reed in a 
way whieh wonU be perfeetiy satis&etocy upon the hypothens of periSwt 
clastieity and non-resistonee of the air, but in no otiier ease. Were hb 



• Physique, t. II. pp. 166, 172- Pr«M *l«B«DUir», t I. pp. 489, 4S1. Aim Pouillet 
Fbjrrique, t. II. p. ISO. 

M. Biot «1m adapted two lips of India rubber to a pipe connected with organ belluw<), 
and upon passing the current of air through tbem be obtained sounds. (Precis elementairc 
ds Flijtiqwj 1. 1, p. 

Vol IV. Part III. Y v 



Digitizca by Coogle 



MrWnMmm 



lenuiks ai wame hare "^EF"**^ Pwrft war Any taic rxre-ct^tjcn: is 
cb^gant law, f:»r ^ic^v I refer i-s Li* :-x:^:srH ti-* pre-«-»- 

mu TolHBke (p. S69> " Ob Cmam CiifTTMiii nicr whick « FofcuJ 
M««»w is f iwi tir* 

The oficR peoefilly aiic::**! :> me cr.:--c»ri^-ciri^i6fis TOFt>ra* ire lo 
fjpra the glottis bv drt'ir'.^r '-^-t 'gnn^vaij^ ai^id mrcuii iht 

youi ligament. » perrVr:- . -j-iie -Jiat tH» rack ».V'iP^ Fig. fei 

in draviog tbe »rs:e' :xi t'r.^ t-^' -.^-di^ pia»e tp ?«r«eT» tlit ciorut «iD 
affiMt the tenaon ci ibe T«cai t^raf t Tf Vy wrtasnc vi^e di^iaact 
But the ohIt Aukuoh in i«»9v« «f the hg^rnen^ if c/yoc^craed 

is Toealisatkn. aad lor ihs a peculiar postk« W the ligair^t i« reqnrwL 
which is sTtTen l>v ihi T?!TT"^irr??SKa«Jti. iLe ep^pk-sc^ aixi direct 

NfttlattoA of tbe i< pcv^^ided fee by the ^uss; actidQ oi* 

cficothvraHlet and uiTmsnit^SK-xici. O3 tbe Khet haad. the effeet at she 
cricoar^'tf noidcus pcv'tim* ii># te^i^iM! i* '^e'y digfct *t tJ*e 

depirUiri' ot" the pi>ini fror^* the ne<ul pii»e. iBdiieet and iao:osdfriblc 
in evcfv case, uul It caB£«^ act v!tb-c<Qt dia'wi:^ the caitilages s^nDder 
and out of tho vtvalirir^ : tiietrtjee I infer, that thsf mttsde u 

newr concemixl in aJiustini: I'tc teamen iat viociiintim, aad that its efcct 

AjjHin, tiio }^n*e ~ drawicj ise «rrt«;oid btctTird,* i* a oof. 
and implies that the licaosent SRBS w teiaxed by tiu* action, ""hjcii 
in by no mo«ns the case. I J*fcxi if.t i.:; :<:xJ t*» fl»rw tr^at tfci- mnsrlc 
produ«.v« r\»tJktuni round the aad* OP ir-. :r.f : : ,ni» 

radiate t\vm alvut that point if vt" j-: od «her :r 1 :-r^t* 

thtfif ten It u true that thgae fibre* of tic mtttcie whkh iie aeairjt 
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the mesial plane are directed ao as to draw the arytenoid tomffdi B; but 
this is counteneted by ihe fibres tiiat lie farthest from the mesial phnie; 
and as we nay assume that the whole of the fibres ti the mnsde act at 
ene^ <lie nsultaat of thor action will be finmd aa nearly as pesiible 
perpeadienlaT to the axis of articulation OP. 

It is wortfi while to aseertain tfie state «f tenaon of the vocal fifsments 
«dien at resl» vriddh we may rea^Bly infinr fimn i3b» application of the test 
here described. If the finger be lodged in the space ED, Fig. 2, and a 
bass note sounded, the larynx mil descend ftom its pontion of rest, and 
ED be enlarged; if a high note be sounded, the larynx wUl ascend from 
its usual position, and the space ED be diminished; but an intermediate 
note may be found, the soundinf;^ of which will not remove the larynx from 
its ordinary position of rest, or alter the usual magnitude of ED, and this 
note will be the average pitch of ordinary speech. Now, as I have shewn 
that the space ED indicates the tension of the vocal ligaments, I infer 
from tins tli it in the position of rest these ligaments ^wssess the tension 
requircil ibr tht an'rage pitch of speech, requiring to be relaxed for deeper 
notes, and stretched for higher. Cut as in this state of tension the breath 
passes between them without being able to elicit vihrations from them, we 
see the necessity of some such conditions as those I have describe to 
enable sounds to be produced at pleasure. 

Kote E^Page 

Some of the fibres of the arytencSdeus transversns are attached to the 
cricoid at one extremity^ and are sometimes described as distinct muscles 
under the name of arytenoidei obliqui; they conspire with the transverse 
fibres in diswing together the hinder portion of the arytenoids, and by 
th«r obli4|ue direelioB asost the crieoaryteaoldei lateraUs in depresnng the 
arytenoids. 
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DESCRIPTION OF THE PLATES. 



Pl-ATE XXII. 

Tbi ktlen of refercpce beloagbg to die Aided ^gores oa' diis Pkte are con- 
tajned on its accompuiying outBoe Plate, marked Plate tt*. 

Fl6. 3 is a section of the vocal mechanism in its natural state, made by a plane, 
technically calleil the mesial plane, passing through the mouth, larynx, SiC. 
and dividing the head symmetrically. In the outline of this Figure the mou^, 
chin, tongue, ke» ift eketcbed in to make the relative dtuation of the Larjrnx 
10 dieee parte moie dear; the shaded Tlgtne b conHned to the Laiynx and 
jMrts immediatdy adjacent. 

MPA, upper part of windpipe. 

MTOLIP, laryngeal cavity, opening at LT into the pharynx 

trILy part of the cavity of the pharynx, which is continued above tr 

into the nostrils. 
efghHk, cavity of the moulk. 

■ 9th, Upe. Cyd, teeth, e/, palate, fgi loft palate. A, uvula. 
kH, tongue. lA), qilglottis. JK, oesophagus. 
TT, vocal ligament, constituting one side or lip of the glottis. 
TB, upper ligament, constituting one side of the peeudo.gU)ttis { the dark 

opening between these is that of the ventricle. 
PQ, DMt cut edgea of eiiooad cartilage. 
ETF, cntedgeof ajtejSdcartOage. 
«» cut edge of a tjtai difa ie ttwuvenusi 
Fl6. 1 is a section made by a plane perpendicular to the fbfmer. Mad paadng 'along 
the line AB and BC in Fig. e; looking towards IK. 

The line GG passes tlirough the vocal ligaments and glottis. 
LLt through the superior ligaments and pseudo-glottis. 
FK, duoti^ the t«o ventridci. 
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Had dlb MctioD passed nMMr to EF (Fig. 9) thew ventridM nould 

appeared somewhat deeper, and considerably higher at th«r inward extremities. 
Fic. 5 is u similar itection, having the vocal ligaments in another position, and 
Fig. 6 an enlarged diagram of part o£ these sections, which u suttidently cx- 
pUnsd lo the texc 

In Fmj. 4, 7, 8 the LiijDX is icpucMiited is mncnrcd tarn the samHnidiBg 
p«rts» and stripped of the qpi^ottb and investiDg mucous membrane, leaving 

the bare cartilages, muscles, and li^amrntA ; but irtill ntainillg in their pro- 
per relative positions those parte which are left. 
Fio- S is a section of the Larynx in this state, corresponding to Fig. S ; the cut 
edges of the outilages being tberefore alike in tbsse two figures. 
EmCG, the tbyralil entil^. <?» ite upper ham. C* the plaee of its lower, 

by which it is articulated to the cricoiki. . .. 

jfnBC, the cricoid cartiLige. ,. . . . 

Ft the arytenoid cartilage. 
EFt the vocal ligament. 

FBt bundle of lignments mating the aiytemfil to the point B of the cricoid. 
£«iea, the thyroarytenoideus muscle. 
JTe, the rritf.nrvtenoiVleus lateralis. 

tf the transverse section of the arytenoideus transversus. 
BL, the projection of the axis of articulation of the arytenoid with the 
cricoid. 

•M, the qMm hatiraen the thynAl and ciicaXd, which mty be traced cxter* 

nally at DE (Fig. 2.) 
Fio. 4^ the external elevation of the half of the Larynx removed from Fig. 3. 

EmcH, the thyroid cartilage. H, its upper horn. C,. its lower horn, arti- 

cnhtsd to the cricoid. 
JnBC, the criond cartil^. 
JKy the crioothynriideus muscle. 
Pio. 7. A birdVeye view of the I-«rynx from ulwvc 

GEfl, the thyroid cartilage embracing the ring of the criccnd riiXtc, 
and capable of tuniing on the axis which passes through the lower horns 
C, 8, 4. 

JVF» NFt the arytenoid oartih^ 
TV, TV, the vocal ligaments. 

IfXt the right crinwrytenoideus lateralis, the left i« icnorcd. 
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Vkf, the left thyroarytendideus, Uw light ii 
Nl, Nl, cricoarytenoulei postici. 
The aryteuonleus transveraus ia remoTed. 
B, B, the ligaments uniting the arytenoid md tacoA. 
Flo. • is jMct cf F%> 7 enlarged, to ahev die ^ireetioB of the minwilar tune* 
vhkb «ct cm the taytaund cartilag*. 
QNVS, the zi^t arytMKwd. 
TV, its v(val lignment. 

BUS, tlic bundle of ligaments uniting it to tlie cricoitd. 
OP, tiie projectioa of its axiii of articulatioa. 
kg the dinetko td Uw fKce of die tbyroaryteniHdens. 
ifjr — ^^^-^^ cukouylcDoldeua 
NW ■■ enoMtytendiiidciia 

NT I ar yieiMrteiia tnnavcmii. 



Plate XXIII* 

of figOKB of «ppM«toa and di^gnnna whfeh are auffdeatly cxplaiaed 
die text. 



ERHAT A 

Page 333, Um 13 fiom bonna, fot Figt. 7> 8, read Fl^ 3, J. 

• AMaiap. rflir«<lN v*t4,** iwrt (r%. a). 



i^iyui^Luu Ly Google 




Digitized by Google 



Diqitized bv Goo<^I 



1 



Digitized by Google 



XII 1. On the Inpene Method of Definite hUegraky 
with PhyHcfd Aj^Ucatiom, 



By thb Rbv. B. MUBPHY, RA. 

• 

[Bwd JIMKk ia«l.] 

INTRODUCTION. 

The mass of theory, on the subject of Detiuite Integrals, f on- 
trilmted by Fourier, Poisson, Cauchy, Gauss, and other modern 
analysts, is very considerable. Many of their propeities, and 
applications have been |>oiuted out, and the calculation of their 
nunieiiral values facilitated. We may, tljerefore, regard the 
direct calculus of i>efinite Integrals as already fonnedi to a 
certain extent. 

But as subjects are generally best undtistood, when examined 
on all sides, it would be advantageous, even in this point of 
view, to possess an inverse method of Detinite Integrals, by 
which we may re>ascend from the known integral, to the un- 
known function under the sign of definite integration. At the 
same time objects of importance in the pure, and physical mathe- 
matics would be attained £akr and Laplace have valued the 



Digitized by Google 



a54 Mr MmiPiiT mi the Imene Method ef 

interpolated difl^wntial ooeffideots of fractional orders, for such 
fimctitms as may be siinply repraMiiled by Definite Integrals of 
a peculiar Ibnn. Tf we extend this principle to all functions of 
operation of tbe distributive kir^fl*. (tliat is, such whose action 
on the whole, is the sum of the actions on the parts), and 
if \v>' can represent a iriven algebraical function by a Definite 
Integral of tlie proper form, this view will he et)inplete. 

A^Tiin, the phenomena of the physical seieiues generally re- 
sult from an intinite number of the elementary actions of the 
particles formlusr the system under consideration. Such an inverse 
calculus would couiluct ns from the observed phceDomenoD, to 
the laws of the elementary actions 

The following researches have been conducted, with this objert 
chiefly, in view. Tiie analysis consists of two parts, corresponding 
to two distinct cla«'^e«; of pha?nonn-na ui nature. Namely, such 
as result from sensdjle, or develoi>ed powers, the action of which 
js geiiM'idly insensible, at infinitely crrcat di-^Miu i and such as 
are relenetl to latent, or nn/traiizcd powers, which only i>ecome 
sensible at indefinitely small distances from the component par- 
ticles of the system, whence the ;k tons nn. matf. Of tlie first 
part, which I now lay before the bucicty, liic fulluwmg is a brief 
alistract. 

Adopting 0 nud l throughout as the limits of integration, 
there is a character common to all the integrals of the functions 
commonly receive<i in analysis; if the function be multiplied 
by /'j that is, any positive power of the variabU, tiit intt irral of 
the product, which is a function of x converges to 0, for lutiiutely 
great values of x. To revert from the functiou otttsidCf to the 



• AoiMdMdtliilh. Ton. V.8««H^ paper; Vid. abo T«M. III. FkwV 
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fimction under the definite integral, when llie ibnner i« a 'rationft) 
function, we have only to multiply it by f and taking the 

coefficient of - in the prodnct, divide it by t This theorem, proved 

in Section (1), is there also extended to any number of variables; 
die remaining part of the Section illustrates the nature of the 
application of the theorem, and includes the mode of treating 

irrational functions. 

The functions considered in the first Section are all continuous, 
the mode of treating discontmuous functions is shewn in the 
second ; it was necessary to attend to this class, because tlie 
phsenomena presented by nature are mostly of that kind- Thus 
the action of developed electricity follows two ditferent laws, 
acconUng as the iK)int acted on, is within or without the surface 
of the body; the function which expresses this action generally, 
must therefore be discontinuous, the interruption taking; place 
at the surface. In like manner heat is propagated simultaneously, 
in the earth, the sea, and the atmosphere, but according to dif- 
ferent laws in each, and other instances of diacontinuj^ are 
observable in every department of physics. 

Now we shall obviate the difficulty thus presented by discon- 
tinnoos fuuctiona, if we can obtain a foimola, which without 
any alteration of form may continue to represent the function, 
under all circninstanoes. This object is attained by a simple 
application of the theory of Algebraic Ec^uations. For when an 
Equation is resolved by the method given in my former paper*, 
the expression for the least root is in a form symmetrical with 
respect to all the roots. If for simplicity we only consider two 



• Ci^W4ftI%0MgihkdTi«iMClkn«, Vol. IV. 
V«l. IV. Fart III. Z s 
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roots, one a constant, the other variable, commencinar from 
nothing and iwcren-^intr inHefinitely : it i«? eviflent that the above 
tbiinula, will represent tlit \;iria!)li root, as hum as; it is less 
than the constant; but the instant the variable ixieeds the con- 
stant root the forniula will cease to n [in suit the former, and 
from thencelorwanl it will express the const uit This principle 
when fnlly (levelo[>ed, nipfts every case of ili^rontiauity. 

In the third .Section, the preceding themy is applied, to the 
phaenomena of df'veloped electricity, from thence deducina- the 
law of aeciiniulatioii on the surface. The function which ex- 
presses the action of a closed conducting surfaf e, diarped in any 
conceivable manner with electricity is discontiiiuon^, bnt the 
I>arts are not independent in consequence of the kno\v a law of 
force to each particle at diflferent distances. By the principles 
of the first two Sections, we may, by observing the law of uction 
of the electrised body, deduce the law of distribution on its 
surface. When for instance the action of a sphere, in any manner 
electrised is observed at distances greater than the radius to vary 
inversely as the (« + 2) power of the distance, the law of accu- 
mulation, which is expressed by a differential coefficient of the 
A*^ onler, is of a remarkable, kind. There will then be n nodal 
or transition lines on the snr^^ej in which the electricity remains 
unresolved, and which divide ttie s[>here into ft + l portions con- 
taining alternately die positive and native electricities ; in each 
portion there is a line of greatest accumulation (whidi becomes 
a point in the two extreme portions); the transition lines, and 
lines of greatest accumulation, divide the snrfeee into belts, con- 
tainingf alternately in pairs, exactly equal quantities of the op- 
]>osite fluids. And by the sapenNiaifuifi of several systems of this 
kind, all the phsenomena of developed electricity are produced. 
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When a sphere, already electrised, is subjected to the influence 
of an electrical point without it, the law of accumulation is simple; 
for tfie quantity of fluid which must be superposed to that already 
accumulated on each annulus, to make it every where equal to 
a certain constant, is always inversely proportional to the cube 
of the distance lioiu the influencing point*. 

As the appiu ;ilif>n to the t}i< oi y of developed electricity, offered 
a sufficient illustration lu tlie ]>rjiiciples of ^h\s part; at the same 
time that it conducted to new and rtuiavkable results, it seemed 
unnecessary, considering the convenient limits of this paper, to 
insert other physical applications which I have made* particularly 
on the sufcyects of heat and magnetism. 



• The electrical action in the third Section, is mciuttred by the tension of the fluid 
which wadd be produced in an infinitely thin rod^ cowinninifting with the electrical 
body, hf the cllnetiflit «r tcpvUhio cf th« lutter; it it wliat Ur Green, «r Wattin^om, 
in hn infeidotti Emy on dii> wfijee^ hm denominBted the Potential Function. 
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SECTION L 



nUVCIPI.ES BKLATXVB TO CO M TI H C O Cf PUKCTIONC 



(1) PreUmm»9 ObtenmtiMt. 

1. For the i>urpose of wiifonDitjr, and simplicity, the integral 
limits which we tske aie Q and 1*. If # be aoj variable with 
respect to which integrations are perlbmied on any fonction, and 
the limits of t are the finite ^paotities « and h ; then if we make 
ima-¥(b^a)f the oonespbnding limits of the new variable, f are 
0 and 1. But if the limits of I are one finite and the otiber infinite, 

as <t and ±», pat then if tii^y ^re both lutinite us 

1 — Si* 

— OD and + 0© make t — ^ (z*-!) ' 8*nCTalfy, therefore, by these 

substitutions, nnd by more convenient ones in particular cases, we 
may always make O and l to be the integral limits. 

2» het/if^ be any fiinction of and make 

^>(o)=;/(/), 'p\^)^j>Ai)-^* <p{^)=jijV) t^ 

none of which definite integrals is supposed infinite. Then, x 
being any positive integer, we have Pot 1-^ fi>r 

t (the limits of ^ are also 0 and l, changing the sign of the 
integral) and let the successive finite difl«»ences of ^(c) when « 



• The llouu vdftvnlj adopted bjr GauM. '*MelMn Una Ji^." 
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is raade^a, be repraaehted by A.^'(0), A*'.^(0)k &c.' The equation 
when both its ni;embera are expanded becomes 

« ^ .... ■ m t 4 

jJ/«)>«^ (0) + X. (0) + .A*^(0)» &C \' 

and making « saocessively ■Op 1, 9^ 8» ^< we see that the cor- 
responding terms in both series aHected widi their proper signs 
are exactly equal, the -two series ue therefore identical for all 
wUuet of «. But the values of « from -l to -ae'.are n^ected 
as, in general, giving infinite integrals, for then -if be the 
absolute term in /(O it is evident .that SAt^ ^iU be infinite. In 
ftte particular case, where contains no positive power of i 
below #*, we may then include the nqsative values of «, between 
0 and -w. Vnt in all cases when ^(0), ^(1), ip(t), &c. aie 
finite, we may assign any value to « between -I and 0; or be- 
tween 0 and and always have we shall 
therefore in the following theory attribute to « all values included 
between -1 and and suppose ^(«) to. remain finite, during 
that interval. 

3. Let us next oonnder the value of ^(«) when and 
/(/) is any of the functions commonly reo«ved in analysis. 

If /(/) always remains finite, between the extreme valnes /«0 
and tmi^ let tlie greatest value of/(/) be represented by A and 
the least by A*, then is included betvreen j,A.f 

A A' 

imd iA'u\ or between — xr and rrr; it is therefore aO when 
« is infinite. 
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If /(0> same interval, beoomea infinite Ibr a particalar 

value of t (suppose when it is then of the Ibnn jjzr^' ^ 

being" a finite Junction of t, of which the greatest and least values 
may be represented by p and p'; ^(«) then is between 

Now since 

it is obvious that when ^(j;)»o in thie case aho^ with the 

exceptions which we are now about to exanune. 

When a«<V then ^(»)m^^.i'^jiJP,f", and putting for F ito 

extreme values, <p{x) is evidently included between ^ . - and 
— ^ . - , and is therefore nodiing, when « is infinite; but when 

m is not less than anily» it is dear that ^ (O) = f — is infinite, the 

part of P not involving /. fjivincr in this expression an infinite 
integral ; this case is therefore luadimssible. (Art. 2.) 

When a-l, then ^(«) is included between 
if therefore m be not < l, ^(0) is included between 
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and is infinite, the absolute term in P giving as above, an infinite 
intec^ral ; rejecting therefore, this case, and supposing m< 1, if we 
integrate by parts, we find 



this integral dierefore oanverges to 0, as « increaaes to infinity. 

Suppose next ihkiij u) becomes infinite for several values ot' (, 
as / = «, t=a', &c.. 



which being resolved into simple fractions, the same reasoning as 
above shews that for all the admissible cases, we have ^(«)»0 
whoi 

Lastly, let/(i) be imaginary, so that/(#)»>P+Q>/^, Pand Q 
hemg real fonctions of then ^{^^^P.i*+>/^JlQf, and by 
the above reasoning, both the latter functions vanish, and conse- 
quently <t>{je) also =0, when 

4. From this exauunation w** see that the inverse problem 
*'to recur from 9(.r) to consists of two parts* first, when 

0(x) converges to 0 as j: inrreo-ses to ac , and is therelore essentially 
comi)ose<l ot negative |K>\vers of x. in Ihis ca<;e which forms the 
subject of Part I. J'{f) is of the form of the nsual functions re- 
ceived in analysis; secondly, when «/>iJ-^ dofs not eonsist of such 
powers, for instance when it is always zero, and thenyi/) belongs 
to a new and remarkable class of functions which will be treated 



■ This i« tbe Hwidaa of Intafnta into Uvg* diH«i,. dlided te. in |k *99, Vol. III. 
Qmii. Tmu. 




then /«) is of the form 



^ P 

{t - a)" . {t -tt^f '.ij- a'"f' 
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of in Part II, and it has beea stated, in the IntroductioOy to 
what classes of natural phaenomena, the respective parts corres- 
pond. It is obfvioiis that the form of ^(«) .whai rational is 
ABC 

~ H- ^ + •(■&C. in Part I. We shall now proceed to the prin- 
ciples, by which we may revert from the given function ^(j?) to 
the unknown function /«). 

(2) ImerH Method, for Ratioimi ^metums. 

5. Whm the hnown fimction ^(x) ia rotionai, eeeh the eo- 
ejfieient of -in ^(x>.t"; dimiiing it ^ the quotient vnU be 
the required function f(t). 

To prove tbis» suppose a to be any negative number ; the co- 
efficient of ^ in ^ («).<-% which we shall represent by T is also 

the coefficient of ^ in ^(a).<~*. We shall get by actual int^^^tion 
from f*>0 to #^1, the equation, , 

/*^-*--|:^..-('>. 

and taking the coeAcients of ^ at both sides 

j5r./'-»= coefficient of ^ in (2) 

a x—o 

A S C 

Now, by supposition, ^ («) is ot the form "J + p + + 
Consequently, 
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Svbstitatiiig ' this in equiatioii (9)' we have % 

T 

which shews that/(^)s>y as announced above. 

6. The following examples are intended to shew the manner, 
in which this theorem may be applied. 

Ex. 1. Given ** hAni^ essentially positive, 

(vide Art. 2), to find/U)- 

We must find the coefficient of ^ in and divide it by t 

t-' • 



Now Since 



the coefficient of 



I in « 1 + w h. 1. (/) + ~ .(h. I ./)' + f^ ih. 1. + &c. 

tborefore the required function /(/^^r***. 

Ex. 2. Given jt/</).#'« ^^^i— ; to find/«). being integer). . 
r«r. IV. Arf III. a A 
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Nmoe.,..*.... - jl-*Ii.L«)+ ^ (li.L./)P-fcc.} 

the eoeileiMit of i- ,™ _ 7«— U-Hili. tCO-t- ^l**^ 

/. 1 — « 

r. 



1.8.8....(ji-l)' 

r-.(h.i.i)-> 

and therefore in this case/(0= , ^ , — t — jt- 

1>X<9 •••• |IB*^ 1^ 

Ex, 3. Given jt/(/)./'=h,L (l + ^-^j , m being essentially posi- 
tive, and a either positive or between 0 and 

In this case we have 

/-'.b.l.(l + ;^j-/-.ll-(4: + w)h. L(/)+^-^Y^.(h.l.O*-&c.i 

and if we select the ooelBcieDt of - from the products of the 

eorrenpoDding terms in both series ^which are the only prodactn 
that contain ^ we get» the coefficient of ^ in 

and therefore /<0"^''*]^''i;^> 
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7. By this method we may always revert from *p{T) to fit); 
but to facilitate the process, it will be found eonveiiiertt to reduce 
<bi.T) to its simplest t'oriu, previous to the application of the 
general theorem. 

Thus suppose ^(a) expanded according to the descending powers 
of x-fM (i» being any positive quantity) i. e. if 

tiben assuming the result of the second £xample above> we get, 

8. When is a rational tntciion, the highest j>ower or x 
It) the denominator being greater than that in the numerator, 
and the denominator not vanisliing in the interval from jr — 0 
to 00 then if we decompose 9 {x) into its simple fraction??, the 
results of the first and second Examples above will give us the 
value of/(<). 

Ex. 4. Given 

x.(x-l).(j--g) (x-n + l) . 

+ + 8) (« + 3) + + 

to find/(<). Pvt 

x + 1 ^x + S+'-ar + ji + l' 

which compared wi^ the above, gives 

«.(«- !).{«- «)...(«-« + 1)- + 8) + II -I- 1) 

•I. JVi (« + 1) (« 'I- 8)...(« 4 « 4 1) -f &C. 
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and to determine A^„ A", &c. suppose, successively, *= — 1, -S, 
&c. thus we obtain 

JV.= -(-l)-.?.2±l; NM-iy'-^. ^'*'l-};;**> *k^. 

and therefore 

and by Ex. 2 we have therefore 

an elegant reslilt» to which we shall heieafter have occasion to 
refer. 

Ex. Given tf»U)= ^^^.^^.(^^al) i^^nk) ' 

Applying tlie same method we get in this case 



9. Let us next consider logarithmic functions, beginning w\th 
p 

1lL^s^(«), supposing that neither P nor Q vanishes from «sO 

to «» and that the highest powers in the rational Innctions 
P and Q may be equal, and be multiplied by equal coefficients; 
which conditions are evidently necessary to make ^(x) remain 
finite for all positive values of and to vanish when jrs« . 

To find /(0> let P and Q be resolved into their simple frac- 
tions, so. that 

P- C.(« + a.) (JT +sb) (« +«.), 

• and 4t2«C.(«+fti).(«+lk)....U«-i-^); 
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th«efi>re J^h.I. (i + ^*!) +h.l (i + ^) +&c-fW. 
Hence by £x. 3» 

For other instaiK « s of Logarithmic functions, we refer to 
Note (A) aX the end of this paper. 

10. Another form of to be considered, as frequently oc- 
carring, is' that of fractions of which the namerator and deno- 
minator are composed of a variable number of foctors; the 
relation between ^(«) and will enable us to transform 

such a fonction into a series of simple lracti<ms; we may then 
recur from ix>/ii) as before. 

By the nature of this function we have 

(Sc +8) . ^ («) » (8« + S) . ^ (« + 1). 

Substitute for ^(«) the series 

the equation becomes by actual divinon, 

iA.{l-n) 2B.n-n-l) gC.(l-«~8) . 
s+n x + n + l « + » + « 

— 1-+ s— ^&c. 
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and puttiiigp n-\ to make butii senes comparable, term by term, 
we get 

22? 4C 6i> « _ ji^ a, 

which gives C»J.|, JD«c|acc^ 

so that ^ (X) = ^ + 1 + 1^ . ^ + &c.} ; 

and /./(O— <|l + 5 <+^.<'+&c,J»^-j4^; 
the cofMVtant is found by giving x a particular value as l, 

which gives A^\[. 
Ex. 7. Given 

; aw /> — ^-TT a r^-r -t — r-3 — 7 find /(/)• 

Following the same steps, we find here 

whence f{ij»A,A .<! -i>S 

A similar method is to be used, when the relation between 
^(x) and + is of a more complicated nature, or when that 
relation refers to more tiian two such functions. 

11. The denominators of the simple fractions in the two 
preceding articles have been real ; such quadratic factors as would 
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introduce imaghiftiy qaaatitiea, when decomposed into ciniple 
fectors, ma^ move conveniently be left in the qaftdiatic form, 
«s in the following example. 

HX.S. 5^1^. 

It is easily seen that . 
and therefore by Ex. SL 



1 i.s.a 

1\ B-A\ 



put M*.^'+ (^^)* 7-t«i-'. 5^ . 

Hence /(0-<"*'.M«n ^7+/3LL ij j 

which result if differentiated n times with respect to as inde« 
pendent variable, will solve the case of » equal quadratic 
factors. 
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(4) Inverse Method for Irrational Functions^ and Functions of 

several Variables, 

12. None of the forms of <p {x) hitherto taken, have involyed 
irrational quantities, but a simple modification of tlie preoedinir 
resnltBt will make them include surds. By £x. 2, 

r-(h.>.i)- ■ 

and to make this apply also to the fractional values of it, we 
have only to put the denominator under its more general form 

To prove this put f^'-r, the limits of r are the same as 
those of tf 



«>«tjf{b-l-j)""-X('^l- ;)""'. 



r- 

from whenqe it is obvious thaty*(<)= — — — - . 



•Ex. 9. Given (p{x) = -4= to find/U). 

If we expand ^(«). the form of the general term» ahstiacting 

from the sign, Wjj^^^-^^:^^, 



TUm. det Pnb. p. 97- Ed. 18|0. 

To make die limita 0 ud 1 in Lnf^iMMtt ftmiuli^ pat < and cha^fe. jthe tifi 

of the tnt^aU 



Digitized by Google 



D^nit^ Integrals^ with Physical Applications. .371 
The corresponding tenn in /(<), is 

I......... , ,y-. 

B«t /(h.ti)"'- '-» '-^«»-') .f(h.LO-.,V^.l.l±:^!L:I>. 
thus the general term of/iO^.abstractiDg from the sign* becomes 



■■•1 



v.h.i.(;)' 



from wheuoe /(/) j 

Virh.L(i) 

13. In applying the above principles for recurring' from 0(.c) 
to fit) in the equation Jt/{i).f=<i>{x), we should attend to the 
extent of tiie yalnes to whieh « is limited. 

When (pix) remains finite from .t = o to we may assign to 

*■ any value fioin j= - 1 to x=x. (Art. 2). 

When ^tx) remains finite from «=A to «<^<)0. i.e. if A be the 
greatest real root of the ^qnation ^0, we ma^ assign to * 
any Talne from ^-A-l to ; For .the .equation m«y lie put 

under the form put »^h^^, and Ae).t^^F{ti, 

.-. iF</).#^«^(4^+A), vbich remaining finite from «^sO to :^»ob 
we may assign to «^ all values fiom to x^- + ao, i. e. we 

put for 9 any number between and +«. 
¥9t. IV. M III. SB 
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When </> (4r) remains finite for all real valoes of we may in 
the applications give x any value from — «o to -t-ae, and may 
then nae formula of the form 

jt/«).«'±0*^(*)±^(-«). 
If ^(«) remains finite for all values of « from xw^—h to x^h^ 

then pnttin^r and tiie equatfon becomes 

which integral iciiiains tiiiitti from x — —nb to x' = nh, and if we 
increase n indefinitely diese limits tend to — » and and 
therefore we may use the formula 

*/v->r-(..'±/-',-«(£)**(^). 

lor all values of between -nb and -t-JsA, or which is the same, 
we may use 

iA{)\t'±t-^) = t}Ax)±^{-x), 

for such values of « as lie between —b and 

•Ex. 10. Given 

^/'(O. - Jtma (^x) , to fiwl/(l>. 

Since |tsD g*) - + ^ - ^ &c. 

«^(*)-^(-«)— putting ^'(^) = -|i^ + 8^ +&c.|, 

and it rraaaias finite from »^-\ io -t-lf then dedudI^r/(i) from 
f (•) by die usual meChod, w have 



• Vid* Gtedv"* papv» ^MMfct it MM. Tma. XVII. Fcnmih 115. 
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When the highest negative power which enters y(0 is t-*, then 
ji/U)t' (with the limits of A 0 and 1). is only finite when s>(k^l)f 
but if X be <k~l, the parts of the integral which tiien become 
infinite retain their former finite values by making the limits of t 
to be « and 1 ; and all the principles established in this section 
will apply to them with the new limits. 

14. Let /now denote a. Amotion of any number of variables 
/, t', f &c. and 0» a function of other variables «, &c. under 
the same restrictions, with respect to each of the variables as 
before, and let all the limits of integration be 0 and 1 : then if 
there is given the equation 

l^kk fj'.t^.r^ 

we may revert from 0 to ^ by the following theorem: 
**Take the coefficient of 

iS?^ in ^.r-.r-.r- 

and divide it by tft,.,Soc,i tbe quotient will be>C" 

For let be the coeffident of ^ in tp.t", 

f-^p" ' • ^ in or of <pt "t"'* 

and so on, then (Art 5) Jl^\t'^^, 

and the same reasoning evidently holds for any number of va- 
riables. 

It will not be necessary to annex any examples, to elucidate 
the applications of this theorem, as they nre similar to the ex- 
amples for functions of only one variable. (Vid. Note B.) 

sss 
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SECTION IL 
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(I) Method <^repre»miiingJ>iaoomtimHm8 

<me Break, . 

15. To bestow on tlie principles of this analysis, all the gene- 
rality, required by physical problems, we must extend it to such 
cases of definite intey:rals, as uiuiergo a total chang-c in their 
viilups, under giveit circumstances. Tlie attraction of a splierical 
shi II tor instance, on any point is a definite integral. But when 
the thickness is indefinitely small anci uniiorni, and each jiarticle 
attract.s by a force varying inversely as the square of the distance, 
this definite integral is 0 when the attracted particle is within, 
and a finite quantity when without the shell. The law of at- 
traction is therefore interrupted wheo the atfaracteii point arriVeii 
at the surface of the shell. When tbe die)l poMenet a finite 
thickness there are two breaks in the attraction, or the definite 
integral by wUeh it is expressed. The attractioDB of apiiaNnds 
of every form are similarly discontinnons, when the force Ibilows 
fudi « law tbat it becomes insensible at great distances. So also 
in heated bodies; the law of expansion is different for tbe same 
body* in tbe different states of solid, fluid, and gaseous. The 
electrical phsenomena present several similar insitanoes. To ob- 
viate tbe diflicolty thus offered, we must seek, m onafyHeat 
eiepfvswilm, vhidk m^oui aUern^ tte ftirmt majr . eomiimie to 
repr e eeni ike true vafwe of ^ dt^fhtite. hUegnd, . or tUeemdmmme 
fimeUen, imder mlt eireitmtimtea. 
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16. To find a formula, which shall alwiiys represent the least 
of two quantities a and /3, abstracting tcom the sig^n. 

It has been shewn, in .tiie paper on ihv Resolution of EquS)^ 
tjons*, that if ^(«) be any function of « involving only positive 

and integer powers of the coeffideikt | in ~b.1.^^ is th« 

same root of ttie equation <p(a;)=o as that given by L^range's 
theorem, that is, the least. Hence it follows that if we seek the 

coefficient of ^ in h.lM^^h^L*^ or in h.l. , it will 

represent the least of the quantities a or /3. Expanding, there- 

I 

ibre, this logarithm, and taking the coefficient of - in each term, 
we get the equation, 

17. Put - for a and I for jS; we find thus: 



The least of 



representing this series by S, it follows that 

d'-\S 1 

/ — , n ; — . ,. -T — — •■••••wnen a>p, 

( — !)• '.1.2 («-l).rfa*-' a' 



and «o when a</9, 

e a formula it 

as a is < or > /3. 



that is, we have a formula which represents 0 or ^ according 



• Ctmb. Ttami; Vol. IV. Pint I. 
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'I'hus if a represent the distance of any {H/int, from the centre 
of a splierical shell, the formula wincii represt^nts the attraction 

both within and without ^i. e. o and ^) m — 

18. To find a formala which shall repreMnt /(a) when a</9» 
and ^03) when u is greater flian ^ ; /(«) being supposed to consist 
of positive powers of 0. 

It appears from the paper above referred to, that the object 
will be answered by taking the coefficient of ^ in -y*(«)h.L^^^ ; 
where is the derived Ainction of/(<) and ^(«)s(«-(,).(jr-/3). 

Thus, if/(a)=a*, m being positive, we must take the coefficient 

of — in - M h. 1. ^1 — ^^ J ; that is, the term independent of 



which evidently is 

the general term 1^ wbic^ is 

m.{m'¥n^l).{m + 2 )...(sn-«a~l) 

1.8.8V..J* (o + ZJ)-**'" 

Cob. Putting ^ for «, and ^ ibr i9; ^ following tbimula will 

represent ^ when «>/J, and when /3>a, viz. 
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19. To find « fonnii1a» of whidi the value is when 
• >fit and ^ZkZ when ^>a; A being any quantity leas than unity.. 

The order, in point ol uiugaitude, of the quantities and. 

1 II 

is the same as the order of - and ^. For suppose a<0 

then «+ka<fi+kfii and, subtractingr A(a-|'/9) from both sides, we 

have a-hfi<^-ha, attributing to // any value betueen 0 and ^; 

ag^in since h<^ we also have ^h + ah<ii-ra\ subtract a/< + a from 
both skies, . . /3//-«<r/3-«//, attributing to h now any value be- 
tween ^ aud 1 ; whence it is evident that f<Mr any value of k from 
0 to 1, we always have a-iSA (abstraetin; from its sign)</3-oA, 
when <i</3: and thereibre if ^ be >, or <^ accordingly shall 

be >j or < 



Now by Art. 17, we have 
the least of 



1 

__JL_ 

_1 "(«+/3)(l-A) 



1 1 T\aii.{\-^hf-f>.x. vm 1.3 1 2Ma^3.(w/,)^-/y.(,>4-/j) 1 

(•+^)».a-A)» *M*«* (a+/8)*.a~A)* 

which is obtained by putting 4i-/3A for a» and /S-nA for iS in the 
article lefened to. 

This series may be easily arranged in the more convenient 
fonn. 
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where 

f 1 Jl (2«+l).2*A 1 (2*i + l).(ait + 8).2*A* 1 1 

"Ul-*)*-^' « + l + a 8.4.(1 -A)**** a + S / 

90. To find a formula, which shall represent when a>/3, 

«id when i3>4i. 

Suppose tlmt H. is the coelhcieat of h' in in the last 
Article, it follows that 

„ 1 ,1 „ 2*«/3 1.3 y(a/3)' ■ . 



is the coefficient of in the least of 



or according as a > or < ^. 
Integrating by parts, and observing that J7o»the least of 

1 

~r ^ i 1 l + k , iln.\,i-rhy 

1 wc get ^'^'{ii^ sr + («ii-i).(ji«-S).<sPA«) 



8».(2i»-8) (i+hy . 1 

(8ii-l).(8«-8).(a»-«)' '^iF" I 



g.4.6...a« (l+A)" 
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Comparing this exj)re.s.sion with the series for in the last 
Article, with which it oiif^ht to be identical; we may simjility, by 
expand in tr «'a«h teiin in that series according to the powers of />. 
and reject dl jM)wers higher than h', since they mnst mutually 
destroy each otiier; or we may expand each term in the latter 
expression, and reject the n^;ative powers of k for the same 
reason. 

Adopting the latter process, it is obvious that tke part of B» 
between the brackets, is of the form 

— { Aa Ai At o 

and the part without « . ^ 

^ 2«.(2w-l)...(fH-l) 2«.(a«-l)...(ii + 2) . g«.(2»-l).,.(m-3) . , - 

i.a...ii * i.«...<ii-i) **'•■ i.a...(ii-a) * 

8li.(ail-l)...<» + g) 1 2».(2»-l). ..(« + $) 1 * 
1. «...(»-!) A"^ . 1.8...(ii-2) 

but since the n^cative powers of h must disappear, this con- 
sideration gives 

•■i5*i.«.5...(a«-i)* i.e...»>i 

, 1 8.4.6...2it 2».(2«- !)...(«-*• 3) „ 
'**"^'l.S.5...(a«-l)* !.«...(»- 2) 

substitution these values for A^ Ax &c. in the other terms, and 
making the proper reductions, we get 

im («+i).<»+a> '*'^(»+iMi»+aM«4-») '* 
r«j. IV. J^M* III. «c 
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and taking the coefficient of k' we have 

_ _ (2wi-H).».(««-l)-.-(« — W4-1) ^ 

•~ (« +!).(» +«)...(■+« -I- ly ' 

and therelbfe 

XT tr (*» + ^)' jx «w H>» + 'i)-im+2)V „ 

^•+'"'"-1.(2j« + 2)' 1.2.(2«» + 2)(2«» + 3) °^*^* 

m 

The required formula therefore is 

\, 2.ti...m f l.8...(2ffl- 1) 2-"(a/3)- 
(^rri)^(f« + 2)...2l»\ 2.4...2wf '(a + ZiJ)^-* 

1.3...(2«B + 1) + 2^^ '(off)*** 



1.3.5. ..(2m + 8) j( i» + l).^/» + 2)}' 2*"^Ma/3r"' ^\ 
a.4.6...(2wi + 4)' 1.2.(2i»+«).(2ni + 3)* (at/3)"-+« 

(2) Method of representing Discontinuous Funettons of aujf 

mm^ber of Breaks. 

•21. These jmrtioular instances have been put under forms best 
adapted for many of tlieir applications. We shall now proceed 
to more general principles, for the representation of discoatinuou.H 
functions. 

To find a formula which shall represent 

/3, 7...-). A 7>«")» ^(<»> ^> y>'-) fit€. 
according as a, 7 Sac. are respectively least 
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Jlenote by ^ ^ ih, &c. the preceding Ainctions, and let th€ 
coefficient of i in h.l. ^^'^"H'^ + ^)<-^+'y)- be fonnd, and be le- 
presented by S» then shall 

be the required formula. 

For when a is the least of the quantities a, /3, 7 &c. then 
S simply represents «, and therefore 



dS , dS ^ dS 



and the above formula reduces itself to ^t. 

Similarly, when fi is least, it becomes — ^; and so on. 

22. To find a formula, representing a disoontiimous function 
^, which assumes the successive values </>,, 0„ tp„ &c. according 
as a variable quantity x, commencing with a value = a, flows 
through the successively increasing magnitudes /3, y, &c. 

Denote by S{a,x) the coefficient of - in h.l. + 

S{fi,z) h.l. " -^Z^)-^"-^^) 

flee. &:c. 
and suppose +/-~jf^ +/' 

Now when «>«1 dS^^ ^^-0 -o. &c. 

< /3j 00 ap ay 

and, by hypothesis, ^ is then=»^i. 

scs 



Digitized by Google 



3S2 Mr Murphy on tke Inverse Method of 

Asain when «>/31 ^j^^ dS{a, z) dS{fi,z) _^ dSy,%) ^ 
<7i . da d^ ~ ay * 

and ^ is then^^; 
and so on; if we sobstitute theee values in the assamed for- 
mula for ^, we get sucoesaively tlie Equations, 



&c.=Scc. 



and therefore yi<= 01 
itc. = <kc. 



and <^«0j +i<lh-'pi) —0-^ ^<9^-*h) fly 

CpR. If the fnnction is also discontinuous below as « 
passes through the decreasing magnitudes a* ^* e$ &c. ^ assuming 
then the values ^ ^.i ^.t. &c it is easy to see tiiat then 

{+(♦.-♦..> +(♦-.-♦-.) 

(8) Geomeirkai lUusiraiioiu of ike theory of DiacotUinititg. 

(Vide PI. 24). 

23. it only remains to ackl a few examples* to illustrate the 
application of the principles ut' this Section. 

(Fig. 1 ) Let ACa, BCb, be the equal sides, produced, of an 
isosceles right-angled triangle; we may thus find the Equation 
of the black part ACB, as distinguished from that of the dotted 
part aC6. 
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Make the middle point 0 of the hypothenuse* (the length of 
which we may 8uppofle>"8,) the origin of co>ordinateB ; the axis 
of « bdng the hypothennse itself. 

The Equation of ACa, generally, is y = l+a 

of BCb is jfmi—x, 

and therefore the general equation of the system is 

(y-af-l) (y+«-l)-0. 

in which, any valiu' of j", as OP, corresiioiids to two values 
of y as PQ, Pq; the least of these two values is that which 
belongs to the black part ^tCB, ;it \«>fU sides of the origin; 
the equation peculiar to this part is therefore y = the least of 

. substitute in Art. (16). l-« for «, and l + a for A and we 
1 +* 

get for the required equation 

y - i (1 - + . (1 - + \^ . (1 - + &c. 

We may now treat this value of y, by the ordinary nietljoils 
of analysis, for the attainment of any object which has sole 
reference to the division ACB of the given system. 

Thus to find the area of the triangle ACB^ we must take 
as usual j^(y) from s^-l to 

Now the general term in the value of y is 



1 .i.s.g (a»-8) ^ 



the integral of which from «- -1 to «s +i is 

2 1 1 . 

(Sa-l).(Sa-i-l) fti-l ~ in+V 
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put 1, a, 3 &c. successively for u in this expressioo, and we shall 
generate the series for f,{jf), namely 



1 1 1 „ 



= 1, 



a result which may easily be verified, by geometrical oonriderations. 

24. We shall terminate thi^ Section with an example, in 
which tiie function is, ta/Mely, discontinuous. 

Fisr- (IT)- An infinite stories of equal and similar arcs of any 
kind, are ranged at equal distances, across the horizontal right 
lini> A.r, the successive arcs being included between pairs of 
equidistual ordinates ; to find the equation of the system. 

(Note, the lower biunch of Fig. II, only differs fW>m the upper 
in supposing the extreme points (a»,hi) {a^,i,) &c. to coincide). 

Let tj=f{.r) he the equation of th<; c\n\v of which a„c„k, is 
an :uT, .r being the jibscissa for the curve wlieii continuous, and a 
the abscissa for the discontinuous curve; let the distance 

When a is between - \ and \ ; 9-f{<i) is the eqtwtton to a^c^K 
1 and J; y=/(a-l) a,e,5„ 

I and j; y=y(«-8) a,c,Aj. 

Similarly, 

when a is between § and -1; y=/(a+i) .,'...«r_ie.i&_i 

&c. &c. &c. 
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Ueoce, if L be the least of the quantities a, a+l» a + 8 ^c) 

a-a 

then y-/(Zr) is die reqnired equation. 

Now jL is evidently = the least root of the equation simr {x-a) = o. 

Hence as in Art, (18) we bave 
y-coefficient of 1 in-/'<*) h-L whei« /•(*)= 

or if we pnt 

* Fourier has exprassed discontinuous functions by means of 
Definite Integrals ; and when it is unnecessary that their tbrm 
should be explicit, bis results may be cooveniently used. 



• Vid. Fourier, Theorie de ia ChaUur. 
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SECTION III. 

APPLICATION OI TJU". I'ltKCEDlNd PKINfll'l.KS, TO THE PUiENOM£NA 
OF DtVELOPED ELECTRICITY. {Plate 24). 



25. When a body is electrised, either by < uimnunicatioii, by 
influence, or in any other manner, from kiniwn or unknown 
causes, the extcnial action is .subject to observation. V\\v. law 
of the action of an electrical particle, at different distances, is 
at the same time, known to vary as the inverse square of the 
distance. To tind the natnre of the electric <li>t i ilml ion necessary 
for the prodnction of any ^iven i>h8enonienon, evidently a 
mathematiral problem, the solution of which may easily be sub- 
jected to tlie test of experiment As it is also peculiarly adapted 
to illustrate the analytical ]mncipies which precede, we have taken 
it as the subject of this SectioD. 

26. (Figr. 3.) For the external action, it will be generally 
convenient to substitute the electrical tension at the di^rent 
points «^ of an infinitely thin, conducting rod {Bx), oommnni- 
eating iHth the electrised body APB. This tension is the sam 
of the quotients when we divide the mass of each electrical 
particle* by the distance of that particle from Q. 

•27. Snppo«!e the figure APB spherical, and that the electric 
teiiM iii in the rod Ax passing through the centre, at any point 
Q in the external part is found to be inversely as the distance 
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OQ from the centre of the sphere; and the law of electric aoco^ 
molatioD at the sorfooe of the sphere is required. 

Make jtB the axis of x, the extremity A of the diameter 
being tlie origin; the element of the surface inchided Ixfween 
two planes at the indefinitely small distance 5x, and perpendi- 
ctilar to is then = 27ra Jj?, « being- the radin.<? of the sphere; 
and the distance of any point in this annulus from Q 

puttinpr OQ = (i, and it we represent the electric accumulation by 
A, wlach is m this case a fvmction of x, the expression for the 
tension on any point Q of the rod AB is 

neglectinif the indefinitely small action due to tfie electricHy on 
die infinitely small sarfiice of the rod. 

Put x=^at to make the limits 0 and 1; the expression is then 
transformed to 

and therefore by the proposed condition we have 



equal a constant quuitity m, ^ being any proper fraction; from 
V0t,iy.PMiii. sD 
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which we get m * ^{A) (putting ^ = 0)t as also that for internal 

points, where ^ is a proper fraction 

fron which pvemised ofascnralioBS* the question takes this form: 

To tiud ^^)> such a tunction of /. that we may have 



The left-hand member of this equatloR 



m 
a 
m 



when expanded becomes 

The right-hand member expanded by Section 11, Art 17, 
becomes 

i 1 .1.1 . 1.1.8 2V^^„ 1 

and comparing the general terms in both have 

.J 1.8...(2j?-1) l.l.;<...(ajr-l) 

and therefore by the principles of Section I, ji^fht constant 
quantity is. 
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In <kct» when tlie electric accumnlBtkni is constant the ex- 
ternal attraction will evidently be ; and the integral wifh 

respect to /3 which represents the tension of the iiuid ut Q is 

evidently then » ^ . 

28- The law of accumulation in the case considered above 
is the simplest possible, but when the sphere is subjected to the 
electric influence of other bodies, the function which expresses 
that law may have any form (subject to vanishincr at infinite 
distances), the indication of wiiich form is to be had in the law 
of the attraction on external points, or its integral, the tension 
of the electrici^ in the infinitely thin rod^^«. 

To generalize the preening investigation we shall take the 
following example, which leads to some carious results. 

The tension in the external lod, yvxymg as any inverse power 
of the distance ftom the centre of the sphere; to find the law 
of electric accumulation on the spherical surface. (Fig. d.) 

Adopting the same notation as in the last article, and repre- 
senting the law of external tension by 

m . Ava", we have when a < /3 wi . ^ = f - — ^ — — ; 

and therefore for internal points where «>/S, we may put ^ in 

this expression for ^; and thus we find the law of internal 

tension to be m . . iiirt^ : that is, wlien the external tension 

SOS 
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internal tension oc/O*; the proposed question no«r be- 
comes 

To find {A) such a Aincttoti of / tbat the value of 

jf ]?T^Ti^nrr5^ ' may bei».^,ori».^,, 

according as a is less or greater than fi. 

The fimnula which represents the latter disoontinnous function 
(by Section II, Art. 20.) is a series of whidi the general terra is 



1.3.5...(2x-l) j.(x-l).(.r-2)...(j--»-H) 9^*\(afiy 
li.4.6...2x ■ («+l).(«+2).(«+8)...(x+«+l)'^"***'* (a+/J)»'*' ' . 

and the general term of the integral when we expand the deno- 
ninator is as befote 



, . 1.3.5.»(8ar-l) 2".{al3y 



and if A receive a value swch as to make the general terms 
of both series identical* the seri^ will also be themselves iden- 
tical. 

Bqoaiing we get 

from \vhi< h we may find A, by the method given in Art. b. 
Section V. (Vid. Ex. 4.); its value is 

^=«»(a>i + i).(-i)'.{i- J . -r^.t+ —Ys'- — if§ — 
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SO. If we make then the law of internal tension m ex- 
piessed by 4iriR/3, and therefore the internal attraction is the con- 
stant quantity ^wm. Hence if a sphere AEBF (Fig. 4) be electrised 
by ihe inflnenoe of a veiy distant body P, the force exercised by 
P to separate the combined electricity in the interior of the sphere 
may be ropraaented by the constant -iimi. Hie law of accu- 
mnlation is then A^9m{%t-'l) whidi vanishes when there 
is therefore a trmtriHon line BP^ which is a great circle having 
its plane perpendicalar to the direction of Ps action ; this line 
divides the sphere into two ports containing eqoal quantities of 
the opposite electrkaties; the moximam accumulation tskes place 
at A and B. the poles of the transition drde. 

' 30. The expression for the accumulation A in the general 
case of Art. 88, may be put under an elegant aud simple form, 
which focilitates much the tracing of the actual distribution. 
If we observe that 

<•+»>■'- rfes^ to. •« grt 

-=^^^^-S=W putting...-. 

31. To determine the number of transition lineii on the sur- 
face of the sphere put 

J7^^W--R^ then -<l-si<«» + l)(-ir.P,; 

and therefore the equation for determining tlie transition lines 
is P.-O. 
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Now it is fvideDt that 

« 

P.»<i-«<).P..,-a(»-i).jCP..,. 

Suppose now that for a ))articular value of «, all the roots 
of the equaliuu /*„-,=0 arc real (as /,. : i\ny lie be- 

tween the roots of tlit* equation j,I\.,=0, and from the nature 
of the question it is obviotis tliat they all lie between 0 and 1; 
substitute them in the order of their masrnitiuh? for t in the above 
eqnatiou, then since P,.i vanishes, the resultinu values <>f P. will 
have alternately opposite siirns. Again, when /=o, i'.= i = P..,; 
and therefore /*.-t, and consequently its integral remains positive 
from t = 0 to t-tx the least root: the order of the siiinis of jCP.-i is 

therefore +, +, - the last in the series beinp + or - 

according as » is even or odd, and the corresponding sifjns of 
P, are +, -, + &c. in number (»-l) also. If we put /=0, 
i*„ is then =1, and therefore its sign is + ; and if we put t=\ 
then P, = (-!)■; it follows therefore that the substitution of 
0, <„ 1, in P. for t gives » alternations of signs, therefore 

the roots of the equation P,»0 are all real on the supposition 
that those of P,_i=0 are such. 

Now by Art. 29, there is one transition line when « = !, hence 
there are two such lines when /j = 2, 3 when « = 3 &c. so that 
'jrenerally there are n such line-^ symmetrically sitnated with re- 
spect to the points A nii<i By (vid. Fi^. where the black lines 
represent the trauisitiou circles, which divide the surface of the 
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sphere into » + 1 portions^ coDtainiog alternately the positive and 
negative electricities). 

as. It IS obvious that in the n*l portions into which the 
spherical sorihce is thus divided, there will be tines in 
which the accamnlation of the respective electricities te a maxi- 
mam* beside die jioints .d, Bi (represented by tiie dotted lines 
in Fig. 5)t they possess tiie remaricable property, diat with the 
transition lineSi they divide the snrihce into belts containing 
alternately exactly equal quantities of the two electricities. Thus 
the dectticities in the portions StAPt, JStFikiOt we equal and of 
opposite kinds, the electricities in Uth^tE^ and o.Ab-F',^ are 
similarly equal and opposite and so on. 

For the whole quantity of electricity, trom the point A where 
to any value of / as #• 





tiie integral being supposed to oonmence from 1*0. 




Similarly -^-j-^.- 




if ftp 

and comparing both, we get iP,"- fi^i^^^xy gf' 
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dP 

Now for all the maximum values of P, we have "^^^t 



hence vantihes from i«0 to tm any wtlne which makes 
a masdmum, and also between any two such values, from which 
it is evident tiiat the positive and negative parts of those in- 
tegrals are exactly equal. 

33. Let us now suppose any law of external tension (vanish- 

iiiff at infinite distances) as ^ + -^j^ + + &c. and seek the law 

P P P 

of electric accumulation, necessary to produce it. 

It is evident from what has preceded, that the correqionding 
law of internal tea«on will be ^ -i- + ^ir^ -f-^* Now the 
laws of accumulation necesmiy to produce the tensions 

are respectively by Art. 30. 

A -B d C 5 d* ..... -D 7 d> . 

and if we suppose the electrical systems which comspond to 
tiiese laws of accumalation to be superposed into one ^stem, 
and the accumulatioo at each point estimated by the excew of 
the positive sum above the sum of the negative electricity at 
that point> it will be the airangeraent which was required to 
produce the given phenomenon. 
The accumulation therefore is 

and therefore at similar points in diflb«nt spheres it is invenely 
as the snrfoce of the sphero. 



1 
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34. Let this law of aocamnlation be expreased hf the form 

whilt the law of external tension is j^-y • 



Now «-^-82? -rfT ^ ra dt^ 



'terra independent of /3 in + + C.^ + &c.} 
coeftioient of ^ in ^ •y(^) 



And if we form tiie equation iiB/-^.».<l-if), we get by the 



theorem of Li^range 



and ^-coefficient of^m\^f (^)} . fa/8* ^ 
-coefficient of ^ in ^ ./(J) . ^) . 



Digitized by Google 



486 Mr Murphy «i ike Imerm MeUiod 9f 

But Uie least root ot' the equatiou 

(I— «) is 

~ ^ {^4«»+a«^.(i-«i>j*. 
and therefore ^ - ^^^..^g^^.d^g^n . 

Hence ^^eoelBdent of | in ^ ./(^^) . ^^j^-y^£=^^^_^ . 
ff therefore we multiply the external temion by 

and divide by ^ra the coefficient of ^ in the product, the result 
expresMs the law of aocamulation. 

Or if we multiply the internal tension by the same factor 
and divide by the coetficieiit of - in the product the result 
will likewise give the law of accumulation. 

This may be expressed in a definite integral by the tlieoreui 
(Camb. TiNim. Vol. iii, p. 438.) 

8&b When ikit electro'motive causes are unknown, then the 
application of tiie first of these rules to the observed law of 
external attnu^on. or tension (whidi is the integral of the at- 
traction) will determine the law of distribution. But when the 



Digitized by Google 



D^fimte Imtegrah, wUh Physical Applicatiorut. aiff 



above cauMs am known, if f represent fbe electroHnotive fonse 
at a distanoe Ihmi the centre, then -A/ must be the internal 
tension produced by the action of the sphere, and the application 
of the second nde will then gi?e the hiw of aocnmalation. 
We must however alwaj» put the internal tension under the 



Thus in Fig. 4. if the point P separates by influence, the 
combined electricities of the sphere, and Q be a point within at 
a distance /3 from the centre, then if we put OP=ha the force 




to destroy whidi the force exerted by the elec- 



tricity CD the surface mu5t = 



— c 



and therefore la this case 



a 



and therefore the law of accumulation is 



^/l_3 d{tt') . 5 rf'.(/0 „ 1 

V 
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that is, the accumulatiou in any annulus is proportional of 

the consfant pp— b/i » . • above fhe variable ^ 



PB.PO,PA ^ (PEy 

36, In general whatever be the surface of revolution, if wt 
put the length of the axis = 2a, and xsSa^, y will be a given 
functi<m of /, as well as the annular element of the surface 

«»jr V 1 + ^.^/, or SM\ the teosion in the axi«-|^;^f=~^, 

and expanding both sides in similar forms and equating we shall 
have iAT.P^.f^PJ, P,f and P; being the general term of 
both expansions; 

1 I P' 

.-. by Section I, = . ooeihcient of - in . t'\ 

The known properties of Laplace's ooefficien.ts might have 
been employed in deducing some cf the resnlts given in this 
Section; but. the principal object was to illustrate, in an inter- 
esting subject, the applicatiim of the Imvene Caletfliw a/D^mte 
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NOTES. 



Note A^Fid. Art. 9.) 

(1.) AppSeaHim ijf the Inverse Method to Jj^garithmic Fmtdiom* 

Ml general. 

To oomplete what was observed in Art. 9. let P ■ncl Q denote the 
same quantities as in that Article, and let be a fonetkm ol « whidi 
remainB finite when « is infinite, i. e. of the form 

— + ^ + *c; 

P 

we an now to toAfii) when ^(«)«*JI*h.l 

N<iw bjr the jsraeial theorem (ilit &) we have die Equation 

1 P 
coefficient of - in i?./-'.h.L^ (1.) 

Suppose R.t~' to be actually arranged according to the powers ol' x, 
it will cottrist of two pttti, one eontBining the peiitive powers of « and 
the abwlttte torn, all whieh we shall lepreiKnt hy ^ ; the other, eontam- 
ing the mgatire powen of «, anppoae iS*; henoe Eqoation <1) hceomes 

1 P 
coefficient of - in {iS-^S') h.l. ^ 

p 

but since h.L ^ when expanded contains only n^ative powers of x like 

p 

sr, we may njeet the teim i?' h. I. ^ altogeAer, therefore we need es- 
timate the valiie of S only, and we dudl thenee detenniae 

1 P 

/{() by the Equation //(/)» coefficient of - in <y h.l. ^ (2.) 
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Now the fimctkm ^ ii itedf of a fona proper for ^(«)» let tile oorrei|Miid« 

T 

ing value of y(i) be put = -j whea detennined by the methods given 
in Seetion <1). 

Henoe Taoooeffident of - in — 

Bsterm indqwndent of « in Bt^; 

T B 
— J" '^tBm independent of <p fat '^*^^ 

Koocthcient of x in Ut~'. 

Similnly 7 7 -coefficient €f ^ ia Bf* 

- jf 7. jT 7. jj^ J ^coefficient of «» in Bt", 

&c. ~ &c. 

H r ing thus obtained the abaolute tenn und the eoeffietents <tf x', &c. 
in Ef% we have therefore, 



ell the intend* being made to vanish when /a], for then Rt' =^R, 
which contains no coefficient of r, x', x\ ttc. ; the value of T ii then 
= term ind^udeut of .2; in R\ that is» ^. 

Bjr differentiating the Equation (8) and lubetitnting for its value 
wo get 

and integrating we have Sfsiflf-jp, the integral being corrected by 

the condition S—A when / = tiic value of JS is thcrcture iully Uiscovifreil. 
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Recurring now to Equation (2), let f^S be reprcsentwl hy F{^s) 
to that F' denotittg the denved Imictiim of f , we have S— — «); 

1 P 
.\ t/(t)=' -eocffieient of ^ in F*(^x).h.l. ^ 

--ooeffident of | in F'<-jr).|b.l. ^-h.L ||, 

* 

and, by a property of equations denuniBtnted in my fiwrner paper in 
this Volume (p. 138.), this gives ub 

/«)- 7 {!?(«,)+ J?<«.) + ... ^Fia.)'F{h^)-F(h,) 

If wc substitute differential coefEcients for integrals, a process similar to 
that by which S was found, will determine S'i the value ia given hy the 

dT 

equation S'f^ — Jii'-j^t the integnl bong corrected by the omditioa, 

that I^^B^A when t—1, and we may verify the leaiilts hy adding the 
values of i9 and iS' whieh will give S-i-S'mR,t-\ 

(2.) Oh the aeparation of the jtositirc J'rovi the ntigative JMfWer*, 
iff the variable ; in JitHctionx ^eneraUi/. 

In the preceding example, the form of the function Rf" contributed 
materially to facilitate the calculation of the parts which involved the 
positive and negative powers of x respectively. As on many occasions 
it would he nwlbl to eflfect this object, we may here insert a general 
method founded mi very nmple prindplee. 

First, let us seek the term independent of A, in a function of h 
containing both poaitive and negative powers of A, but composed of a 
finite number of t«ms. 

Represent by Fih) the given ftmction, and let n be a number greater 
than any exponent of A, positive or negative which it contains. 

Let the n*^ roots of unity be 

*> ai, oti**fftttmi or 1, ■ , •«*«*te * 
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and suppose F{h) when arranged according to the powers of A to be 



it mniliis to dotaniiiie Putting fiv il die aibove raoti fUMMMTdy 

^ a, a," 

A A 

F{,u,)=iA. + Aia, + Ata^-i-... — ^ + — ^' +&B. 

affiUng an thne equaticiM and obwrrisg that 



See. 6k, 

Sixondly. when the number of tenns in F{k) U infinity we must put 
71— xi , and observing that generally 



F«/. IV. M III. *F 
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it follows thAt.vIwn » is. inliQite 

A^^ \^JiF{f^) from 6 = 0 to d = ajrv -1. 

Sirv— 1 

whicti accords with the result given in the memoir on tiie resolution of 
eqwiti<nM, Beelimi V. in tiiis Vdnme. 

Lastly, we can now determine in any function of x asy*(d;), that part 
wbicb contains 4mly positive powcfs of «, and tlie absolate tenn ; thus let 

/<«)«il,+JB,.« + &c 

/(-) 

and aeleeting die parts of tins piodnct ivUeh are independent of A, we get 

^, + ^ia;+jB,d:r'+&c.aitena independent of il in — _^ 

« 5-4= f' ^i'^'j from ^ = 0 to 0 = 27r\^^. 



(1.) On the apparetUlif imjtroper Forms (ff ^ {x). 

It has been shewn in the first Section, that when f(() is any of the 
functions usually received in analysis, must convert to 0 as ;r ap^ 

proacbcs oo , and therefore consists of essentially negative powers oi x; it 
often happens bowem in the application, that <^{x) presents itself under 
appsientlj a different tarn. Let in e»iinine the daffieolty thus ofibed; 
and the nmpleat mode domg llus, is to tahe a ifiedfle ezample. 

Let 0 (*) - i + +~ + ... +a-' + irL I. to find/<<). 
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The last teims in ^(x) seem to be of all iuproper form as ii 

positive powers of x, the first terms arc also such that <p{x) apparently 
becomes infinite for values of » between 0 and co . All this however is 

mer^ in mppauKoee, fiir if we put finr h.1. its value 

_ 1 ji l__ _J_ 1 1 . 

a 2a- 3a^ "' xa' ~ (ar + I).a'+' (x + 2).a'+*~ 

we see that the led value of ^(») is 

1 V ■ ' 1 . 

" a.(«-t-l) ~ ?IIi+a) <i».(«+8) 

which is evidently of the proper Sana, and gives 

1 ^ . 1 

A still more striking instance of an apparently improper form of jp {x) 
is the following: 

Given 

+ ... ± ar. (a? -!).(«-. a).8.aT«.<«- «)...«.!. (l - 7) ■ 

This finctioD i^pean^ at fiist ^^tA, to oonnat ef od^ positive powns 
ef Si wHle in ieality the fimetioii eoosiets staietlf of negative pown* 



vnA eonverges to 0 as « appioacihea «. To see tlui^ put ftr - or c*, 

its value^ 

- * J. 1_ 1 ^ 1 

**l.a 1.2.8 1.2...ar ''^ l.S...(4r + l) 

and we get in the pniper ftun; vis. 

11 1 
^^*)* - («4.1).<^.|.8) + <«.|.l).(«+ft).(«+8) 
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mmI ^imdmx. by Art. 8. Fix. 5. 

CMiiider iMllj the OM cT ^(«)-(«4Jr)4-(c~«)l^ to fiiid/(0. 
ObMnriog tlisl («-a)4-(a+j;)i, - md expnahig, we bave 

■nd Affdhw Vy Art. 12. SeetioB I. 

^^'^-^ iiTEair^ + 172 • ^(ii.Li)i -Titw 

I-' f 2a(h.l.0-4 (8a)'.(h.l/)* . (2a)\ (h. 1. /)« \ 



(2.) Method of esti mating the ru/acs of 0}>eratit>e Functions. 

If any function of jr be rcduceti lu the fonn of a sum, ootnposecl 
of terms which arc otiicr functions of x ; the identity thus formed will 
eontiniw to tubdit, wImh « it dunged into ia boA iti mmben. 
Let the epentien wUeh tnctteetee: tbst « ia to be changed to be 
denoted by ^> let ^'imxA» that » nrait be ehanged to end 

, into »-¥ - , tben ip is evidently eqnirolent to the Tepetitien « tenm 

n 

of the operation while the latter is equivalent to the repetition h 
terms of if beside the operation the function of « is also to be 
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multiplied by a constant quantity A„ wc may represent tbe combined 
operation by A,'^', and the sum of any number of such operations as 

-4. 1^ + ^.^+ + &e. 
nmf he rcpicacnted liy the opcntive fbieUon i^<^V 

Suppose also that (p (x) tbe given function of ar which is subjected 
to the above iterations, is by the inverse calculus reduced to the form 
if{t)'fi ^ nnilt of the operation F{y\>) ^ be tihe nmi of the 
partial resnltB of the aane epantkii on each dement /(^./'.^(Q; 

but ^ if) =» - (/*)" . i 

F{'i^),i>(s)^J,f{f).Fit').f„ (1.) 

Jiet the operation wludi u the inverse of be lepiciented 

by F ' {^) ao that the Utter epention petfimned nith tfie fimner aentral- 

izes it, then 

F- ' (^) • { CV'i = C.F-' («•*).€" ; 

let the root* of the 

F''^.{^*)mO be M* Ae.; 

JF-i (^) 1^, ^^At^ + ftc.} =0^ irheie AuA,,A^k». 

are arbitrary constants; 

whidi appendage must be added to the opeiation ^(^)^(«), nnoe ^(«) 
is analyticaUy to be treated aa ^(«)+0. 

It is evident that tiie opentlon ^ is equivalent, to multiplying the 
given fiinction by unity, and therefore y^-^" is equivalent to ti» opeilH 
tion A of ifaiite diflbfeneea; eonaequently ^ ia equivalent to A + Henee 

J!'(A).^(«)«iJP(^-l)^0.'' («)S 
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where the appendage u, as before, to be annexed. 

To reduce functions containing positive power of s, and zero to the 
form /./(/)./' helongfi to the next part; but we may here indicate, that 
tti^ hcrwn given for (li»continuous functions, may be used in this case, 
to reduce the proiMsed functions to forms to which the principles of this 
part nay be iqpplicd. 

It was necessary to make the preceding remarks ou Operative Fune- 
tbns, to explain more fiiUy the alliiaufia in refiwenee to this snlgect in 
ibe IntroduetiAn. 




R. MURPHY. 
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XIV. On the PhtBnomena of Newton's Rings when 
formed between two transparent Subsktnces 9f d^* 
Jereni r^htetwe Pcwer*, 

Br G. B. AIRY, 1I1.A. F.R.A.S. F.G.S. 

Lira nLMir or tbimitv «ollms. Am hvhian psonMOii of AarMMOiir sm 
axmtiiMT*L nuuaorHV m rnm OMirBBairr ov lUttaBnies. 

ZBeui Mmrdk 19, tSM-J 

In a paper oommunicated to this Society about fimr months 
since, I stated my expectation (fbnnded on Fiesnel's fbeoiy) that 
if a lens of a low-refracting snbstance were placed on a plane 
.surface of a high-reHncting substance, and if light polarised in 
the plane perpendicular to the plane of reflection were incident 
upon it, then so long as the angle of incidence was less tiian 
the polarizing angle of the low-refracting substance, or greater 
than that of the high-refracting substance, Newton's rings would 
be seen with a black center; but if the angle of incidence was 
greater than the first of these and less than the second, Newton's 
rings would be seen with a bright center. I have now to an- 
nounce the fulfilment, of this anticipa^on. 

Before deseribhig the method by which I haye succeeded in 
the examination of these phenomena, I think it right to give 
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a theoreticnl < dculation of the intensity of light in the rine-s : 
without tliis ttie necessity for some of the precautions will not 

\ye .Hiitiiciently evident. 

Conc(;iv<' two nearly parallel plates of different tneUia to lie 

separated l)y u plate of air whose thickness is T\ and let the 

vibration in the plane of reflexion, of an incident stream of 

light within the font medium, be represented by amn^ifit—x) 

where » ti the equivalent in air to the actaal distance of a par- 
ticle tnm some fixed point, (the light beinor supposed polarized 
in a plane perpendicular to the plane of reflexion). I^et < be the 
angle of inoidence on the last sur^e of the first medium ; «' the 
angle of refraction, which is the ^anie as the angle of incidence 
on the first surface of the second medium ; and the angle of 
refraction in the second medium. A part of the light will be 
i-eflected at the last surface of the first medium: a part will reach 
the first surface of the secCNDd medium, where it will be sub- 
divided ; and one portion will be reflected to the surface of the 
first medium where it will l)e ag:ain divided, and one of its parts 
will enter in the same direction us that which was reflected at 
first. In thi55 the phase ot' the undulation will be behind that whicli 
was first reflected by the cjuantity corresponding to the .space 

aTcoit': or if ^{vt—at) be still taken as the measure of the jibaae 

Sir 4ir 

ot" the ray first reflected, -— (p/— a-) - -— roosi' will he that of tlie 

ray which has been reflected at the surface of the second medium 

4ir 

and then enters the first, llie quantity ^2^eQs« we shall for 

abbreviation call V. Of the light which reaches the sorfiice of 
the first medium, a jiart will be partially reflected at the snrftce 
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of the second medinin, and will partially enter the first medium: 
its phase will be -SF; and so for sncoeeding reflexions. 

Now suppc;*- tluit at the Inst surface of the first mulium, the 
< oethcieiit ol the incident vibration being I, that of tlie reflected 
vibration is f and that of the refra<;ted ,/; at the first snrface of 
the second nieduim, suppose the coethcient of the reflected vi- 
bration to be ^; and for light incident fpoai air on the snrface of 
the first niediuiD, suppose tlie coefficients of the reflected and 
refracted vibrations to be h and k. Then, the coethcient iii the 
incident light being a, 

That in the first reflected light is. ae 

that in tlie refracted light is nf 

that in the li^rlit retiected at fhe secoini <liuni is nf^ 
and that in tlie liL:!it n irai tt d into th() first itit Jium is 

that in the light retiected from the first m- (lumi i"? afg-h 

that in the light reflecteil from tiie second nu diuai is ofg-k 

and that in tlie lii,'ht refracted into the first ni< tium is fff.sr*hk 

and so on ; the coeflicients after the first following a geometrical 
I)r(>^ressioiL whose ratio is gk. Thus it appears that the whole 
vibration will be 

or a.e.ito-r-(g<-g)4>g^*> ■ , — 5--t- — ^ .... ■ . 

Now in^fVesnel's e^reslfiis* ^ ^ff^T 

tan (t - 1) 

foJLiy. Pari in. ' SG 

^. \ ^Jg^*^« Digitized by Google 
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- cost / tan_(«-V)\ 
''■ooai'r"taa(»+*V* 

_ tan(i'-0 
^" tan («'+.")* 



^_ ten(/-.) 

coB« V tan (( +«)/ 



Hence y% z> 1 and and the expression becomes 

Resolving' this into the forni 



the intensity or P*+^ beoomes 



The maxiuia and minima of this correspond to tlit- max una 
and minima, or the contrary, of cos^. When %ir, ikc. that 

is when r»0, or « 5^57* or " jj^^ » the intensity of the 

reflected light is 
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and when T= , j^^, ftc. the intensity is 

4 cos i 4 cos I 

U -geJ 

and tbe excess of the latter above the former is 

This is the di£brence of intensity of the brightest and of tike 
darkest parts of the rings: and when it is positive, the center 
of the rings is daric. 

Now taii'(< + i') is always greater than tan*(i-t')j and tnn d +/') 
is always grealei than tan' («'-«"): so that (1 — . (1 - a is always 
positive. Coust(|ii«'iitly the central spot is black wiieu c and g 
have ditTerent signs, and bright when they liave the same sign. 
Qr as tan(«-0 is always ncyaU\e and tan(. - i ) always [>ositive, 
tiu; central spot is lilack when tan + and taa (•'+«") have the 
same sign, and bright uhen they have ditterent signs: that is, 
it is dark when t + / and i' + «" are both less or both greater 
than 90', and bright when i + <' is less than 9<r and t' + i" greater 
than 90^ (or vice vers4). FVom diis it follows Aat while the 
angle of incidence is less than the polarizing angle of the first 
medium, the central spot is Uadc: at Aat polarizing angle the 
rings disappear (as 9^0); from that angle to the polarizing angle 
ni the second medinm fte central spot is bright: at the polarizing 
angk of the second medium the rings disappear (as ^»o) ; and 
beyond that, the central spot is again dark. 

Now let ns estimate tiie intensity of tiie light at tiie central 
spot when Hie first ring is black (the angle of ineidenoe being 
between the two angles of polarisation). If tbe first ring is biadi 

ses 
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we have fz^. whence g^ei and the intemity in the central 

(He \ ■ 
y^j' The condition gfivcs 

tan (/ — t" ) tan (i — Q 
whence au* St' * sin St. sin 2t" : 

"I 

or cot* t = — ; edai.eoBi". ■ 

mm 

where m and are the refractive indices of the two media. 
WitliuHt attempting to solve this equation generally, suppose 
ff} = l,53 uiid m' = 2,45 (which corres{>dnd nearly to plate gla-ss and 
diamond). The values of / at the polarizincc angles are 56*". 49 . 54" 
and 67". 47'. 48"; and tlie value of «' n liich makes the first ring 
black is 63°. 19'. 4"; the values of < and «" correspomlint,^ to this are 
35". 43 . 5r' and 2r.23'. 21": whence e^^'- 0,083215 ; and the in-, 
tensity of the light at the central spot = o' x 0.02782. 

But to obtain a practical idea of the imjiort of this expression 
we must compare it with the intensity of lipht in the rm'jc^ 
in some other jiosition. Now when the incidence is perpendicular, 
the expressions above give for the ditlerence of tlie light in the 
dark spot and bright rings, a' x 0,28159. Consequently the inten- 
sity of light in the rings seen between the two polarizing angles 
is less than one-tenth of that in the rings seen at a nearly per- 
pendicidar incidence. As the latter are by no means vivid, we 

mw^t f i f tlip former to l)e faint. 

The intensity ot' tlie rnigs which would l>e jinulueed at the same 
angle of incidence by light polarized in the plane of redectiou, 

fcnnd in tbe same way, (patting and^-^^J) 
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is rt' X 0,66487 ; and is consequently about twenty-four times 
{?reater than that of the rina^s of which we are treating. 

1'his shews that much care will be necessary to make the 
ring's visible. Suppose for instance that the incident light is po- 
larized by a plate of tourmaline, or (which amounts to the same 
thing) that the reflecteti light is examined by a tourmaline, with 
its axis peri>endicular to the plane of reflection. Few tourmalines 
are so perfect as to transmit no more than one twenty-fourth 
part of the light polarized i>erpendicular to their axis. If then 
the rings are examined with one of these, the rings of which 
we are in t\\iest (whose center is bright) will be mixed with rings 
produced by light polarized in the plane of reflexion (whose 
center is black) of at least equal intensity: and th«ir character 
will therefore be entirely destroyed. If instead of a tourmaline 
we use a cloubly-refractiug prism, with wliich both sets of rings 
are exhibited, separated from each other, there will be no fear 
of confusion of the rings, but a sheet of bright light (from the 
rays polarized in the plane of reflection) will be spread over 
the faint rings that we are seeking, and will efl'ectually make 
them invisible. ^ 

The plan which I have successfully adopted is, to combine a 
tourmaline and doubly-refracting prism. By means of the tour- 
maline (with axis iMjrpeudicular to the plane of reflection) the 
brightness of the sheet of light, which wouhl otherwise cover 
the rings that we have to examine, is so far diminished, that it 
oflers no serious obstacle. At the same time the other set of 
rings is seen, and .serves very well as an object of coniparisoii 

To destroy the reflection at the upper surface of the impo^ed 
lens is a matter of im|Mjrtance. I have used a plano-convex lens 
of 5,8 inches tbcal length with an obtuse-angled prism placed 
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upon its plane side, the obtase ang:le being over the center of* 
the leos. A drop of wat«r was placed between then). Though 
its refractive index diSen aennbly from that of the glass, yet the 
reflection at tlie common surface of the prism and lens is almost 
totally destroyed, for the following i«ason. The surface of the 
lens is I suppose very sliprlitly convex, and when the drop of 
water is interposed, and the air-bul»bles are rubbed out, Newton's 
rint^s nre seen, very larire though slightly irregular, with the 
black spot in tlie center. The rings in question are seen through 
this black spot, and consequently are not injurtd by tlie eflects 
of reilectioa. The water seems to h-tve the power ot bringing the 
lens and prism into closer conUu.l than is otherwise attainable:* 
for I am well convinced that no force that could be applied 
without iujuruig tlu ui would bring them so near tc^ether as to 
exhibit the central black. 

For the denser medium I have used a diamond with a surface 
of about Q inch in diameter, mounted in a ring: for the use of 
which I am indebted to the politeness of William John Broderip, 
Esq. Vice President of the Geological Society. Wheo the lens 
and prism were placed on this, a small system of rings ^vns seen 
iwrfectly distinct and well formed, the diameter of the fiAh ring 
not exceeding ^ of the diameter of the suHace. 



' I any hete nentkn a enriiMi circuiMtHioe which oeeurrad to me in the utc of 
this oombiiHliaa' After ktviiig the pmm, with the lei» hanging to ita lower wrfkee^ 

tor one or two tlaya, the water contracted itself to a spot (liaving p«rtly gone off", I 
kuppote, by evaporation) of about J inch in diameter, ita outline following ino»t aocunitel}' 
the eaune of am «f dw rings (f (bink the third) even in tti deviations froa l ym i n e t r y. 
In this state I wns not able to move the lens upon the prism, thou|fh I applied n foree 
parallel to the surAice of the pritnu sufficiently great to shiver large spliaters from 
the lens. On dipping Aem into wnler Aey initaittly dfepped inmder. 
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These ring's were examine*! with the combination of tourmaline 
and doubly refmctint? prism that I liave described. When the 
angle of incidence was small, the rinp:s formed by light iiolarized 
perpendicnlar to the plane of reflection were seen sufficiently 
vivid, with black center, accompanied by the otlicr set of rinjfs 
which were faint. When the angle of iri< [liencc reached the 
polari^ing^ angle of the jrlass, (he tirst sel of rings disappeared 
On increasing the angle, tl»e lust set of rings was again seen 
with center white. In the most favonrable state, tlie tirst set 
of rings was much more faint than the second, but not so faint 
that there coidd be the slightest donbt upon the fact of the 
existence of the rings and the whiteness of the center, ns I saw 
them repeatedly with every change in the arraugement of the 
apparatiTs, and saw a sucx< .-.sion of seveml rings. The white 
s{)ot aj»peare<l larger tlian the dark spot in the other set of ring.s, 
but this I imagine is owing merely to the undefined nature of 
the spots, and to the circum.stance tliat, in appreciating their 
comi>arative extent, the eye always gives credit to tin; brightness 
for a greater surface than it can properly claim. In respect ol 
dimensions of corresponding imrts, I could see no difference. On 
imsreasing the angle of ineidence, the fint set of rings again 
disappeared, and reappeared in great brilliancy, the center being 
now black. 

I am willing to tiiink these experiments important, because 
tbey bear inmedifltely upon a part of Fkresnd's theory whidi 
has always appeared to me most liable to dfa(jection, namely the 
formolse fi»r tiie extent of vibmtion in reflected and refiacted 
rays. On. .the troth of Freaners general theoiy as a mere 
geometrical representation, namely that light oonsists of transvenal 
▼ibrations, and that polariaed light is l^t in which all the 
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vibrations afe perpendicular to the pluie of polarixation, I shall 
say notbii^, because I do not think it will be doubted by any 
one who is well acquainted with the experiments and has ex- 
amined their agreement wiUi calculation. But on the tiieorems 
for intensity in reflected rays, &Cm involvingr points of the 
irreatest obscurity, and supported only hfy very forced suppositions, 
any one may I Aink with reason be sceptical. The phcenomena 
deseribed here and those described in a former paper (On a 
rematkable modification, &c.) depend entirely, in theory, upon 
the changes of ngn of certmn quantities which enter into 
Fkesnel's expressions for diese intensities. With mspect to the 
ttbsblote measure of the intensities I - can say nothing, except 
that the general appearance of the brightness Is sufficiently in 
accordance witii the law. On the whole I tliink that these 
experiments give great probability to the truth of the formula 
considered as a general law : and that they establish with 
certainty that part of it which implies that, after passing a 
certain angle, the direction of the vibration in the reflected 
ray (considered «with respect to that in the incident ray) is 
reversed. 

ODBBirVATOnT, O. B. AIRV. 

Ftt. 4k 1888. 

POSTSCRIPT. 

SiiiCB the above account was written I have (with a fovoui^ 
able sky) seen the white-centered rings many times, and several 
time<( with a doubly-refracting prism only, unassisted by a 
tourmaline. In examining one part of the phnenomena I find 
that there is a discordance of a most curious kind from what 
the strict theory had led- me to expect. 
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WluMi tlie lia:lit is incident at the polarizing an^le of the 
glass, the rills';, '^o I vaiiisli totally. Thouirli 

1 have loukcf? spvcnil tinu's witli the most scrutinizing" attention, 
I have not been able to see the least trace. It" tiie angle of 
incidence is gradually increased till it exceeds the polarizing 
angle, the black-centered ring^s disajjpear gradually without al- 
tering their size (a coiim U i if )(<> quantity of light being still re- 
flected from the diamond) and white-centered rings of the same 
size appear in their place, without any intermediate stauv i \rept 
a total absence of rings. From the agreement of this witii tlieory 
I conclude that the iiolarixatiua of light at the inner surface 
of glass is (to the senses) complete. But at the |>ularizing angle 
of the diamond the case is perfectly ditferent. On increasing 
the angle of incidence till it exceeds this angle, the white- 
centered rings do not disappear, but the first black lujg con- 
tracts so as to leave uo central white, and becomes itself the 
black center. After this there is no material change : I find 
however that tlie black center af the rings produced by light 
Itolarized iierpendiculitr to th« plane of reflection is always 
(beyond the polarisnnir angle of the diamond) sennbly larger 
than the black center of tiie rings produced by light polarised 
in the plane of reflection. 

The nature of this transition from ringi of one character to 
rings of the opposite character appears tome to be, theoretically, 
extremdy carious. As the rings do not disappear, it is ^kin 
that if light polarized perpendicular to the plane ni incidence 
(or whose vibrations are entirely in that plane) is incident at 
what is called the maximum polarizing angle of the diamond, 
a portion of it is still reflected. Still howeter on increasing the 
angle of incidence the character of the rings Is cimiigedt and 
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this tal<es place at an auyh wlirn (so far as we are entitled 
to coiiclii(ie) 111! If is iiotliing jieculiar in the reflexion tVnm tlie 
glass; and we are tderefure compelled to admit that, the incident 

vibration being «.atii («^-«), when the angle of incidence is 

increased so as to exceed that angle the reflected vibration is 

changed from + j9.sin — {vt-x) to -<^. sin — (©/-«). A similar 

chans^e takes place at tlie polarizing angle of the irlass: bnt 
there, as wr hav«? seen, the transition from +pto—g is effected 
by ii&ssuig 111 rough 0, or by the entire cessation of reflection 
at one anale of incidence ; which is not the case at the po- 
larizing angle ot the diamond. How then is the gradual change 

IVom+i>riii (e^-«) U» ~q,tm — {vt''*) to be explained? I 

answer that the phcenomena prove that it follows ftom a grtubuU 
ckonge qf phase, while the coefficient is not much altered. In 
other words {neglecting the trifling alteration in the coefficient) 

the quantity +pMa~ (vt-je) is changed U>-pan~ {vt-x), not 

by the disappearance of p, bnt by the expression assuming the 

form /) sin 1^ {p^-t)-^! , where 0 increases from o to This 

may be jjopnlarly explained in the followins^ manner. The 
common Newton's rinses, formed between two lenses, are produced 
by the interference of the lisjht reflected from the louer surface 
of the n|)per lens with that reflected from the upper surface 
of the lower lens. Now if the upper lens be raised a little, or 
the lower depressed a little, the rings contract. As the only 
immediate effect of depressing the lower lens is to cause the 
light reflected from it to describe a longer path, or to have its 
phases retarded, it appears that a contraction of the rings may 
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be considered us the effect of a retardation in the phase of the 
light reflected from the lower sorfoce. The contraction of tlie 
riniT': tlien in passing the polarizing angle of the diamond requires 
u.s to admit that the phase of the reflected light (the incident 
light being polarized j)erpendicular to the plane of the reflexion) 
is, on increasing the angle of incidence by a few degrees, retarded 
nearly lso\ 

The retardation however is not quite 180". For if it were, the 
character of the rings would be exactly changed, so that the pro- 
portion of the size of the central black spot to that of the first 
white ring would be the same as that of the central white spot 
(before the change) to the first black ring. But as the central 
black spot formed by rays polarized perpendicular to the plane 
of reflexion is distinctly larger than that formed by rays polarized 
in the plane of reflexion, it seems that the black ring has not 
contracted completely, or that the alteration of phase is not quite 
180*. This reasoning it must be confessed is not certain, as the 
same thing would be explained by supposing a small alteration 
of phase in the light polarized in the plane of reflexion. I* may 
mention here that in the Newton's rings formed between two 
Jenses of the same kind of glass, the central black spot in those 
formed by light polarized perpendicular to the plane of reflexion 
is larger than in those formed by the light polarized in the plane 
of reflexion. 

If, while the white-centwed rings are under examination, the 

tourmaline and doubly-refracting prism are turned round, the 

rings become foint, but do not disappear, and are changed into 

black-centered rings by the contraction of the rings. This is 

exactly similar to what takes place when a lens is placed on a 

metallic suriace, and it proyes that (as in the former paper), 

sus 
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-vrfafle the angle of incidence is a Hew degrees leas than the maxi- 
mum polarizing angle of the diamond, the phase of liglit polar* 
ized perpendkiolar to the plane of retfexion is more retarded than 
the phase of light polarised in that plane. 

I have not found any variation in these results from changing 
the position of the plane of reflexion on the diamond sorfece. 

llie result of these experiments and reasonings may be thus 
stated. 

1. When the angle of incidence is less tlran tltf^ maximum 
polarizing angle of the diamond, the nature of its reflexion is 
.similar to that of metallic reflexion: the phase of vibrations in 
the plane of reflexion being more retarded than that of vibrations 
lierpendicular to the plane of reflexion, bat perhaps by a smaller 
quantity than in reflexion from metals. 

2. In the neighbourhood of the polarizing angle, the nature of 
the reflexion is different from any that has liitherto beety/le- 
scribed. The vibrations in the plane of reflexion do not vanish, 
l)ut on increasinif tlie nnffle of incidence by three or four dogrees 
the phase of vibration is jrratliially retarded by nearly liMf. In 
the reflexion of li«:ht whose vibrations are perpendicular to the 
plane of retle\i<Hi there is no striking diflcrcucc between the ef- 
fects of diatnr>n(l and IhoM' of f^tass. 

3. For anu'lps of iiieitience greater than the polarizing angle, 
there i^ no sensible difl'erence between the effects of diamond 
and thost' of fjlass. 

I may remark that the extt^nt of vibration in the plane of 
itrtexion may be represented thus (tlio tbrinula being purely 
empirical and given only for illustration). I'lie vibration in the 

incident light being niin^ that in the reflected light is 



Digitized by Google 



ofNewtoH*s Ringv. 



tau (i' - 1") 
tan (»' + 1") 



a sin 




where h is always small but never = o, and is juMliaps constant 



one o( Sir David Brewster's (Phil. Trans. 1815). Sir ])avid Brew- 
ster's chiuai (. r as an experimental philosopher stands deservedly 
so high, aiul my estimation of his accuracy, (as observed by 
Hiy.sell' in the repetition of many of his experiments) is so great, 
that I think it necessary to point out cii:«tinctly the nature of 
this disagreement. 

Sir ilavid Brewster states tliat homogeneous light is com- 
pletely i)olarized by the diamond at the proper an&rle. I have 
made no experiments here with homogeneous light, and I know 
that, on account of its extreme faintness however obtained, little 
confidence can be placed in results which depend only on the 
evanescence of the reflected liglit. But the phenomena observed 
by me are entirely inconsistent with this snpi>osition. If homo- 
geneous light were used, then (on this sapposition) tlie bright- 
centered rings would disappear and black centered rings would 
succeed them as at the polarizing angle of the glass. If white 
liglit were used, the rings in the neighbonrhood of the polarizing 
angle would be wholly coloured* and on changing the angle the 
intensity of tlie different colours in each ring wonld alter, but 
there would be nothing like contraction. Thus at a certain angle 
the brigiitest part of the red would be at the center of the spot, 
and its faintest part would be in the first ring; while for the 
blue the places would be reversed: on increajdng the angle the 
brightest parts of both would be in the first ring. Whereas in 
ray exfieriments there was no discoverable alteration in the 
colours of the rings, there never was seen a bright red center 



The eonelnsions at whieh I have arrived are at variance with 
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aurroonded by a bright blue ring; but the mvs9, without chang- 
ing their cbamcter as to colour, diminished steadily till the 
central s[>ot >vn< it were squeezed out Whether the only 
diamond which I liuve used inn}- possess any peculiarity which 
distinpruishes it from those used by Sir David Brewster I cannot 
jiay. Meantime I may obser\'e that the singularity in the re- 
flexion at the suiiace of the diamond makes it not improbable 
that tli^ may be some singnlarity in the refraction also, and 
renders a more extended inquiry into the laws both of its re- 
flexion and of its refraction highly desirable. 

G. n. AIRY . 

Feb. 16, 1832. 
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XV. Description of a Machine Jor resolving by In- 
spection certain important Form* of Trantcendeutal 
Equation*. 

By Sm J. R W. HERSCHEI^ 

MSHSBH OP TBB CAVBBIDOB FDIMMDrUICAIr MICtBTT. 

[BMd Hag 7j 

(10 In the course of a conversation with Mr. Babbage on the 
sutycct of applying madiuiiery to the perfonmuice of nnnierical 
oomputatioQs it occurred to me tiia^ seeing: the perfection with 
which every description of wheelwork and rectilinear or pandlel 
motion can now be executed, almost any combination of drcakr 
functions involving as well the arc itself and its multiples and 
submultiples, as their sines, cosines, chords, ftc. mi^kt be repre* 
sen ted hy the motion of a point, or by the difl^rence of motions 
of two points^ regulated by mechanism, widi almost perfect precis 
sion. Mid that it would therefore need nothing more than to mark 
^e arrival «rf such a point at some definite line or circle, or to cause 
the machine in some way or other to come to rest when such di^ 
ference should attain a given magnitude, or when any other assign- 
ed condition should he fulfilled, to obtain a solution of the equation 
expressive of that condition i whi<A solation should be limited only, 
in point of exactness, by the precision of the woikmanship and 
the accuracy attainable in hitting the coincid«ioe and reading off 
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tkf reKult. Tlii> idea (the principle of which, it will be obaenred, 
is r ntirely iu(le(>eiideiit of all nainerical caloulatioos, or of any 
ii|«jilic*atioii of wheeluork to perform such calcolatioiiSt and tann 
entirely on the modifications which an uniform motion coiDinoilt* 

(!nt(i\ to the- primutn mobile can be made to receive in passing 
through a train of wheels, levers, &c. and on the accuracy with 
which circles and stnuzht lines can be graduated and read off) I 
ni» ntiorr»'d as it occiirn-d, and jireseutly illu«ttrated it by applica- 
tion to flu- well known ^-fj nation lx't%vft'n the excentiic and mean 
anomalifs in the elliptic luotiun of a [ilanet. 

(2.) The roftibiiiatiuii of Tnovetnents wliicli then suggested iLself 
for tlii-H jini jH»>«' , though theoretically correct, was practically liable 
to many ohjcrtions. It hapj>ened however that I was at that time 
eugasred in investigating the elliptic oil*)i> oi some of the most 
remarkable double stars; and in the course of that enquiry imd 
continual occasion for the numerical resolution of cases of tliis 
equation in ev< ry state of the data. I'iudiiig the preliminary 
trials rtfjuisite tor establishing a rapid conveyance of the succes- 
sive approximations consume a great deal of time, even more than 
the approximations themselves when once eflectuuil) entered u|>on, 
I set myself to consider whether some simple contrivance free from 
such objections might not be found which would give me by in- 
»l>ection at least a first approximation to the solution, and thus 
prove of immediate practical utility. After one or two fiularea 
from atteoipting to unwind u thread from the rircumftrenee of a 
wheel revolving on ajifimf center, and after rejecting as impracti- 
cable Newton's medianical lolntimi of the problem by the rolKng 
of a wheel upon a plane, it occurred to me that a wheel will revolve 
uniformly and unwind a thread from it with a uniform motion 
just as well whether it revolve on its own center as an axis, or be 
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carried round, bodily, by the attachmeiit of ito center to flie end 
of a revolTiDg arm, whose length may either be permanent or 
acyostable by a slider. Hence arose die following oonstruction 
which seems to be as simple as the nature of the problem 
admits. 

(9.) In figure 1, C is a karixoniai axU at right angles to the 
plane of the paper, on which is firmly fixed at right angles, or in 
the plane of rotation of the axis, a cross piece, having a bevelled 
groove PQ, in which the slider SB moves freely backwards and 
forwards until arrested and fiutened by a damping screw. Pro- 
jecting forwards from the slider SR^ and firmly rivetted into it is 
a short pin B» on which, as on an axii^ the exeenitie wIM DBF 
is set, and permitted to turn freely until also arrested and clamped. 
These clampings are both easily performed by means <^ a male 
screw cut on the end of Ihe pin B on whidi is fitted a female 
screw cut in the cross head, or elaaipMig' hqf m a. When this screw 
is loosened the slider SS can move in its groove and the wheel 
DEF revolve on the pin B, but when t^tened these mofions 
are rendered impossible, and the whole apparatus, cros»*piece, 
slider, and excentric wheel become part of the axis C, and revolve 
with it as one mass. Thus we are enabled to adjust, first, the 
distance of the eenter B finom the axis, and secondly, the position 
oif a given point in the circumference of the excentric wheel with 
respect to a horizontal line. 

(4.) The axis C also carries an imdeaf-wrm CH ftimished dther 
with a nmple indac like a clock's hand, or if accunw^ be re- 
quired with a vernier adapted to subdivide the gmduatioos of an 
tMles^'enwIs AM concentric with C, and divided into degrees, &c. 
Aroiind the excentric wheel DEF a thread of some fine and in- 
extensible material (such as dentist*s silk or veiy delicate silver 
wire) is wound. For this purpose the edge of the excentric wheel 
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must be turned truly cylindric, leaving at either side a slitrht ele- 
vation like a parapet to prevent the thread from slipinnir oii In 
the front edffe of this elevation must be cut a sniiiU notch F, 
in wliK li the ( III! of the thread is to be carried off the edge of 
the wheel, aud hi^i. md on a pin P stuck (like the tuning i»egs 
in the handle of a violm) into the face of the wheel, so as to allow 
of lengthening: or shortenini;: the thread a little by windina: it 
more or less on this i*eg. The other end of the thif ad where it 
leaves the circumference of tin wheel at E hangs down vertically, 
and has suspended to it a \i r iii il, straight, divided scale MN, the 
divisions of which are marked an<l v ,n\ ofi' by tlie intersection of 
its fiducial line MKN witli the horizontal straiirht cd^e IKJ at JT, 
for which n ading off a microscope movea!>lt on IJ, and lumished 
with a nil* I ofneter, yniu;ht be used should such a degree of pre- 
cision be irquired. llie straight edge IJ is itself also p:raduated 
for a purpose to be presently explained, and might in like manner 
be read off microscopically. 

(5.) The axis C also carries on it a barrel abcy round which 
and round a tixed smooth pin x a string makes two or three 
coils (eiubracini; both the l>arrel and pin in each coil), after which 
it is attache<l al huth its ends to a weight tr, whicti must be such 
as to afford a sulhcient tension to the string to produce a smooth 
uniform friction on the barrel, and thereby to prevent the axis 
from turn 111 L! without the continual application of a movinsr power, 
and to bi iuij it at once to rest, without jerks, drasrging, or recoil, 
when the imwer ceases tt) act. The power may be apidied eitlier 
at the ci I « II in Terence of the barrel by the hand, or by a handle 
fixed on the axis (\ and not represen(e<l in the fisrure. The Imrrel, 
weight, and pin -r, are snppose<l to lie behind the plane i»t the 
index circle AH, which is that of the paper— the rest of the ap-i 
l»aratus b^ore it. 
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(6.) Let unity (1) repreient die radiu* of the excentric wheel, 
pku lhat of fbe thread, and^ the length of the interval CB hetween 
the centers of the index civcle and exceatrio^r fhtt esseaUri^f 
of the latter. Then if we draw AC parallel to the horiioD, and 
put m for the angle ACB, die perpendicular BG will • e . sin «. 
Now, were the center of the exoentric wheel preserved constantly 
on the level of the line AC, and that wheel itself merely made 
to revolve uniformly by the rotation of C about B instead of B 
about C, the port of the thread which would be wound up on its 
circumforenoe by this rotation from the commencement of the motioii 
would be represoited by Ixu^m, This then would be the quan- 
tity by which the vertical scale would, on that supposition, be 
raised above its original position. But in the actual case, not only 
is the thread so wound on the wheel, bnt the center B of the 
iwheel being raised above AC by e sin «, carries up widi it the 
wheel, tfiread, and scale, all by the same quantity, llierefoiu 
^e total elevation of the scale due to both causes acting at once 
'Will he u+e.mnu. If then we pot A for this elevation, there 
will subsist between u and A the transcendental relation 

« 4- £ . sin V = ^, 

whidi is that of the problem of tiie exoentric and mean anomalies 
in the elliptic motion of a planet, the arcs being reckoned from 
the aphdion. If we would reckon them fhrni the perihelion, we 
have only to wrap the thread the other way round the exoentric 
wheel, when the equation expressing the relation between A and « 
becomes 

« - « . sin « M ^. 

(7.) It appears from what has been said, that the values of u 
being read off on the index circle at H, those of A will be read 
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6W on the vertical scale ait /. The zeros of both' readings oorre- 
spmid to the horizontal pontion of the line CB, which position 
haviojrbeen once well' ascertained and verified, may be afterwards 
at any time' recovered by a small level PS screwdl on the cross* 
^ece PQ. avid adjusted accordingly. Both zeros are ai^jostable^ 
that of the index circle by the stiff-fiicdon motion of the index- 
arm CH, and tbait of the scale, first, coanely 1^ loosening the 
exeentric wheel on its center, and winding or unwinding the thread 
oh its circumference, secondly, more delicately by screwing or 
uiHGrewing the peg p to which its end is fastened. 
- (8.) The division of tbe vertical scale most be into 900 eqnal 
parts or degrees, the whole length from 0 to 360 being that of 
the droamference'of a circle whose radius is 1. This length may 
be' detemined (better than by any attempt to measure tfie' radius) 
by tomihg the axis C round through one ooinplete revolution, and 
noting by temporary marks or dots on the scale the ptrints inter- 
sected on the fiducial line, by the horizontal 'straight edge IJ at the 
two extrmnities of ltd motion. The interval between these dots 
is the value of 360' parts required, and must* be 8ul>divided ac- 
cordingly. It is evident that whatever be the value «f e in the 
equation «-^e.sin a »^ an increase of 360* in a must correspond 
to 360* increase in so that the aocoracy of this process is, theo- 
retically speaking, indefiendent of the position of B on the slider — 
but practically it is preferable, before executing this most essential 
of all the preliminary operations, to bring the center of the ex- 
centric as nearly as possible to coincidence with the axis C, because 
in tliat position any slight deviation from horizoutality in the line 
IJ will not jiilluence the resnlt. 

(9.) The i)erfect horizon tality of this line is however of ma- 
terial import to the correct performance of the machine. It is 
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eamly verified and stcured by a spirit level and screw adjustments 
at one or both ends. The straight edge IJ itself should be graduated 
into equal parts,' eorreisponding- to decimals and centesimalB of 
the radius (1), to obtain which it is only requisite to measure the 
lei^;th of 360° on the vertical scale as before obtained* and divide 
the result by 2ir = 2 x 3*14159, &c. It is likewise convenient that 
tiie straight edge ^oald have a screw motion in a horizontal direc- 
tion, by which its erinor cf^Kto may be destroyed without altering 
its horizontal position. 

(10.) The fiducial line of the vertical scale, or that whose in- 
tersection with the straight edge marks the values of ought to 
be exactly vertical when the scale hangs freely. This condition 
is not indeed essential to correct performance, provided it have 
been graduated in its inclined position, but, if satisfied, it grieatiy 
facilitates other essential adjustments, and may therefore be rie^rded 
as one of those which must be gone through. It is very easy, all 
that is needed being to make the lower end of the vertical scale 
terminate in a narrow tail-piece of lead, which being flexible, we 
may by bending it a little one way or other tilt the center of 
gravity uf the scale, so that tlie fiducial line shall coincide in 
direction with a fine phnnb line. 

(11.) Tlie values of e may be read off in two ways, either, first, 
by a graduation on the slider itself, (in which flie fixed part may 
serve as a veniier to the moveable one,) or on the straiglit f{\'x*\ In 
the former ca.se the graduation must be, like tfiat of the straight 
edge, into decimals and centesimals of the unit radius defertnined 
as above describe<l, and tin* zero point mn«tl>€ ascertained as follows. 
Set the straiirbl • ilge IJ and the slider both liorizontal by their re- 
spective levels, adjust the index hand // to ()', and brin- tin < t iif( r 
B of the excentric wheel as nearly as may be over C, the center 
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of flie horisBoiital axis ; dien make vefy tdowly one complete ie«o- 
lution of that axi«, noting cafefoUy at its commenoement and end, 
and at every 80^, the readingf off of the straight edge Z/, where it is 
intemected by the fiducial line of the vertical scale, (which ahonld 
always he allowed to attain perfect rest free ftom lateral osdlla- 
tions). If the point of intersection be Ibnnd not to have varied 
on the straight edge, it is evident that the coincidence of B and C 
must have been perfect; but if otherwise, its extreme variations 
will mark out the diameter of die small circle whidi B continues 
to describe about C. This must be destroyed by shifting the place of 
B on the slider, and if needed, by altering the place of the slido' 
itself on the axis (which may possibly have been originally erro- 
neous, so as not to allow of the line described by B in its groove, 
passing through C at all). As soon as this is doae, and the in- 
variabilily of the above-mentioned intersection ascertained, a fine 
line must be drawn directiy across the dider and ite groove at 
eadi end, and thus the zero points of the divisions both <^ the 
slider and its verniers at each end are secured. The divisions should 
be carried along the whole length of the cross piece and along both 
edges <tf the slider, on one fi>rwanls, and on die other badLwards, 
by which means the machine is equally adapted for positive and 
negative values of e. If tiie cross-piece be long enough, die ma- 
chine will of course serve finr values of e equal to or greater than 
unity as well as lem. 

(IS.) If we would read off e on the horizontal straight edge, we 
most first set the index hand to O, and then to 180*— the difler- 
ence of the readings is equal to 9e, hdng the dimneter of the 
ciide described by B transferred to the stnugfat ed^ by perpen- 
diculars to the horiaon. 

(18.) The only a<yustment of any degree of delicacy is that of 
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the borismtal ritnatioii of JBC, or of fhe cross-piece level, tiie 
line BC being imaginary and intangible. Good workmanship will 
of ooQise ensore a very near approadi to porallelisni between fbh 
line and the two aides of the cross-piece; but if an error be still 
supposed to exist it may be detected by the following process: 
make « or set tlie slider to 1*00, and then banning at 0* of 
the index read off the value of ^, corresponding to equal «mall 
ineranents ni « (for ecample fl«m degree to degree) round a com- 
plete semicircle to IW. Then, since we have 

• 1 + CO* «, and » - sin «, 

a coini>ttrison of differences and second differences uill readily 
enable us to perceive whether any appreciable devniiioa from 
the true position exists. It is only by the differences of read- 
ings that an error in the zero of u v/.in be separated from one in 
that of (in which is included that of the index reading at //), 
as the form of tlie equation m + e . sin u = A will easily make 
evident. 

(14.) However truly the cylindrical form of the excentric wheel 
is attained, if the axis of the cylinder be not parallel to that of 
the index circle, the thread will wnid off an ellipse ni place ol a 
circular arc, of wliich equal portions will not correspond to equal 
angles of rotation. This then affords a means of detecting and 
rectifying such waut of parallelism in the axes in question ; but 
as its effect would be contbunded with that arising from the error 
in the origin of u just mentioned in the last article, it will be pre- 
ferable to examine through a whole revolution of the index axis 
(which should be perfectly huiizuulal) whttlier the tlnead main- 
tains precisely the same distance from either edge of the excentric 
wheel as it wraps itself round it. 
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(15.) Sapposing all these adjustmeDts well made, tbe workman- 
ship good, and the grraduations such as may be executed, there 
seems no reason in the nature of the case why the mechanical 
solution afforded by the apparatus we have above described should 
not possess equal precision witli any astroiioiiiica! observation, and 
therefore be available in nianj instances uhere extreme nicety of 
computation is not re<piired, or where several hypothetical ellipses 
may require to be tried in the calculation of the orbit of a comet 
or other celestial body. In the en(|uiries to which I have alreiuly 
alluded T found in I'aet a very material saving: of time and trouble 
from the use of such an instrument, though constructed in tbe 
rudest manner from materials casually at hand. 

(10.) The solution of the equation u e .sin u " A includes 
that of its derivative forms 

m + a ,m (u -t- h) s At 
and u -¥ u.mnu + b. cos m*s A, 

wliere however only sines and cosines of « are involved. If we 
would introdnoe tangent^ secanto, ke, we mnst have reconne to 
a modification of oar mechanism. For instance, suppose the equa- 
tion to be resolved were 

m + p. tan m — A, 

then, retaining the slider, excentric wheel, and horizontal axis C, as 
in the contrivance already described, let the straight edge U (fig. 2) 
insteiid of being permanently fixed in a horizontal position, be made 
to revolve on a center I vertically below C, with half tlie angular 
velocity of tbe index hand, which may be done either by a toothed 
wheel working into another oC twice ^e diameter, or by catgut 
wrapping tiglaly nmnd i^Kndm in the same proportion, and let 
the aero of botti rofcaliona be in tbe bcMizontal positions of CB and 
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/•T. Moreover, let the index circle iastead of being as before con- 
centric with the axis C be now described about the center I, and 
the index arm with its Temier be connected with that axis as 
we before supposed to be with tbe axb C, 

(17.) Put « for the arc read off on this circle or the angle XIJ, 
also let tf - CB, BD - BE - 1 ; then since the angle €tCB is twice 
XIJ, or » flu, we have 

MJ^DE + EJ^ DEM ^ DE + BG + KJ- DEM, 
-S« + ff.sin8« + KL . tan « - DEM. 

DEM is the part of the thread incliuled between its poiut of at- 
tachment to the wheel, and the zero of tlie scale — it is therefore 
an arbitrary constant. If we put c to represent it, and observe 
that KJ. = CL- CG - GK = CI . cotan « - Cif . cos 2 « - 1 

s b . cotan u -e.cos2u — 1, (putting b for the constant distance CI) 
we shall have for the expression of MJ, 

MJ =a 8«i + tf.ainS« — e + l^.cotenti — e.cosSif - 1} .tantt 
= (an + * - c) + - a) .tan «. 

If tiierefore we put MJ ^iA +b-ei and take « a S p + 1, the 
relation between A and « becomes 

n +p . tan umA, 
wbich is the equation proposed. 

(19.) In order then to adopt the above oonstmction to any given 
case of this equation we must set the dider so tibat the distance 
BC shall 2/7 -I- 1. That is to say, the zero of the scale of the 
divisions on the slider must commence at a distance from C equal 
to the unit or radius of the excentric + that of the thread, and 
its graduation must be into parts dbiiAle of ttie corresponding parts 
of p. In like manner tiie graduation of the vertical scale MJ^ must 
begin at the pcrint where the revolving stmight edge intersects 

Vol IV. Ptut 111, 9 E 



Digitized by Google 



436 Sir J. F. W. HsittCHBL on a MtuMne 



it in its horizontal position (in whicli also CB must be at^usted 
to be accur it* ly horizontal,) and the [»art.s of this <ic.i\e must be 
double of tlie correspondinpf parts of that is, double ilrun s of «. 
Each part therefore must l)e one 180th [>art of the circtimtt^i ence of 
the circle DEF, as measured by the unwinding of the thread in 
Uie mode explained in (Art. 8 ) 

(19.) If the equation proposed were the rather more general one 

• •fp.ten at + 9*8ec«a^, 

we might employ the same construction digfatly modified by malcnig 
the stniight edge IJ lerolFe attftched to an ann at right angles 
to Ifae axis of the lower wheel* so lhat the motion of rotatioik of U 
shall as before be noifimn, and half as swift as that of CB, bat 
its direction not passing through the center Q of its revolntimiB. 
All other things remaining as in (Art 16.), let the perpendicolar 
Q/s/then will the value of MJ be as before, 

MJ^fkn + 0 sin 2if -I- (CL - CG - GJT.) . tan a, 
but in this case we have 

CL as,/*, cosec « + 6 , cotan «, 
so that tlie value o( MJ be(?omes 
MJ=2 « + e . sin 2 « + \ f. cosec u + h . cotan u + e, cos2»> 1} . tan a, 
=(2 « + i) + (e- 1) . tan u +J\ sec u, 

that is, potting MJ ^»A + bi e=i»p+l ;/a »q, 

^ s « 4 p . tan a + ^.sec a. 

(2D.) It is needless to enlarge on the adjustment of these ooo- 
trivanoes, which are merely introduced as specimens of the Turia^ 
tions which a trifling change in the construction of our mechanism 
is capable of making in the form of the equations resolved. I 
will only observe here, that as ovals can now be turned of almost 
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any exoentricity, which shtJl scarcely deviate perceptibly from die 
trae elliptic figure, so, m all these and similar cases, by substituting 
elliptic for circular eccmfru; wkeets, the arc u instead of being 
directly related to the sines, cosines, tangents, to., involved in the 
equations may, without the lightest increase of mechanism, or 
any additional difficulty in the process of solution, be replaced 
by a transcendent of that form which depends on the rectiiiGa- 
tion of the ellipse. 

(21.) It is almost needless to mention that any mechanical con- 
trivance which converts a uniform motion « into another not uni- 
form, but varying according to any function 0 («) of the former, 
affbrds either a solution of the equation ^ (») » ^, or a tabulation 
of tbe values of ^ (at), just as we please. In the one case we have 
only to arrest the motion at equal intervals of the scale on which 
the graduation of A is engraved, and read off die graduation of 
that on which v is represented. In the latter the movements 
must he arrested at equal intervals of «, and the values of ^ read 
oflT. Thus the tabulations of the direct and inverse functions pro- 
ceed, pari passu, 

(22.) It is not my intention in this paper to enter at large 
into the general question of the representation of analytical fonctions 
by continued motion, though peihaps I may take a fiiture oppor- 
tunity of so doing. I will only here consider one other case, by 
which, without any great complication of machinery, the principle 
I have above adopted may be extended to equations containing 
several transcendental relations, such as 

ti+p.sinsiti + jr.siniiw * A, 
and others of the same nature. Suppose, instead of attaching our 
excentric wheel to a point in the revolving arm BC we attach it 
to a second revolving arm, whose center of rotation occupies the 

SIS 
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point which that of the excentric itself occupied in the original 
constractionj iuid let this second arm have a velocity of rotation 
in a constant ratio to that of the first> a condition attainable by 
contrivances to be presently considered. In that case our construc- 
tion will be as in fig. (4), respecting which figure we will establish 
the following notation. 

CB = «\ BB B tf' ; BE = 1 ; angle ACB = au; DBB « 
MK ^ », and I/JSTM ^ e, 
when we have 

MK^x^UEK- TfEM = BE + BG - I/EM, 
- (a + /3) II + + i?r-c, 
= (a + /3) « - c + ^ . sin o « + «f' . sin (o + ^) », 
assume therefore a = w; a + /3»»; e = np; e^^nqi x^nA - e, 
and the relation between « and A will be that proposed, viz 

n +p.9inm9 +q .nnnn ^ A. 

This equation, it will be observed, can always be so prepared as 
to make m and n intei^ers, or, if we prefer it, fractions, whose de- 
nominators are iiiteirers. 'i'he lonn however which will require 
thi^ least appiiratns of ulieels, and into which it is easily trans- 
formed, is tiie fulluwiug: 

A ^ u + p . nn u g .tan nu, 

in which n is less than unity; for in this state of the equation 
the first mover may be applied at once to the axis C, which, as 
in the former construction* may carry an index arm reading ofl^ u 
in d^;rees on a circle concentric with it. The whole difiiculty 
then is reduced to the solution of a mechanical problem. To com- 
municate to the arm BB revolving on a c^ter B, attached to an- 
other revolving arm CB, a rotation having a given ratio of velocity 
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to that with whirh th*» hitter arm itself revolves, it being under- 
stood that the jioiiit oi aitachineiit of the center B is to Ik- raj)able of* 
adjustment to a t^reater or less distance from C; a condition which 
excludes the use o( toothed wlieel work. The following- is the 
simplest construction which has occurred to me for accom^ilishing 
this purpose. 

(2.3.) The horizontal index axis C is surrounded by a grooved 
wlieel s'f'i. (fisfs -1, 5,) which lies behind tlie index plate (not re- 
presented \u ihos. tiiiures) and the cross-piece and slider, and is 
not attached to the axis so as fo turn with it, but on the con- 
trary is fixed to the index plate by screws so as to prevent all 
rotation. 'J'he end of the cross-piece is penetrated by an axisy 
seen in projection m 5, but lenl^h^%^se in fig. 0, whose ex- 
tremities (to avoid shake and loosening; aie pivoted in a bifurcated 
and recurved prolongation of the cross-piece, which is seen in 
fig. 6 at e/. This axis carries on it two wheels also grooved, c d, c'd', 
both firmly united to the axis, and therefore incapable <^ moving 
unless together as one wheel. A string or band passes roond tiie 
groove in gk and ed, so that when tiie axis C is made to revolve, 
and therefiNPe die wheel ed is carried round gh, the latter remain- 
ing immoveable, the relaUve rotation of the one wheel about tha 
other will wrap and unwrap the string round the groove gk, and 
thus produce a rotation of the wheel c«l on its axis just as it 
would do if all the rest of the apparatus stood still, and the wheel 
gk alone was turned the other way round the axis C. Thus a 
rotation equal and contrary to that of C, or, if the wheels^ A, ed, 
be of unequal size, in any constant ratio to the latter rotation, is 
communicated to the wheels ed, c^if. Tnm the latter of these 
let a string be led round a groove in the wheel ah, whose axis 
is tiie pin B on which the second slider revolves, and which 
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dider is firmly screwed on <he fiioe of the wheel, so as to revolve 
with it The disfanoe between the axes / and B of these wheds 
bein; diangeable a re-entering string cannot be used, but it must, 
after making a oomplete circamvoluticni of both, be ftstened oiT 
at eadi of its extremities to pegs» and broaght by diem into the 
reqai»te state of tension. The rotation of ctf will tiins be trani^ 
ferred to aft, increased or diminished in any ratio according to the 
mtio of the diameters of the wheels tfd and tfft, which most be 
a4iusted accordingly. It is evident that this construction accom- 
plishes die end in question, which might indeed be accomplished 
without the use of the wheels cd, ^tt, were it not necessaiy to 
allow the center B completely to attain and even pass across C. 
It is very likely that othw and still simpler modes of accomplishing 
the same olject will suggest themselves to others. 
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